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ABSTRACT 
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AUTHOR'S  PREFACE 


The  performance  of  an  antenna  is  dependent  on  the  environment.  In  some  cases  the 
effect  is  minor  but  very  often  we  need  to  worry  about  the  structure  upon  which  the  antenna  is 
mounted,  it  becomes  part  of  the  radiating  structure!  For  example,  if  the  system  consists  of  a 
vertical  wire  fed  from  a  perfectly  conducting  plane  sheet  of  infinite  extent,  simple  image  theory 
would  suffice  to  predict  the  radiation  pattern  and  the  input  impedance.  But  the  ground  plane  may 
be  imperfectly  conducting  and  it  would  always  be  of  limited  extent.  Over  the  years,  I  have  had  an 
abicfing  interest  in  this  problem,  particularly  in  connection  with  the  design  of  very  low  frequency 
(VLF),  low  frequency  (LF),  medium  frequency  (MF),  and  HF  antennas  in  situations  where  the 
influence  of  the  finitely  conducting  earth  is  significant.  In  such  cases,  radial-wire  or  mesh  ground 
systems  are  often  employed  to  mitigate  the  adverse  effect  of  poorly  conducting  earth  in  the  low 
angle  radiation  and  to  improve  the  overall  power  efficiency. 

My  publications,  including  those  coauthored  with  my  colleagues  dealing  with  the  topic,  are 
scattered  over  many  journals,  reports  and  symposia  proceedings.  Some  of  these  are  no  longer 
accessible.  For  this  reason  and  because  I  have  received  numerous  requests  to  supply  copies,  I 
have  felt  it  is  desirable  to  assemble  some  of  the  relevant  material  in  a  reprint  collection.  I  have 
taken  the  opportunity  to  correct  typographical  errors  in  of  the  papers.  Also  I  have  added  some 
extracts  from  related  reports,  particularly  those  from  the  U.S.  Navy“s  Ocean  System  Center  in  San 
Diego  where  I  often  visited  in  the  1960s.  Finally,  I  have  included  a  listing  of  related  papers, 
published  in  the  open  literature,  along  with  specific  comments. 

I  wish  to  thank  Melvin  M.  Weiner  of  The  MITRE  Corporation  in  Bedford,  MA  for  getting  me  to 
assemble  this  collection.  I  am  also  grateful  for  his  initial  support.  By  way  of  introduction  to  this 
subject,  the  reader  should  consult  Melvin  Weiner's  monograph,  "Monopole  Elements  on  Circular 
Ground  Planes,-  (coauthored  by  S.  Cruze,  C-C  Li,  and  W.  Wilson)  published  by  Artech  House, 
1987.  Their  analyses  deal  with  the  case  where  the  monopole  and  circular  disc  are  located  in  free 
space. 
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Impedance  of  a  Top-Loaded  Antenna  of  Arbitrary  Length 
over  a  Circular  Grounded  Screen* 

Jake s  R.  Wait,  Radia  Physios  Ltharatmy.  Dtfenta  Ktstnrth  Baaed  ,’Otiara,  Canada, 

AND 

Waltes  J.  Suitce*,  University  of  Tmnnta,  Tmmtn ,  Canada 
(Received  September  22.  1952) 

The  prabiem  of  a  vertical  monnpnle  situated  over  a  circul.tr  perfectly  cwutuctini  Kreen  Ivinx  nn  a  finitely 
conducting  ground  ii  considered.  An  approximate  method  employed  oritBnally  by  Abbott  to  calculate  the 
aelf-impedance  is  discussed.  Using  this  formula  explicit  expressions  are  derived  for  the  self-impedance  cf  a 
thin,  top-loaded  vertical  monopole.  Sinusoidal  current  distribution  is  interned. 


INTRODUCTION 

USUALLY  the  most  important  {actor  contributing 
to  the  inefficiency  of  low-frequency  antennas  is 
to  be  found  in  the  ground  system.  The  rules  for  ground 
system  design  are  usually  empirical  and  based  on  re¬ 
sults  of  experiments  on  existing  installations.  Recently, 
the  general  problem  has  been  investigated  analytically 
by  Abbott'  who  has  developed  a  design  procedure  to 
select  the  optimum  number  of  radial  conductors  speci¬ 
fied  given  the  values  of  the  electrical  constants  of  the 
ground. 

An  important  related  problem  is  the  actual  change  of 
input  impedance  of  the  antenna  for  different  sixes  of 
ground  systems.  This  analysis  has  been  carried  out  for 
a  vertical  antenna  situated  centrally  over  a  perfectly 
conducting  disk  by  Leitner  and  Spence1  and  more 
recently  by  Storer.'  They,  however,  only  considered  the 
case  when  the  surrounding  medium  was  free  space.  A 
more  appropriate  situation  is  when  the  disk  is  lying  on 
the  surface  of  a  homogeneous  conducting  half-space 
which  corresponds  to  the  ground.  It  is  not  surprising 
that  the  solution  of  this  problem  is  in  general  very- 
difficult. 

FORMULATION  OF  PROBLEM 

With  reference  to  a  cylindrical  polar  coordinate 
system  (p,4,x)  the  antenna  of  height  h  is  coincident  with 
the  positive  s  axis.  The  circular  screen  of  radius  o  lies 
in  the  plane  x= 0  which  is  also  the  surface  of  the  ground. 
The  conductivity  and  dielectric  constant  of  the  ground 
arc  denoted  by  <r  and  «,  respectively,  and  the  dielectric 
constant  of  the  air  by  «o.  The  jicrmcability  of  the  whole 
space  is  it  which  is  taken  to  be  the  same  as  free  space. 

Due  to  the  obvious  polar  symmetry  in  this  problem, 
Maxwell’s  equations  take  the  following  form  for  time 
dependence  according  to  exp  (tut) : 

9  d 

p£. - ( pH a)  0> 

7  dp 

•  Paper  presented  at  Joint  International  Scientific  Radio  Union- 
Institute  of  Radio  Engineers  meeting  io  Ottawa .  October  6tb,  1953 
'  F.  R.  Abbott,  Proc.  Inst.  Radio  Engrs  40,  846  (1952). 

*  A.  Leitner  and  R.  !...  Spence.  J.  Anpl.  Pbys.  21,  1001  (1950) 
•J  E.  Storer,  J  Appl  Phys  22.  1058  (1951) 


9  d//, 

£. - 

7  dx 

d£,  d£, 

- — - ■ipu/l., 

dp  dx 


(2) 

(3) 


where  7  and  9  are  the  intrinsic  propagation  constant 
and  characteristic  impedance  of  the  medium,  respec¬ 
tively,  and  defined  by 

7“  [ipufo+iuO]' 

and 

e-Cipu/fp+iu,)}*. 

A  subscript  aero  is  affixed  to  these  quantities  in  order 
that  they  should  pertain  to  the  air.  That  is, 

7,-i(f*i)'u«f2vA, 


where  A  is  the  free  space  wavelength  in  meters  and 
9,-(M/««)har377  ohms. 

Following  the  method  of  Storer,’  the  difference  be¬ 
tween  the  impedance  Z  of  the  antenna  over  a  finite 
screen  and  the  impedance  Z%  for  an  infinite  Kreen  is 
denoted  by  HZ.  and  b  given  by 

HZ-Z-Z,- - —  f  (--PnAl(t)d:.  (4a) 

7 .’I.'J,  Vp  dp  / 

In  this  equation  Ha’  b  the  change  of  the  magnetic  field 
J7«  for  a  finitescreen  from  the  magnetic  field  fftm  for  an 
infinite  Kreen.  The  current  on  the  antenna  b  / (a)  and 
the  base  current  b  /,.  It  then  follows  that 


HZ 

where 

Ha-ip. 0)-- 
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u 

1  d 

2  rdp 


r 
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B  a"  (p,0)£,  (p, 0)  2vpdp, 


e*p[— 7i(i5+Ps),D 

(*!+P,)» 


/(*)*. 


(4b) 

(4c) 


THE  APPROXIMATE  SOLUTION 

The  magnetic  field  in  the  ground  outside  the  Kreen 
b  a  solution  of  the  wave  equation 

(A-7,)fla(p,*)-0,  (5) 
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and  therefore 

J'  J,(\p)e'-p(\)U\,  s<0,  (6) 

where  u—  (A'-Fy')'  and  the  electric  field  is  given  by 
n  r“ 

£,- —  I  u/,(Ap)e*«f(A)AdX,  x<0.  (7) 

T 

The  binomial  expansion  of  u  is  of  the  form 

so  that 

-jjT  7^i(Xp)«"p(X)XrfX 

+  JT  (l/2-r)/,(Ap)e*'>(A)A'dX+  --- j.  (8) 

Now  the  differential  equation  for  J  is  given  by 
/did  \ 

( - p-x’)y,(Xp)-o 

\  dp  p  dp  / 

and  so  it  readily  fallows  that,  for  x—0 
>)  d  1  d 

E.--nH„ - - - (p  B.) 

2y  dp  p  dp 

±  terms  containing  y~*.  (9) 

The  second  term  is  negligible  if  the  propagation  constant 
in  the  ground  is  sufficiently  large  and  if  pi 7,  is  not 
varying  too  rapidly  with  p.  That  is  p77,  should  not 
change  appreciably  in  a  distance  equal  to  |-y— *|  in  the 
radial  direction  for  points  outside  the  screen.  This 
approximation  is  always  well  justified  under  practical 
conditions  at  low  radio-frequencies. 

Employing  this  result  for  £,  the  equation  for  the 
self-impedance  is  now  given  by 

HZ”- \  f  77,-(p,0)77,(p,0)2irprfp.  (10) 

7 1!  -V.. 

To  apply  this  formula  to  an  actual  situation  it  can  be 
assumed  that  B,(pfl)  is  not  very  different  from  77«"(p,0) 
in  the  region  of  the  ground  plane  where  the  losses  are 
significant,  and  therefore 

HZzsz—  f  [f/,-(p,0)j2»prfp.  (It) 

7,’  Jr— 

An  equivalent  statement  of  this  approximation  is  that 
the  electrical  radial  current  density  at  the  surface  of 
the  ground  is  not  appreciably  affected  by  the  finite 
conductivity  of  the  soil.  The  approximate  expression 


for  HZ  in  Eq.  (II)  was  first  given  in  this  form  by 
Abbott*  who  quoted  it  without  proof  hut  |x>inted  out 
that  it  was  a  plausible  result.  Eater  Monteath*  also 
arrived  at  this  same  formula  from  an  extension  of  the 
com|iensation  theorem  well  known  in  circuit  theory. 

A  better  approximation  to  Eq.  (10)  might  be  to  set 

77«(p,0)»  (12) 

where  F(p)  is  Sommerfeld’s  "surface  wave  attenuation 
factor"  which  is  a  function  of  the  numerical  distance  p 
which  for  a  good  conducting  ground  (e»«u)  is  given  by 

f” (»p/X)(«o «/»). 

When  p«l  it  can  be  shown  or  seen  from  tabulated 
numerical  values'  that  F(p)  is  very  close  to  unity. 
If  p>  I  the  magnitude  of  F(p)  drops  appreciably  below 
unity.  However,  since  77,”  varies  essentially  as  g*"*'* 
and  since  F(p)  is  a  slowly  varying  function  the  contri¬ 
bution  from  the  integrand  in  Eq.  (II)  for  the  cases 
where  p>  1  are  negligible.  At  low  radio-frequencies 
(<1000  kc)  and  for  moderate  ground  conductivities 
(«>  10"'  mhos  per  meter)  the  approximate  formula 
given  by  Eq.  (II)  is  sufficiently  close  to  the  formula  in 
Eq.  (10)  to  justify  its  use. 

Up  to  this  point  no  restriction  has  been  placed  on  the 
current  distribution  on  the  antenna.  For  thin  antennas 
it  can  usually  be  assumed  that 

/(*)•/_  sin(o— ffz)  (13) 

for 

0>x>A, 

where  P”yt/i”  2v/A.  The  maximum  current  ampli¬ 
tude  is  Im.  and  the  conditions  at  the  upper  end  of  the 
antenna  specify  a.  For  unlerminated  ends  /(A)— 0  so 
that  o-ffA  and  then 

7(z)*»  It  sinff(A— x)/sinffA. 

In  some  instances  at  low  frequencies  it  is  customary  to 
load  the  antenna  near  the  top  so  that  effectively 
7(A)r*0.  It  is  convenient  then  to  set 

«-ff(A+A'), 

where  A’  specifies  the  degree  of  top  loading. 

Employing  the  value  of  /(x)  given  by  Eq.  (13)  and 
inserting  it  into  Eq.  (4c)  the  integration  with  respect 
to  A  can  be  carried  out  to  give 


i/.re-'*’  r* 

7/,-(p, 0)- - - cos(ffA— o) - 

2wl  p  p 


cosa 


»A  r'*’  (nf-/4A\ 
- sin(0A— »Fj,  (14) 


•  F.  R.  Abbott,  Standard  Radial  Ground  Systems  for  I  f  and 
m.f  Monopotc  Transmitting  Antennas.  U.  S.  Navy  Electronics 
l.al»oratnn  (San  Diego),  Report  No.  219,  Oct.  1950 

•  G.  I>.  Monteath,  l*roc.  Jn«t.  Elect.  Engrs  (l^ontlon)  9.S,  Pt.  IV, 
23  (1951). 

•  K.  A.  Norton,  Proc.  Inst.  Radio  Enfrs.  24,  1367  (1936) 
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o  i  x  s  * 


».-(of+V)'  and 

h 

The  exponential  integrals  occurring  in  the  above  ex¬ 
pressions  are  all  of  imaginary  argument  so  therefore  they 
rail  lie  expressed  in  terms  of  the  sine  and  cosine  in¬ 
tegrals,  Si(x)  and  Ci(x),  respectively,  as  follows 

K(  -  ix)  -  C.  (x)+  ,|!-.5»(.r)  j. 


(•/tf'*  AAslO* 

Fic.  I.  The  incremental  self-impedance  tZ  lor  a  quarter-wave 
monopole  over  a  circular  grounded  screen. 

where  r«*  (p’+A1)'.  Using  this  value  for  fJ,“  the  inte¬ 
gration  indicated  in  Eq.  (tl)  can  now  be  carried  out 
to  yield 

AZ  — - (cos5(0A— a)f»+cos!a/« 

—  A*  sin’(0A— a)fi+2iA  costs  sinffKs— «l/j 
—  2  cos  (fill— a)  cos al «—  2»A  siif(|M^wr 

Xcos()JA— o)/j),  (15) 

where  h,  /»,  I, are  integrals  which  can  be  ex¬ 
pressed  in  terms  of  the  exponential  integral 


rm  r- 

"J.  V' 


as  follows : 


r-  e~™’  1 

I  - dp - £,(-2.( 

r-p  A= 


2'flr.) 


1 

- -<<r”‘*£i[-2.0(r,-A)] 

+esi*‘£.I-2id(r.+A)]) 

r-  <r™’  1 

/,-  /  - dp - {E'i-2i0(r,+/r)y->' 

rp  2A 

-£i[-2/d(r,-A)>-’-'*) 


■  f  - dp--(c,*‘A<C-fd(g+l)*3 

•>*..  rp  ll 


-e-^Eit-idtg-l)*]) 

-•  s/Kr+rl 

/«”  I  - dp-Ei{-i8hg) 

p 

-£»t- 10(*+  l)A>**-£»t-  «0  (g-  !)*>■“* 

f.-J  ^Xfp- -J(£rt~2rd(rrhA)>"‘ 

P  +£.t-2.d(r,- *)>-«*) 

—  EH—  2i0a), 


Xm  g-71, 
— 
-  p 


When  the  antenna  is  not  terminated  such  that 
V ■  0  or  a-  fSh  the  expression  for  AZ  simplifies  to 

AZ.  - -  —  I  £t[-  2id(r.+  *)>•«» 

4t  sin’dAL 

+  £/[  -  2«J(r.-  A)  >-»•“+  2  cosW-'i<  -  2tfa) 

+  4  cns0A(  Ei  ( -  ifiAg)  -  £»[  -  fd*(g+ 1 )  >'** 

-£i[-r0A(g-l)>"»‘)J  06) 

it  has  been  found  that  the  results  for  AZ.  can  be  pul 
in  a  very  convenient  form  by  writing 

A7.-AX+iA. V 

and  then  |dotlmg  AR  as  a  function  of  AX  for  values 
of  the  ratio  e/A.  The  curves  take  the  form  of  spirals 
which  are  somewhat  similar  to  the  "impedance  spirals” 
of  Stoner*  for  the  antenna  and  disk  situated  in  free 
space. 

As  a  sgiecitic  example  the  im|iedancc  spiral  for  a 
quarter  wave  vertical  monopole  (i.e.  A- A/4)  without 
top  loading  b  shown  in  Fig.  I.  Since  the  displacement 
currents  in  the  ground  can  be  neglected  at  low  radio¬ 
frequencies  (i.e.  ««*/•)  the  curves  can  be  conveniently 
normalized  by  multiplying  AR  and  A.Y  by  (»/ /)*.  It  is 
interesting  to  note  that  AR  approaches  infinity  as 
•/A  a]iproaches  zero.  Thu  b  not  surprising  since  the 
ground  loss  would  be  infinite  if  the  lower  end  of  the 
antenna  were  in  direct  contact  with  a  homogeneous 
semi-infinite  conductor. 

Further  calculations  from  Eqs.  (15)  and  (16)  have 
been  carried  out  in  thb  laboratory  by  Mr.  D.  A. 
Trumpler.  In  addition  the  effect  of  the  ground  screen 
on  the  radiation  field  has  also  been  studied.  These 
results  are  the  subject  of  subsequent  papers.*-’ 

ACKNOWLEDGMENT 

The  authors  would  like  to  thank  Mr.  H.  Page,  Mr. 
G.  D.  Monfeafh,  and  Dr.  F.  R.  Abbott  for  their  in¬ 
teresting  and  helpful  comments  in  connection  with 
thb  work. 

•W  J.  Jurtees,  Defence  Research  Board  Report  on  Grant  No. 
67,  Dr|iailment  of  Electrical  Engineering,  University  of  Toronto 
(October.  1932). 

rJf  R.  Wait  and  W.  A.  Pope.  Paper  No.  42.2,  Institute  of  Radio 
Engineers  Convention  Record  (March,  1934) 


1-6 


1 .2  Wait,  J.  R.,  and  W.  A.  Pope,  1954,  The  Characteristics  of  a  Vertical  Antenna  with  a 
Radial  Conductor  Ground  System,"  Applied  Scientific  Research,  Vol.  4,  Sec.  B, 
pp.  177-195,  (The  Hague) 


(Reprint  No.  43) 

Reprinted  with  the  author's  permission 


1-7 


Appl.  sci.  Res. 


Section  B,  Vol  4 


177 


THE  CHARACTERISTICS  OF  A  VERTICAL  ANTENNA 
WITH  A  RADIAL  CONDUCTOR  GROUND  SYSTEM  *) 

by  JAMES  R.  WAIT  and  W.  A.  POPE 

Radio  Physics  Laboratory,  Defence  Research  Board,  Ottawa,  Ont.  Canada 

Summary 

Employing  an  approximate  method  the  input  impedance  of  a  ground 
based  vertical  radiator  is  calculated.  The  ground  system  consists  of  a 
number  of  radial  conductors  buried  just  below  the  surface  of  the  soil.  The 
integrals  involved  in  the  solution  are  evaluated,  in  part,  by  graphical 
methods.  The  final  results  are  plotted  in  a  convenient  form  to  illustrate 
the  dependence  of  the  impedance  on  number  and  length  of  radial  conduc¬ 
tors  for  a  specified  frequency,  antenna  height,  and  ground  conductivity. 
It  is  finally  shown  that  under  usual  conditions  the  radiated  fields  arc  modi¬ 
fied  by  only  a  few  percent  due  to  the  presence  of  the  ground  system. 

§  1.  Introduction.  Antenna  systems  for  low  radio  frequency  arc 
designed,  usually,  to  work  in  conjunction  with  a  radial  wire  ground 
system  buried  just  below  the  surface  of  the  earth.  The  purpose  of 
this  wire  grid  is  to  provide  a  low-loss  return  path  for  the  antenna 
base  current  and  consequently  to  improve  the  efficiency  of  the  trans¬ 
mission. 

The  rules  for  ground  system  design  are  usually  empirical  and  based 
on  the  results  of  experiments  on  existing  installations.  The  first 
systematic  study  of  this  problem  was  carried  out  by  Brown1)*) 
and  his  associates  who  were  mainly  concerned  with  the  operation  of 
half-wave  antennas  for  the  broadcast  band.  Sometime  later  A  fa- 
bo  1 1  *)  developed  a  procedure  to  select  the  optimum  number  of 
radial  conductors,  given  the  values  of  the  electrical  constants  of  the 
ground.  An  important  related  problem  is  the  actual  change  of  input 
impedance  of  the  antenna  for  different  sizes  and  types  of  ground 
systems.  This  analysis  has  been  carried  out  by  L  e  i  t  n  e  r  and 

•)  Work  earned  out  under  Project  No.  D  48-95-55-07.  Paper  presented  at  the  I’.S.A. 
National  Convention  of  the  Institute  of  Radio  Engineers  in  New  York.  March  1954. 
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Spence4)  and  more  recently  by  Storer*)  for  a  vertical  an¬ 
tenna  situated  over  a  perfectly  conducting  disc.  However,  they  only 
considered  the  case  where  the  surrounding  medium  was  free  space. 

The  purpose  of  this  paper  is  to  consider,  in  some  detail,  the  cha¬ 
racteristics  of  a  vertical  antenna  of  any  length  situated  over  a  cir¬ 
cular  ground  screen  composed  of  N  radial  wires  of  equal  spacing 
situated  at  the  interface  between  the  air  and  a  semi-infinite  homo¬ 
geneous  ground.  An  approximate  method  to  calculate  the  input  impe¬ 
dance  will  be  employed  similar  to  that  described  by  Monteath*) 
who  developed  an  extension  to  the  compensation  theorem  of  electric- 
circuit  theory.  The  current  distribution  on  the  antenna  is  considered 
to  be  sinusoidal. 

With  reference  to  a  cylindrical  polar  coordinate  system  (g,  <p,  r) 
the  antenna  of  height  h  is  coincident  with  the  positive  r-axis  as  in¬ 
dicated  in  fig.  I .  The  ground  screen  is  of  radius  a  and  lies  in  the  plane 


Fig.  1.  The  schematic  representation  of  a  vertical  antenna  situated  over  a 
radial  conductor  ground  system. 


:  —  0  which  is  also  the  surface  of  the  ground.  The  conductivity  and 
dielectric  constant  of  the  ground  are  denoted  by  a  and  e  respectively 
and  the  dielectric  constant  of  the  air  by  e0.  The  permeability  of  the 
whole  space  is  taken  as  Ji  which  is  taken  to  be  that  of  free  space.  The 
intrinsic  propagation  constant  y  and  characteristic  impedance  ij  of 
the  earth  medium  are  defined  by 


and 


y  =  [ift(o(a  -f  »W)]‘ 

i]  —  [i«u>  (a  -r-  itoe)]*. 


where  «>  is  the  angular  frequency  The  propagation  constant  and 
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characteristic  impedance  rj0  of  the  air  are  then  defined  by 

Yo  ~  *(£o?)1 40  =  *2x11  =  ifi 
and 

Vo  =  £/e o)‘  sa  377 
where  A  is  the  wavelength  in  air. 

The  self-impedance  at  the  terminals  of  the  antenna  is  now  denoted 
by  Zr  and  can  be  broken  into  two  parts  by  setting,  Zr  =  Z0  -f-  AZr 
where  Z0  is  the  self-impedance  of  the  same  antenna  if  the  ground 
plane  were  perfectly  conducting  and  infinite  in  extent.  On  the  other 
handdZr  is  the  difference  between  the  self-impedance  of  the  antenna 
over  the  imperfect  and  the  perfect  ground  plane.  It  is  called  the  self¬ 
impedance  increment  and  can  be  written  in  terms  of  a  real  and 
imaginary  part  as  follows : 

AZT  =  ART  +  id.Yr  (1) 

where  ARr  and  AKT  represent  the  resistance  and  reactance  incre¬ 
ment.  If  the  current  at  the  terminals  of  the  antenna  is  I0,  the  power 
required  to  maintain  this  current  is  IlRr.  If  the  ground  were  per¬ 
fectly  conducting  the  input  power  would  be  I\  li0  where  /?„  is  the 
real  part  of  Z0.  The  additional  power  required  to  maintain  the  same 
current  l0  at  the  terminals  is  l\  ART  *). 

It  is  seen,  therefore,  that  the  quantity  ART  represents  an  impor¬ 
tant  parameter  of  a  radio  frequency  antenna. 


§  2.  The  impedance  calculation.  It  is  shown  in  appendix  I  that  the 
impedance  increment  is  given  by 

OO 

AZt  =  —  -L  (  H?  (e,  O )  E9(o,  o)  2.-10  do,  (2) 

40» 

0 


where  H~(o,  o)  is  the  magnetic  field  of  the  antenna  tangential  to  a 
perfectly  conducting  ground  plane  and  E}{o,  o)  is  the  tangential 
electric  field  on  the  imperfect  ground.  If  the  current  on  the  antenna 
is  /(;),  it  follows  that  k 


H~  = _ L  _L  [\ 

f  7-t  rn  I  I 


2.1  co  J  ( z2  +  o2 


■/(-Id--. 


(3) 


•)  It  is  understood  hat  /q  is  the  rool  mean  square  value  of  the  current  if  the  power  w 
to  In-  expressed  in  watts. 
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For  thin  antennas  it  can  be  usually  assumed  that  the  current  distri¬ 
bution  is  sinusoidal,  that  is 

I(z)  =  70  sin  (a  —  fiz) /sin  a  (4) 


if  the  antenna  is  fed  at  the  base  (i.e.  a  monopole).  The  quantity  a  is 
determined  by  the  height  of  the  antenna  and  the  top-loading,  that 
is 

a  =  fi(h  +  A'). 

The  quantity  A'  specifies  the  amount  of  top  loading  and  is  usuallv 
obtained  from  experiment.  For  a  thin  antenna  without  top-loading 
(i.e.  unterminated  case)  a  =  fih.  The  integrals  of  the  type  indicated 
in  (3)  can  be  expressed  in  closed  form  for  a  sinusoidal  current  distri¬ 
bution.  The  result  is  given  by 


H?(Q.  0)  = 


U  o 

2 ji  sin  a 


COS  (fih  —  a)  — 


e-‘*  ih  e-*  .  -| 

- cos  a - sin(<£  -fih)  ,  (5) 

Q  Q  T  J 

where  r  —  (o2  +  A2)1'*. 


Since  the  electric  field  Et(g,  o)  is  an  unknown  quantity,  it  is  neces¬ 
sary’  to  make  several  simplifications  at  this  stage.  Since  |y|  >  fi.  an 
approximate  boundary  condition  (see  appendix  II)  is  employed, 
expressed  by 

£c(e.  °)  —  —  ricH9(Q,  6),  (6) 


where  Hf(n,  o)  is  the  tangential  magnetic  field  for  the  imperfect 
ground  system  and  rjc  is  the  surface  impedance  of  the  air-ground 
interface.  If  n  is  greater  than  a,  the  radius  of  the  ground  screen,  rjc 
can  be  replaced  by  *?.  If  g  is  less  than  a,  r/c  is  the  intrinsic  impedance 
1,  of  the  ground  screen  which  is  in  parallel  with  the  impedance  t]  of 
the  ground.  In  a  previous  investigation  7)  *)  of  this  problem  it  was 
assumed  that  was  zero  so  the  ground  system  was  equivalent  to  a 
perfectly  conducting  disc  of  radius  a.  The  limits  of  the  integration 
in  (2)  are  then  from  n  =  a  to  n  =  oo.  A  more  general  case  is  when  r], 
is  comparable  in  magnitude  to  r\,  in  which  it  follows  that 


for  0  <  g  <  a, 


(7) 
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where 


and  where  d  is  the  spacing  between  the  radial  conductors  and  c  is  the 
radius  of  the  wire.  The  expression  for  ij,  has  been  derived  *)  for  a 
wire  grid  in  free  space  where  it  was  necessary  to  assume  that 
iyo^l  <  1.  Since  the  grid  is  lying  on  the  ground  plane,  this  restriction 
must  be  replaced  by  \y,d\  <4  1  where  y,  is  the  effective  propagation 
constant  for  propagation  along  a  thin  wire  in  the  interface  and  is 
given  by l0) 


If  there  arc  N  radial  conductors,  it  can  be  seen  that  d  can  be  replaced 
by  Z-tp/jV  since  N  is  usually  of  the  order  of  100.  It  is  assumed  also 
that  HT{n,  0)  is  not  very  different  from  //“(«,  0)  in  the  region  of  the 
ground  plane  where  the  losses  are  significant.  This  approximation 
has  also  been  discussed  previously  ’)  *)  and  it  certainly  appears  to 
be  valid  if  |y|  >  ft- 

The  impedance  increment  AZr  is  then  written  in  the  following 


form: 

AZT  =  JZ  +  AZ,, 

(8) 

where 

oo 

I*AZ  ^rjf[H?(e,  0)]22apdp 

(9) 

and 

4 

II  AZ,  ~  [if-  (o,  0)]2  Zip  dp. 

'  «  4-  « 

(10) 

o 

The  first  expression  AZ  corresponds  to  the  self-impedance  of  the 
monopole  over  a  perfectly  conducting  discoid,  whereas  the  second 
expression  AZ,  accounts  for  the  finite  surface  impedance  of  the  radial 
conductor  system. 

It  is  instructive  to  consider  AZ,  first  in  some  detail,  since  the 
integrations  can  be  carried  out  and  the  result  expressed  in  terms  of 
the  exponential  integral  defined  by 
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The  procedure  was  outlined  previously  7) 8)  where  an  expression  for 
AZ  was  given  for  any  value  of  the  height  A  and  top  loading  A'.  The 
special  case  where  the  antenna  is  unterminated  ( A '  =  0)  is  given  by 

=  7-TOT  (Ei  [-  mr0  +  A)]  e*»*+ 

4 n  sm  fih 

+  Ei  [—  2 ifi(r0  —  A)]  e"2^  +  2  cos2  fih  Ei  (—  2 \ifia) 

4-  4  cos  fih  [Ei  ( —  ifihg)  —  Ei  [ —  ifih(g  +1)]  e1'1* 

—  Ei  [ —  ifih{g  —  1)]  e “**]},  (12) 

where 

g  -  -j-  [a  +  (a2  +  A2)l/l]  and  r0  —  ( a 2  +  A2)l/». 

This  equation  may  be  put  in  a  suitable  form  for  computation  by 
employing  the  relation 

Ei  (—  ifia)  =  Ci  (fia)  +  i  ^  —  Si  (/9«)J  ,  (13) 

where  Ci  (fia)  and  Si  (fia)  arc  the  cosine  and  sine  integrals  respectively 
as  defined  and  tabulated  by  Jahnkc  and  Emde11).  The  results 
of  the  calculations  are  presented  in  a  most  general  form  by  plotting 
47t A Z  r;  as  a  function  of  alh  for  various  values  of  A/A  as  shown  in  figs. 
2  and  3.  It  can  be  seen  that  the  magnitude  of  AZ  increases  without 
limit  as  a  approaches  zero.. This  formulation  is  not  actually  valid  in 
this  limiting  case  since  one  terminal  of  the  generator  would  then  be 
connected  directly  to  the  earth  medium  (or  to  a  disc  of  vanishing 
radius)  and  would  lead  to  an  infinitely  resistive  path  for  the  antenna 
base  current. 

A  slightly  more  convenient  way  to  illustrate  these  calculations  is 
to  plot  (o;f)'  *  AR.  where  AR  is  the  real  part  of  AZ,  as  a  function  of 
a  h  as  shown  in  fig.  4  where  /  is  the  frequency  in  Hz.  This  is  only 
permissible  if  displacement  currents  in  the  ground  are  negligible 
(note  if  ea>  a,  i\  ~  (i/iw  o)11*.  It  is  interesting  to  note  that  JR 
actually  assumes  negative  values  under  certain  conditions.  In  this 
case,  the  input  power  to  obtain  a  given  current  I0  at  the  antenna 
terminals  is  actually  less  for  an  imperfect  ground  than  for  a  perfect 
ground.  This  fact  can  be  reconciled  by  showing  that  the  radiated 
power  is  actually  reduced  if  AR  <  0.  A  physical  explanation  for  the 
oscillating  nature  of  the  curve  is  that  a  wave  is  reflected  from  the 
discontinuity  in  the  surface  impedance  at  o  =  a.  As  the  radius  a 
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increases,  the  phase  lag  of  the  reflected  wave  will  continually  increase. 
This  viewpoint  is  substantiated  when  it  is  noted  that  the  period  of 
the  oscillations  is  nearly  equal  to  twice  the  diameter  of  the  ground 
screen. 


Fig.  2.  The  incremental  self-im|>edancc  for  a  vertical  antenna  situated  over 
an  idcati/.cd  perfectly  conducting  discoid  lying  on  a  homogeneous  ground. 


Fu;. 


0  12349678910 

RELATIVE  SCREEN  RAOIUS  o/h 

3.  The  phase  of  the  incremental  self-impedance  corresponding  to  the- 
conditions  of  fig.  2. 


1-14 


184 


JAMES  R.  WAIT  AND  \V.  A.  POPE 


When  the  ground  screen  of  finite  surface  impedance  is  considered 
the  integrations  indicated  by  (10)  must  be  evaluated.  This  appears 
to  be  a  formidable  task  for  the  case  when  the  antenna  is  of  arbitrary 
length.  However,  if  the  antenna  is  a  quarter-wave  monopole,  without 
top-loading,  the  integrations  can  be  carried  out  fairly  readily  by 
graphical  means.  In  this  case 

HT(o.  0)  =  ,  (14) 

2sto 


which  is  a  special  case  of  (5)  with  h'  =  0  and  h  =  A/4,  and  hence 
the  integral  in  (10)  can  then  be  expressed  in  the  following  form: 


A 

r  pq  cos 

3 n  ,  P  +  q~ 

.t(l  —4 R)  +- - tan- 

L  4  p  J 

dP 

'  V2*  [p2  +  [p  +  ?)Y'*  p 

(15) 


and,  similarly,  dA',  with  cos  ( — )  replaced  by  sin  ( — ).  The  real 
dimensionless  quantities  p,  q. .  and  R  arc  defined  by 

p  =  120.-td/\/2  with  6  =  (tooi/tf)1-*, 

240  n:2  P  P  .  .  „ 

with  C  —  c/X, 


.4  =  a/A  and  R  =  VP3  +  (t)2. 


Fi«.  4.  The  real  part  of  the  incremental  self-impedance  corresponding  to 
the  conditions  of  fig.  2. 


It  has  been  assumed  in  writing  (15)  in  this  form  that  displacement 
currents  in  the  ground  are  negligible,  that  is  (eujia)  ^  1.  Using  the 
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results  of  the  numerical  integration  for  AR„  values  of  ART  (=  AR  + 
+  ARS)  are  plotted  as  a  function  of  A  in  figs.  5.  6  and  7  for  various 
values  of  6  and  N  with  C  =  0. 1  x  10“5,  and  in  fig.  8  for  various 
values  of  C  for  N  =  100  and  <5  =  0. 1 .  The  value  of  6  can  be  readily 
obtained  from  fig.  9  when  the  ground  conductivity  a  and  the  fre¬ 
quency  in  kHz  are  specified. 


Fig.  5.  The  incremental  self-resistance  of  a  vertical  quarter-wave  mnnopolc 
on  a  radial  conductor  ground  system  for  a  wire  radius  equal  to  10~*  of  a 
free-space  wavelength. 

It  is  immediately  evident  that  the  oscillations  in  the  curves  for 
ART  have  been  damped  if  X  is  finite.  This  can  be  expected  since 
there  is  a  smaller  change  of  the  surface  impedance  at  p  =  a  if  the 
ground  conductivity  is  reasonably  high  (6  <  0.1).  The  limiting  case 
where  X  =  oo  corresponds  to  the  perfectly  conducting  disc  discussed 
previously.  It  is  quite  apparent  from  these  curves  that  a  ground 
screen  radius  greater  than  about  i  of  a  wavelength  is  wasteful.  On 
the  other  hand  it  would  be  quite  feasible  to  choose  a  large  number  of 
radials  to  reduce  the  resistance  increment  to  a  low  value.  Although, 
in  practice,  it  is  usual  to  employ  No.  8  wire  (C  =  0.5  :<  I0-5  at  1 
MHz);  some  improvement  could  be  obtained  by  using  larger  wire 
diameters.  From  a  theoretical  standpoint,  however,  it  would  appear 
that,  for  a  given  total  weight  of  wire,  it  is  preferable  to  use  a  con- 

Vr>J.  *ci.  K:s,  JJ  4 
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ductor  of  smaller  diameter,  say  No.  22  wire  (C  =  0.1  x  10~s  at  1 
MHz)  and  to  employ  150  or  more  radial  conductors. 


relative  radius  of  screen 


Fin  6.  The  incremental  self-resistance  of  a  vertical  quarter-wave  munopole 
on  a  radial  conductor  ground  system  for  a  wire  radius  equal  to  10_t  of  a 
free-space  wavelength. 


RELATIVE  ramus  OF  SCREEN 

Fig.  7.  The  incremental  self-resistance  of  a  vertical  quarter-wave  monopole 
on  a  radial  conductor  ground  system  for  a  wire  radius  equal  to  10— 6  of  a 
free-space  wavelength. 
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§  3.  The  earth  currents.  It  is  interesting  to  examine  how  the  an¬ 
tenna  base  current  is  shared  by  the  radial  conductors  and  the  ground 
itself.  If  the  current  flowing  in  the  ground  is  denoted  by  I,  and  the 
total  current  in  the  radial  wires  by  /»,  then  the  ratio  /,//.  is  equal 


MUffIVC  mom  or  WBK 

l;ig.  S.  The  incremental  sell-resistance  as  a  function  of  the  wire  radius  with 
a  fixed  number  of  radial  conductors  and  ground  conductivity. 


to  the  ratio  of  the  surface  impedance  of  the  grating  of  the  wires  com¬ 
posing  the  earth  system  to  the  surface  impedance  of  the  ground. 
Therefore  it  follows  that 


h. 

7r  r)  (1  +  i)  p’ 


(16) 


where  p  and  q  have  been  defined  previously.  Since  the  total  current 
is  given  by  /,  =  /,-}-  Iw,  it  follows  that 


i 

V2p 

i  +  v.iv 

[p2  +  (p  +  e)2] '* 

It  has  been  assumed  here  that  displacement  currents  in  the  ground 
are  negligible  (i.e.  tw  a  <  I)- 

Equation  (17)  is  not  a  function  of  the  height  of  the  antenna  and 
therefore  it  would  apply  also  to  top-loaded  antennas  as  long  as  the 
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K 

I 


circular  symmetry  is  essentially  retained.  Employing  this  equation, 
curves  are  plotted  in  figs.  10  and  1 1  to  show  the  dependence  of  the 
current  in  the  radial  wires  on  the  various  parameters.  The  abcissae 
are  the  lengths  of  the  radial  wires  in  wavelengths  measured  from  the 
base  of  the  antenna.  It  is  noted  that  if  the  radial  wires  are  increased 
beyond  a  certain  length,  nearly  all  the  current  flows  in  the  ground. 
When  the  ratio  j is  equal  to  i,  the  current  in  the  ground  is  equal 
to  the  total  current  carried  by  the  radial  wires. 


§  4.  The  radiated  power.  While  the  main  subject  of  this  paper  has 
been  to  evaluate  the  input  impedance  of  the  antenna,  it  is  also  of 
some  interest  to  know  if  the  presence  of  the  ground  screen  appreciably 
changes  the  radiated  power.  A  simple  and  approximate  analysis  is 
now  carried  out  which  indicates  that  this  change  is  small. 

The  power  dissipated  in  an  elemental  area  of  the  ground  is  equal 
to  the  real  part  of  q.H\,.  It  is  then  evident  that  the  change  of  power 
lost  J PL  in  the  ground  due  to  the  presence  of  the  ground  screen  is 
given  by 

APl  —  Ref  AqiHf?  2sto  dp,  (18) 

o 

where  Jp  is  the  difference  between  the  surface  impedance  qc  of  the 
radial  conductor  earth  system  and  the  surface  impedance  p  of  the 
ground.  However,  the  change  of  input  power  at  the  antenna  termi¬ 
nals  is  given  by 

J  P  =  Re  /  J Z-rp  dp.  ( 1 9) 

6 
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Now,  since  there  is  conservation  of  power,  the  change  of  the  total 
radiated  power  AP,  beyond  the  edge  of  the  earth  system  is  equal 
to  AP  —  APl  or 

AP,  =  Re} At]  [H\  —  \H\\]  2 no  do.  (20) 

o 


Fig.  10.  The  ratio  of  the  current  carried  by  the  radial  conductors  to  the 
total  earth  current  as  a  function  of  the  distance  from  the  base  of  the 

antenna. 


For  a  good  ground  screen,  Jr/  ~  —  r/  and,  if  the  antenna  is  a  quarter 
wave  monopole  \h  =  /  4),  the  integration  can  be  carried  out  in 
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closed  form  to  yield 

=  Real  part  of  — If  2  In  +  0.5773 
Iq  4?l  IL  A 

4-  In  —  —  Ci  (  Vji2  +  (20a)2  —  n)  +  Ci  (2^) 

—  Ci  ( VV  +  (20a)2  +  .-r) J  +  »'  [Si  (Vi2  +  (20a)2  —  *) 

-  Si  (2»)  +  Si  (V.t2  +  (20a)2  +  *)]}.  (21) 


Fiji.  II.  The  ratio  of  the  current  ca.Tied  by  the  radial  conductors  to  the 
total  earth  current  as  a  function  of  the  distance  from  the  base  of  the 

antenna. 

If  the  ground  screen  radius  a  is  small  compared  with  a  wavelength, 
the  change  of  power  radiated  is  given  approximately  by 

AP  1 

V  ss  Rc  irj[i2a2  2a-,—  (0a)2.  (22) 

In  Z\'  l 
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This  is  usually  a  small  quantity  with  the  total  radiated  power  so  it  is 
of  minor  significance  at  low  radio  frequencies. 

§  5.  The  radiation  pattern.  The  effect  of  the  ground  screen  on  the 
radiation  pattern  is  also  of  some  interest.  For  convenience,  it  is 
assumed  here  that  the  ground  screen  is  equivalent  to  a  thin,  per¬ 
fectly  conducting,  circular  disc  laid  on  a  homogeneous  ground.  The 
magnetic  field  H,(g,  z)  in  the  air  can  be  written  as  the  sum  of  the 
field  //“(g,  2)  for  an  infinite  screen  and  a  secondary  field  H',(g,  :). 
In  appendix  I  it  is  shown  that 

m  m 

H ;  j Jj ,  (Ao)  /,  (V)  e-'-  £,(<?'.  0)  9  do'  X  dX.  (23) 


where 


Vo  J  J 
1-0 


l‘o  -  +  Yo)yt- 

The  change  of  the  magnetic  field  AH,  due  to  the  presence  of  the 
screen  is  now  given  by 

s  m 

=  -fJ j  °)  Q.  d'S  h  (k’\  /,  (k>)  c- ,‘o'  x  d/..  (24) 

0  mmO  A«*0 

The  integration  with  respect  to  A  can  be  carried  out  by  the  saddle 
point  method  of  integration  since  Bg  I  in  the  radiation  zone.  The 
result  is 

Be-' **  1 

AH,  =  — =-  /  £,(«>',  0)  /,  ( /Jo'  cos  0)  o'  do'  (25) 

Vo*  - 
0 

where 

R  =  Vq2  +  z*.  B  —  2a'A  =  —  iy0,  and  9  =  tan-1  z,o. 

The  approximate  boundary  condition,  E, (o',  0)  ~  —  tj  H,(o\  0) ,  can 
now  be  emp'oyed  so  that 

AH,  —fit)  e-ei  i~H(g\  0)  ,  , 

~ir,  ^T~rJ  c°s5)  ?  d9  •  1261 

0 

An  approximate  expression  for  AH,  is  now  obtained  by  replacing 
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H'(q,  z)  on  the  right  hand  side  of  (26)  by  H~(g,  z).  If  the  antenna  is 
a  quarter  wave  monopole, 

0)  =  ~r  e~*'  (27) 

2siq 

and  for  fe  >  1 


so  that 


A2ti 


2*ml 


J\  (p  cos  0)  dp. 


(29) 


The  right  hand  of  this  equation  is  of  the  order  of  \rjiri0\  which  is  small 
compared  with  unity.  For  small  screens  where  a  <  A  the  relation 
simplifies  to 


which  is  of  second  order  magnitude. 


$  6.  Conclusion.  The  results  of  this  analysis,  while  not  exhaustive, 
arc  sufficiently  developed  to  be  useful  in  the  design  of  vertical  an¬ 
tennae  with  radial  conductor  ground  systems.  The  work  has  shown 
that  the  input  impedance  of  the  type  of  antenna  discussed  is  depen¬ 
dent  mainly  on  the  number  and  the  length  of  the  radial  ground  con¬ 
ductors  and  on  the  conductivity  of  the  ground  in  which  the  wires 
are  buried.  The  dependence  of  antenna  impedance  on  ground  wire 
size  is  shown  to  be  very  slight.  It  may  be  concluded,  from  this  dis¬ 
cussion.  that  a  sensible  design  criterion  for  an  optimum  ground 
svstem  is  attained  by  a  suitable  choice  of  number  and  length  of 
ground  wire  radials  so  that  they  will  always  cam-  an  appreciable 
fraction  of  the  total  earth  current. 


Appendix  I 

Formulation  of  the  input  impedance.  An  expression  is  here  for¬ 
mulated  for  the  input  impedance  at  the  terminals  of  an  antenna 
situated  over  a  circular  screen.  The  total  flux  F  of  the  vector  E  x  H 


1-23 


THE  CHARACTERISTICS  OF  A  VERTICAL  ANTENNA 


193 


over  a  surface  surrounding  the  antenna  is  given  by 

F=/ExH.nds  (31) 

s 

where  n  is  the  unit  outward  vector  normal  to  S.  As  is  customary  in 
other  problems  of  this  type,  S  is  chosen  to  be  a  slender  cylindrical 
surface  of  vanishing  radius  e  concentric  with  the  antenna  so  that 

F  =  —  lim  2 7iq  f  E,  H,  dz.  (32) 

r-»o  0 

It  then  follows  that 

Z  =  ,im[-L/, E,  I(z)  <fc]  .  (33) 

*"*  0  o 


It  is  now  convenient  to  let  £,  =  E?  +  £J,  where  £7*  *s  the  corre¬ 
sponding  value  of  the  electric  field  for  a  perfectly  conducting  ground 
plane  and  £’  is  the  change  of  the  field  to  account  for  the  finite  con¬ 
ductivity  in  the  soil  and  the  ground  system.  The  impedance  incre¬ 
ment  AZr  is  then  given  by 

k 

JZr-f— jr  /  £!/(--)  del  - 

U  ifl  -  IlM 

o  #■*  o 


Vo 


Un 


0  r—0 

Since  H\  is  a  solution  of  the  wave  equation, 


(34) 


K(g,  *)  =  //.  (iff)  e-*-*  fW  Ad/-.  (35) 

o 

for  z  >  0,  where  /x0  —  (A2  +  y£)l/*.  From  Maxwells  equations  it  is 
seen  that  .. 

E,{Q-  0)  =  —  /  /,  (A?)  /(A)/«0AdA.  (36) 

Yo-' 
o 

and  bv  applving  the  Fourier-Bessel  theorem  it  follows  that 


/(A) 


(V)  (?'-  0)  o'  do'. 


(37) 


This  equation  for  /(A)  can  then  be  substituted  back  into  (35)  to 
obtain  an  expression  for  z)  in  terms  of  Et(o,  0).  It  is  also  noted 
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that  /,(Ag)  can  be  replaced  by  Ag/2  as  q  tends  to  zero  so  that 

os  so 

lim  H\{e.  z)  -  A  /  feJi  (V)  e’**  A* o  1  ?  d*  W  0)  <?'  de',  (38) 

*-♦0  "?0  *  J 

0  0 

and  introducing  Sommerfeld’s  Integral 

“e-^  /i0-'  A/0  (An)  dA  =  (z2  +  S?*)-*  ’  e-*<*,+‘,>'\  (39) 

o 

the  integration  in  (38)  with  respect  to  A  can  now  be  carried  out  to 
give 

lim  HXe,  :)  = 

Inserting  this  expression  into  (34)  leads  directly  to  (2)  for  the  input 
impedance  iac-  ment. 

Appendix  II 

The  approximate  boundary  condition.  The  magnetic  field  in  the 
ground  outside  the  screen  is  a  solution  of  the  wave  equation 

(J-y»)ff,fe.*)  -  0 

and  therefore  „ 

(<?.♦)  -//,  (AeK^AJAdA  (41) 

o 

for  r  <  0  and  where  /<  =  (A2  +  y2)1'*.  The  electric  field  is  given  by 

A*  /,(Ao)  e-  /.(A)  AdA.  (42) 

y. 

0 

The  binomial  expansion  of  ^  is  of  the  form 

so  that  ^ 

/v/i(A®)e^^A)AdA  +  /'^;/I(4o)e^^{A)A3dA+..}.  (43) 
0  0 
Now  the  differential  equation  for  /,  is  given  by 

—  l~Q  —  A2)/,(Ao)  =  0,  (44) 

\cn  o  co  / 


/a  e-r.(^‘+^■,)‘,* 

a7(7TFr;E',s’'0,e’(i?’'  w  ' 
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so  it  readily  follows  that 

=  terms  to  7-\  (45) 

The  second  and  remaining  terms  are  negligible  if  the  propagation 
constant  of  the  ground  is  sufficiently  large  and  if  Hf  is  not  varying 
too  rapidly  with  o.  That  is,  oH%  should  not  change  appreciably  in  a 
distance  equal  to  |y-,l  in  the  radial  direction. 
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Sole  added  in  prooj.  Further  calculations  for  short  top-loaded 
antennas  have  been  carried  out.  The  results  are  available  in  Radio 
Physics  Lab.  Report  No,  19-0-7  April,  1954  by  J.  R.  Wait  and 
W.  A.  Pope.  Good  agreement  has  been  obtained  with  experiment 
for  a  250  foot  mast  at  100  kHz. 
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INPUT  RESISTANCE  OF  L.F.  UNIPOLE 

AERIALS 


With  Radial  If  ire  Earth  Systems 
By  J.  R.  Wait,  b.a.Sc.,  m.a.Sc.,  Ph.D.  and  W.  A.  Pope 

( Rmjto  Pkyutt  Laboratory,  Dt/ratt  Rruajck  Board.  Ottawa,  Ontario,  Canada) 

SUMMARY. — The  input  resistance  of  a  low-frequency  unipole  aerial  is  calculated.  The  earth 
system  consists  of  a  number  of  radial  conductors  buried  just  below  the  surface  of  the  soil.  The  integrals 
involved  in  the  solution  are  evaluated,  in  part,  by  graphical  methods.  The  final  results  are  plotted  in 
a  convenient  form  to  illustrate  the  dependence  of  the  input  resistance  on  number  and  length  of  radial 
conductors  for  a  specified  frequency  and  earth  conductivity.  The  curves  should  lie  useful  in  the 
design  of  earth  systems  for  low-frequency  transmitting  aerials,  it  is  pointed  out  that  increasing  the 
radius  of  the  earth  system  beyond  a  certain  limit  gives  only  a  slight  improvement  in  radiation  efficiency. 


LIST  OF  SYMBOLS 
( m.M.s .  units  are  employed  throughout) 

Ip.  4.  e)  —  cylindrical  polar  co-ordinates 
h  =  height  of  an  ideally  top-loaded  aerial 

or  the  equivalent  height  of  an 
unloaded  aerial 

a  =  length  of  radial  wires 

a  =  conductivity  of  ground 

«  =  permittivity  of  ground 

*o  —  permittivity  of  air  (=  8  85  x  lO") 

Pt  «=  permeability  of  free  space  (=  4ir  »•  10  ') 

y  —  intrinsic  propagation  constant  of  ground 

i)  =  characteristic  impedance  of  ground 

y ,  =  propagation  constant  of  air 

Vo  =  characteristic  impedance  of  air  ( —  I2<b») 

f)  =  wave  number  in  air  (=  —  jy J 

to  =  angular  frequency 

A  =  wavelength  in  air 

Z,  =  self-impedance  at  terminals  of  aerial 

Zt  ■=  self-impedance  of  the  aerial  lor  a 

perfectly-conducting  earth  plane 
AZ,  =  self-impedance  increment  (=  Z,  —  Z,) 

Aft ,  =  real  part  of  AZ, 

AX i  =  imaginary  part  of  AZ, 

It  =  current  at  terminals  of  aerial 

x  ,/2  v  r.m.s  current) 

Hp(p,  0)  =  the  tangential  magnetic  field  of  tin 

aerial  on  a  perfectly-conducting  earth 
plane  of  infinite  extent 

Ep  (p.  8)  “  the  tangential  electric  field  of  the  aerial 

on  the  imperfect  ground 
He)  =  current  along  the  aerial 

Hp  {p,  0}  *=  the  tangential  magnetic  field  of  the 

aerial  on  the  imperfect  ground 
V,  «=  the  surface  impedance  of  the  air-ground 

interface 

V,  =  the  surface  impedance  of  the  radial 

wire  grid 

d  _  «=  the  spacing  between  the  radial  wires 

e  =  radius  of  the  wires  of  the  grid 

y,  =  the  effective  propagation  constant  of  a 

wire  in  the  air-ground  interface 
A"  =  number  of  radial  wires  in  the  earth 

system 

AZ  or  self-impedance  increment  for  an  ideal 

circular  ground  screen  of  radius  a 
AZ,  m  correction  to  AZ  to  account  for  the 

losses  within  the  ground  screen 
6  on  limit  of  integration  for  equations  (12) 

and  (13) 

MS  accepted  by  the  Editor.  May  1854 


O(r)  =  a  quantity  whose  order  of  magnitude  is 

equal  to  v 

I’  and  0  =  magnitude  and  phase  of  the  complex 

number  I  redefined  inequation  [15(b)] 
/’  =  variable  of  integration  (=  pi  A) 

H,  =  height  of  aerial  in  wavelengths  ( ^  )i,' A) 

/•  and  1 1  =  magnitude  and  phase  of  the  complex 

number  f-'e>*  defined  in  equation  (l  5a) 
p.  q.  S.  A.  li.  C,  =  dimensionless  quantities  defined 
in  the  text  following  equation  1 1 5(a)] 
/?.  —  the  input  resistance  of  the  aerial  for  a 

perfectly-conducting  earth  plane 
C  =  Euler's  number  ( =-  0-5772  .  .) 

h,  =  actual  height  of  the  unloaded  aerial 


Si  (r) 

J  0 

r y 

Ci  (a) 

j  cos  / 

=  —  1  -  - 

& 


=  ground  conductivity  parameter 


introduction 


AEKIAL  systems  for  low-frequencies  are 
/\  designed,  usually,  to  work  in  conjunction 
J.  V.  with  a  radial-wite  earth  systeni  buried 
just  below  the  surface  of  the  earth.  The  purpose 
of  this  wire  grid  is  to  provide  a  low-loss  path  for 
the  aerial  base  current  and  consequently  to  im¬ 
prove  the  radiation  efficiency. 

The  rules  for  earth-system  design  are  usually 
empirical  and  based  on  the  results  of  experiments 
on  existing  installations.  The  first  systematic 
study  of  this  problem  was  carried  out  by  Brown1 2 
and  his  associates  who  were  mainly  concerned 
with  the  operation  of  half-wave  aerials  for  the 
broadcast  band.  Sometime  later  Abbott* develop¬ 
ed  a  procedure  for  selecting  the  optimum  number 
of  radial  conductors,  given  the  values  of  the 
electrical  constants  of  the  ground.  An  important 
related  problem  is  the  actual  change  of  input 
impedance  of  the  aerial  with  different  sires  and 
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types  of  earth  systems.  This  analysis  has  been 
carried  out  by  Leitner  and  Spence4  and  more 
recently  by  Storer*.  for  a  vertical  aerial  situated 
over  a  perfectly-conducting  disc.  However,  they 
only  considered  the  case  where  the  surrounding 
medium  was  free  space. 

In  a  previous  paper*  the  electrical  charac¬ 
teristics  of  a  vertical  aerial  with  a  radial  conductor 
system  was  studied.  Employing  an  approximate 
method  the  input  impedance  was  calculated. 
To  illustrate  the  nature  of  the  problem  only  a 
quarter-wave  unipole  was  considered  in  detail 
since  it  was  the  case  most  easily  computed. 
Curves  were  plotted  showing  the  dependence  of 
the  input  base  resistance  on  number  and  length  of 
radial  conductors  for  a  specified  frequency  and 
ground  conductivity.  It  is  the  purpose  of  this 
paper  to  extend  the  solution  and  calculations  for 
shorter  aerials  with  top-loading. 

With  reference  to  a  cylindrical  polar  co¬ 
ordinate  system  (p,  <f>,  2)  the  aerial  of  height  h  is 
coincident  with  the  positive  2  axis  as  indicated  in 
Fig.  1.  The  earth  screen  is  of  radius  a  and  lies  in 
the  plane  2  =  0  which  is  also  the  surface  of  the 
ground.  The  conductivity  and  permittivity  of 
the  ground  are  denoted  by  a  and  t  respectively, 
and  the  permittivity  of  the  air  is  denoted  by  «0 
The  permeability  of  the  whole  space  is  taken  as 
/u„  which  is  taken  to  be  that  of  free  space.  The 
intrinsic  propagation  constant  y  and  characteristic 
impedance  77  of  the  earth  medium  are  defined  by 

V  —  Uhow  (° 

and  ij  =  [jp0ut,  {a  +  ;cof)]1  * 

where  cu  is  the  angular  frequency.  The  propaga¬ 
tion  constant  y0  and  the  characteristic  impedance 
t)0  of  the  air  are  then  defined  by 

y 0  =  j  (<oMo>1  =  j-n  *  =  jP 

and  t)0  =  (/V«o)1  *  *  T77  ohms  Hi  (p.  0)  -= 
where  A  is  the  wavelength  in  air. 

The  self-impedance  at  the  terminals  of  the 
aerial  is  now  denoted  by  Zt  which  can  be  broken 
into  two  parts  by  setting.  Zt  —  Z0  —  AZt  where 
Z0  is  the  self-impedance  of  the  same  aerial  if  the 
earth  plane  were  perfectly  conducting  and  infinite 
in  extent.  Thus  AZt  is  the  difference  Iwtween 
the  self-impedance  of  the  aerial  over  the  imperfect 
and  the  perfect  earth  plane.  It  is  called  the  sell- 
impedance  increment  and  can  be  written  in  terms 
of  a  real  and  imaginary  part  as  follows 

AZt  —  ARt  +  jAXt .  (1) 

where  ARt  and  AXt  represent  the  resistance  and 
reactance  increments.  If  the  current  amplitude 
at  the  terminals  of  the  aerial  is  /„,  the  |>ower 
required  to  maintain  this  current  is  / 0-Rt  2  watts 
If  the  ground  were  perfectly  conducting,  the 
input  power  would  be  where  R0  is  the 


Z 


real  j>art  of  Z0.  The  additional  jxiwer  required 
to  maintain  the  same  r.m.s.  current  I „/ \/2  at  the 
terminals  is  70*J/f</2. 

General  Theory 

It  was  shown  in  the  previous  paper*  that  the 
self-impedance  increment  AZt  could  be  written 
in  the  following  form : 

AZ,  =  -  jAh:  (p,  0)  E,  (P.  0)  2  np  dp  . .  (2) 

x  *  *  0 

where  HI  (p.  0)  is  the  magnetic  field  of  the  aerial 
tangential  to  a  perfectly  conducting  earth  plane 
of  infinite  extent  and  £p  (p,  0)  is  the  tangential 
electric  field  on  the  imperfect  earth  *  This 
formula  also  follows  immediately  from  the  work 
of  Monteath7.  If  the  current  on  the  aerial  is 
/(:)  amps  it  follows  that 


exp  [-  jP  (c*  4  p7)1' 4 

(-*  +  p«)>‘ 


/  (:)  dz 


The  electric  field  £„  (p,  0)  is  essentially  an 
unknown  quantity.  However,  since  y  y0 
an  approximate  boundary  condition  can  be 
employed  expressed  by, 

E,  (p,  0)  ^  —  Vc  Ht  (p,  0)  . .  . .  (4) 

where  //*  (p,  0)  is  the  tangential  magnetic  field 
for  the  imperfect  earth  and  i)r  is  the  surface 
impedance  of  the  air-ground  interface. 

If  p  is  greater  than  a  (the  radius  of  the  earth 
screen)  rjc  can  be  replaced  by  rj.  If  p  is  less  than 
a.  17,  is  the  intrinsic  impedance  77,  of  the  earth 
screen  in  parallel  with  the  impedance  tj  of  the 
earth  In  a  previous  investigation8*  of  this 
problem  it  was  assumed  that  77.  was  zero,  so  that 
the  earth  system  was  equi  valent  to  a  perfect  I  v- 
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A  Rt  (ohms) 


conducting  disc  of  radius  a.  The  limits  of  the 
integration  in  equation  (2)  are  then  from  p  =  a 
to  p  =oo. 

A  more  general  case  is  when  is  comparable 
in  magnitude  to  »j,  in  which  if  follows  that 

i)c  =  — ~  for  0<  p  <  a 
V  +  Vs 

d  d 

where  r,s  =  jVo  -  log,  — 

and  where  d  is  the  spacing  between  the  radial 
conductors  and  c  is  the  radius  of  the  wire.  The 
expression  for  r)S  has  been  derived10  for  a  wire 
grid  in  free  space  where  it  was  necessary  to 
assume  that  !  y^d  1.  Since  the  grid  is  lying 
on  the  earth  plane,  this  restriction  must  be 
replaced  by  |  ytd  \  1  where  yt  is  the  effective 

propagation  constant  for  propagation  along  a  thin 
wire  in  the  interface  and  is  given  by11 


If  there  are  N  radial  conductors  it  can  be  seen 
that  d  can  be  replaced  by  2ir pjN  since  N  is  usually 
of  the  order  of  100.  It  is  assumed  also  that 
//*  (p,  0)  is  not  very  different  from  (p.  0)  in  the 
region  of  the  ground  plane  where  the  losses  are 
significant.  This  approximation  has  also  been 
discussed  previously*-*  and  it  certainly  appears 
to  be  valid  if !  y  i  i  y0  • 


The  impedance  increment  AZt  is  then  written 
in  the  following  form 

AZt  =  AZ  +  AZ, .  (5) 

where  /0*  AZ  an  ij  I  [H+  (p,  0)]*  2np  dp  .  .  (6) 

J  S 

and  !„*  AZ,  rs  J  (**•  ®)]*  2 *p  dp.  (7) 

The  first  term  AZ  corresponds  to  the  self¬ 
impedance  of  the  unipole  over  a  perfectly  con¬ 
ducting  discoid,  whereas  the  second  term  AZ, 
accounts  for  the  finite  surface  impedance  of  the 
radial-conductor  earth  system. 

Assuming  a  sinusoidal  current  distribution  for 
I(z)  the  magnetic  field  H+  (p,  0)  can  be  expressed 
in  closed  form.  The  integration  indicated  by 
equation  (6)  can  then  be  carried  out  and  the 
result  expressed  in  terms  of  sine  and  cosine 
integrals*.  Curves  of  the  function  AZ  for  un- 
tenninated  aerials  have  been  computed  from  this 
formula*.  The  integrations  indicated  in  equation 
(7),  however,  cannot  be  carried  out  analytically. 
It  is  necessary  to  resort  to  a  numerical  procedure 
for  this  case. 

Impedance  Calculation 

From  equation  (3)  it  follows  that 


hi  ip  o)  =  f  [w-t  ££  +  -:!!!?  +  ;  {s)  d:. 

'  2nj^X  (p1  +  *v*  }P  p'  +  -l  J  u 


(») 


0  0*04  o-oa  012  016  0  20  0  24 


0>) 


V 

Fig.  2.  The  increment  of  the 
aerial  base  resistance  as  a  Jinirtn m 
of  the  radius  of  the  earth  system 
(a)  far  various  values  aj  S  Jar  tiva 
values  of  5  and  (1>)  Jar  various 
values  oj  h  for  S  =  x . 
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(swho)  *u  {7 


For  top-loaded  aerials  that  are  short  compared  with  a  wavelength  a  reasonable  approximation  is 
l(z)  rb  I a,  over  the  length  of  the  aerial.  Also,  exp.  [—  jfi  (p*  +  **)l,t]  is  given  to  sufficient  accuracy 
by  exp.  (—  jfip)  so  that 


H*  ( R ,  0)  [(/»*  +  «■)'”  +  jfi  (p*  +  z*)  ')  dz  -~t 


+  **)* 


4-  ^  tan1 


This  can  be  expanded  in  a  power  series  in  (hip)  as  follows: 

h:  o,  0) „  [(*.)(,  +  #,)  -  (*-)’  (i + 1  />,)  +  ... .]  ..  .. 

and  correspondingly, 

[«;(p,o)]  [(*)  (»  +jfir)  -  (J)  (>  +  >fr)(1  +  2;^/a)  +  ....] 


(9) 

(10) 

(11) 


(•) 


(») 


The  sclf-impedancc  AZ  is  then  given  by  a  series  of  integrals  as  follows: 


AZ 


-1 V  .)>'*<'■ 


0)]*  2 wp  </p  + 


v«i  r 

2rrJ, 


e-2,0,  (l  +  2tfp  -  p*p*)  p  *dp 


J"  (1  +  5;0p/3  -  W,3)  P  + 


(12) 


The  integration  of  p  has  been  broken  conveniently  into  two  ranges,  from  a  to  6  and  b  to  oo.  The 
distance  b  is  chosen  sufficiently  large  so  that  the  series  of  integrals  converges  rapidly.  The  integral 
with  limits  a  to  6  is  integrated  by  graphical  means  Using  the  exponential  integral  defined  by, 

Ei  (-  2 fib)  =  -  J  '  Pl  dp 

the  impedance  AZ  is  written 

az  -/j  J!  ["*  «»)■  2*<> « +  -T  [  A  GJs + >)  - *  (- 2^)] 

-  &  rncm-. + ,4) + >  ci  - :)] ' ~ ’jar  * °  go 

.  (13) 
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When  A*/A*  I,  the  terms  containing  higher  powers  of  A*/ A*  can  be  neglected. 

The  increment  of  the  input  resistance  ARt  for  purposes  of  calculation  is  now  written 
ARt  —  Real  part  of  (AZS  +  AZ) 

_  Vjl*  Pq  F*  (HXP)  cosf2tb_4vp,^ian-lP±9'\dp 
2n  Jo  &+  &  +  V*  4wP+4  tan  P  )iP 


V2ffl 


+  F*  (//,.  P)  P1  cos  (2<i  -  4* P  +  w/4)  rfP  +  -y/2  tr  p  P,*  V  cos  (A  +  w/4)  . . 
P,/P 


where  F  (Hv  P)  e>*  = 


[1  +  (HJP)*]” 


+  j  2wP  tan1  (//,/P). 


(14) 

(15a) 


—  OjfUip  p 

p  =  120ttS/\/2.  f  =  log,  .  8  =  («W»)w. 

//,  =  A/A,  P  =  g/A.  ^  =  a/A,  P,  =  A/A  and  C,  =  c/A, 
and  W  =  2  (l  -  e  -  Ei  ( -  2;0a)] . (15b) 


Summarizing,  this  formula  for  ARt  should  be 
accurate  to  within  a  few  per  cent  under  the 
restrictions  that  //,  <0-1  (electrically  short 
aerial),  ctu/a  1  (negligible  displacement  current 
in  soil),  and  (P,/P,)*  =  (A/A)*  =  25. 

Presentation  of  Results 
It  hardly  needs  to  be  mentioned  that  the  major 
part  of  this  work  has  to  do  with  the  evaluation 
of  the  integrals  in  equation  (14).  A  graphical 
procedure  was  adopted  employing  a  conventional 
area  planimeter.  The  resulting  values  of  the 
integrals,  so  obtained,  are  believed  to  be  accurate 
to  within  1%. 


The  computed  values  of  ARt  for  fixed  aerial 
heights  are  plotted  as  a  function  of  a/A  for  various 
values  of  8  and  N  in  Figs.  2  to  4.  The  wire  radius 
to  wavelength  ratio,  c/A,  is  taken  to  be  10"*  which 
corresponds  to  No.  8  B.  &  S.  wire  at  183  kc/s.  The 
curves  in  Figs.  2(a),  3(a)  and  4(a)  are  for  two  fixed 
values  of  the  ground  conductivity  parameter  8, 
whereas  the  curves  in  2(b),  3(b)  and  4(b),  for  a 
jierfect  ground  screen  N—co,  show  a  wider  range  of 
8.  With  the  results  plotted  in  this  form,  values  of 
ARt  for  intermediate  values  of  N  and  8  can  be 
estimated  quickly  by  interpolation.  For  purposes 
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It  is  apparent  immediately  that  0-10 
the  increase  of  ARt  with  diminishing 
earth-screen  radius  is  much  more  rapid  o- 1  o 

for  the  short  aerials  than  for  the 
quarter-wave  unijwle.  This  behaviour  „.0J 

is  connected  with  the  fact  that  the  131 
induction  and  static  fields  of  short  ooj 

aerials  are  more  significant  than  those  ** 
for  a  higher  aerial,  such  as  a  quarter-  ^ 
wave  unipolc. 

The  appropriate  value  of  5  to  use  in  8 

connection  with  these  curves  is 
obtained  conveniently  from  Fig.  6,  o-ooj| 

when  the  ground  conductivity  and  (0-« 

the  frequency  are  sj)ccified. 

The  effect  of  changes  in  wire  radius 
is  slight.  This  fact  is  illustrated  in  lf 

Fig.  7  where  ARt  is  shown  plotted  as 
a  function  of  at  A  for  various  values  of  the  wire 
radius/wavelength  ratio  for  a  quarter-wave  uni|x>lc. 

For  earth  screens  which  are  small  coni|>arcd 
with  the  wavelength  ARt  varies  in  a  linear 
manner  with  8.  That  is,  it  varies  directly  as  the 
square  root  of  the  frequency  and  inversely  as  the 
square  root  of  the  ground  conductivity.  However, 
for  larger  values  of  a/A  as  is  illustrated  in  Fig.  8, 
the  values  of  ARt  become  somewhat  less  sensitive 
to  changes  in  8. 

Up  to  this  point,  the  discussion  has  been  limited 
mainly  to  vertical  aerials  with  ideal  top-loading 


(ROUND  CONDUCTIVITY  O"  (mho*/ metre) 

6.  The  parameter  &  as  a  function  of  frequency  in  kejs  and 
ground  conductivity. 

that  the  radiation  resistance  R0  can  be  computed 
by  considering  only  the  current  tin  the  vertical 
portion  of  the  aerial.  The  contributions  for  the 
currents  flowing  on  the  loading  'umbrella'  or 
‘cone’  are  usually  negligible  if  the  top-loading 
has  been  adjusted  for  maximum  radiation 
resistance.  This  radiation  resistance  is  given  by  14 
/?„  160  w*  (A/A)* 

It  is  possible  now  to  apply  the  above  results  to 
aerials  without  top-loading  by  defining  an 
'etpiivalent'  or  ‘effective’  height  ft.  This  value  is 
obtained  by  assuming  that  the  loaded  and 
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unloaded  unifies  are  electrically  equivalent  if 
their  radiation  resistances  are  equal.  For  thin 
unloaded  unipoles  the  current  distribution  is 
approximately  sinusoidal  and  if  its  actual  height 
is  denoted  by  the  radiation  resistance,  Rt, 
is  given  by 

sin*  $h0  /?, 


above  mentioned  approximate  procedure  and 
are  also  shown  in  Fig.  9.  The  encircled  points  on 
the  dotted  curves  are  obtained  from  calculations 
carried  out  from  equation  (16)  of  reference  6. 
The  points  indicated  by  x  for  h  A  =  0-25  can 
be  obtained  either  from  equation  (16)  of  reference 

*/3 A,  R0  =  HO  (C  +  log  20A,  -  Ci  20A.)  +  15  (Si  4/to,  -  2  Si  20A,j  sin  20A, . 

+  15  (C  +  log  /3A,  —  2Ci  2/3A,  +  Ci  40A,)  cos2/3A, . (16) 


where  C = 0-5772.  Si  and  Ci  are  the  sine  and  cosine 
integral  functions.  is  just  one-half  of  the  self¬ 
resistance  of  a  thin,  centre-driven,  aerial  of 
length  2A,  situated  in  free  space14.  When  A,  A 
is  small  compared  with  unity,  R0  40  w*  (A, 'A)*. 

Using  these  formulae  to  calculate  the  equivalent 
height  A  of  the  unloaded  aerials  it  follows  that 
for  A/ A  =  0-025,  0-050  and  0-10  A,;A  =  0-050, 
0-095,  and  0-175  respectively.  In  other  words, 
it  is  probable  that  the  curves  in  Figs.  2, 3.  and  4 
for  loaded  aerials  also  apply  to  unloaded  aerials 
of  heights  0-050A,  0-095A  and  0-175A  respectively. 
The  accuracy  of  this  procedure  can  be  checked  In- 
comparing  the  results  with  more  exact  previous 
calculations  for  an  unloaded  unipole  situated 
over  a  circular,  perfectly  conducting,  disc  laid  on 
the  ground.  Employing  the  data  in  Figs.  2,  3 
and  4  the  function  ARi  for  the  loaded  unipole  and 
N  =oo  is  plotted  in  Fig.  9  as  a  function  of  AA  for 
selected  values  of  a1  A.  The  corres|>onding  curves, 
for  the  unloaded  uni|>ole  are  obtained  by  the 


«/A 


Fig.  7.  The  effect  of  changing  wire  radius  on  the  increment 
of  input  resistance  JR,. 
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Fig.  8.  .4«  illustration  to  show  how  JR,  varies  with 

groiimf  conductivity  and  frequency. 


Fig.  9.  The  solid 
curies  represent 
JR,  for  an  ideal¬ 
ly  haded  unipole 
of height  h.  where¬ 
as  the  dashed 
cim  es  correspond 
to  the  estimated 
values  for  an  un- 
ter  ruinated  uni- 
pole  of  height  ht. 
The  indicated 
points  are  plotted 
from  mote  exact 
formulae. 
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6  or  directly  from  Fig.  5(b).  The  good  agreement 
between  the  two  methods  of  calculation  for  ARt 
is  reassuring. 

It  is  also  instructive  to  plot  ARt  as  a  function 

10 


3 


3 

_  2 

*a' 

i 

O 

qT  ' 

Fig.  10.  The  xj 
curves  Jot  the 
loaded  unipole 
and  the  estimated 
curves  for  the 
unloaded  unipole 
are  shown  by  the 
solid  and  dashed 
lines  respectively . 

The  encircled 
points  represent 
values  computed 
by  Monteath. 

h/X  and  A«/A 

oi  A/ A  for  both  loaded  and  unloaded  unifies  for 
a  finite  value  of  A’.  The  results  are  shown  in 
Fig.  10  for  N  =  100.  8  =  0-1.  c/A  =  10  «  em¬ 
ploying  data  from  Figs.  2,  3,  4  and  5.  The 
encircled  points  correspond  to  results,  communi¬ 
cated  to  us  privately  bv  Mr.  G.  D.  Monteath  of  the 
B.B.C.  for  unloaded  unipoles  with  heights  of  0-I0A 
and  0-167A.  Again  the  agreement  is  very  satis¬ 
factory. 

Both  the  curves  in  Figs.  9  and  10  illustrate  the 
near  linear  log-log  relationship  between  ARt  ami 
A/A.  This  behaviour  is  also  prevalent  for  other 
values  of  N  and  8  and  provides  a  convenient 
means  of  interpolating  and  extrapolating  for 
values  of  A/A  other  than  those  shown  in  Figs. 
2  to  6. 

Conclusion 

No  attempt  has  been  made  in  this  paj>er  to 
consider  the  economic  factors  but  rather  the 
emphasis  has  been  on  showing  the  manner  in 
which  the  imj>edance  varies  with  the  number  and 
length  of  radial  wires,  aerial  height,  and  ground 
conductivity.  The  curves  should  be  useful  in  the 
design  of  earth  systems  for  low-frequency 
transmitting  aerials.  It  would  appear  that  many 
earth  systems  are  probably  more  extensive  than 
necessary  since  the  benefits  gained  by  employing 
large  radius  screens  are  lost  if  there  arc  not  a 


sufficient  number  of  radial  conductors.  This  is 
particularly  so  if  the  ground  conductivity  is 
relatively  high. 

The  calculations  for  the  base  input-resistance 
are  derived  on  the  assumption  of  uniform  current 
distribution  along  the  vertical  portion  of  the 
aerial.  It  has  been  indicated,  however,  that  the 
results  are  also  applicable  to  aerials  with  non- 
uniform  current  distribution  if  the  quantity  A  is 
regarded  as  an  effective  height. 
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APPENDIX 

Measurements  on  a  250-ft  umbrella  top-loaded  unipole 
show  good  agreement  with  the  theory.  The  following 
observed  values  were  supplied  to  us  by  Mr.  It.  S.  Thain 
of  this  laboratory : 

Length  of  Kadials.  a  —  800  ft. 

Number  of  Kadials.  X  =  120 

('•round  Conductivity.  «  =  2  0  x  10  ’  mhos/inetre 

Frequency.  97  Icc/s 

Radiation  Resistance  as  calculated  from  field  strength 
measurements.  It,  ■=  0-50  ohm 
Input  resistance  measured  on  a  bridge.  R,  —  0-75  ohm 
Observed  resistance  increment.  Jit,  —  0  25  ohm 
Theoretical  value  of  resistance  increment  (for 

A/A  -  0-025.  a/X  =  0-08.  b  =  0  07).  JR,  =  0  23  ohm 
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Effect  of  the  Ground  Screen  on  the  Field  Radiated 

from  a  Monopole* 


J.  R. 

SOME  INTEREST  has  been  shown  recently  in  the 
radiation  characteristics  of  an  L.F.  vertical  an¬ 
tenna  with  a  radial  wire  ground  system.  The  in- 
vestigations1-’  have  been  primarily  concerned  with  the 
input  impedance  at  the  terminals  of  the  antenna.  This 
was  shown  to  be  mainly  a  function  of  the  number  and 
length  of  radials  and  the  ground  conductivity.  It  was 
assumed  in  most  of  this  work  that  the  ground  wave  field 
for  a  given  current  on  the  antenna  was  not  appreciably 
affected  by  changes  in  size  of  the  ground  screen.  Under 
this  assumption,  the  radiation  cllicicucy  of  the  antenna 
is  determined  mainly  by  the  input  resistance. 

In  an  earlier  paper,’  an  approximate  method  was 
given  which  was  suitable  for  estimating  the  dependence 
of  the  ground  wave  field  on  the  size  of  the  ground 
screen.  It  is  the  purpose  of  this  note  to  show  that  quanti¬ 
tative  results  can  be  obtained  which  support  our  earlier 
contention  that  the  ground  screen  has  only  a  small  effect 
on  the  ground  wave  field  intensity  for  a  specified  current 
on  the  antenna. 

The  ground  screen  is  assumed  to  be  a  perfectly  con¬ 
ducting  disc  of  radius  a  lying  on  a  homogeneous  fiat 
ground  of  conductivity  tr.  Choosing  a  cylindrical  coordi- 
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nate  system  (p.  t)  the  antenna  is  considered  to  be 
coincident  with  the  positive  z  axis  and  the  surface  of  the 
ground  is  defined  by  r  =  0.  Denoting  //«(p,  :)  as  the  mag¬ 
net  ic  field  of  the  antenna  in  the  absence  of  any  ground 
screen  and  A//«(p.  z)  as  the  change  due  to  the  presence 
of  the  ground  screen,  it  follows  from  an  earlier  pajicr,’ 
that 

:)  ‘’I'" 

//,(p.  =>  ~  n.  |p:  -f  s’)''* 

f  //' (p'.O) 

— - JAPp'  cos  9)p'dp  (1) 

m»“(p.  =) 

where  0  =  2ir/X.  \  «  free  space  wavelength,  ij  =  (juj/cr)1'1 
tiw"  (surface  impedance  of  the  ground),  p^xXlO-7. 
a  =  angular  frequency,  n»**  120r  (intrinsic  impedance  of 
free  space),  8  =  tan-1  t/p,  and  where  J\  is  the  Bessel 
function  of  the  first  type.  In  the  above,  //«“  refers  to  the 
field  of  the  antenna  over  a  flat  perfectly  conducting 
ground.  This  expression  for  the  fractional  change  of  the 
magnetic  field  is  approximate  and  neglects  terms  of 
higher  order  in  (n/t«).  It  also  assumes  that  the  attenua¬ 
tion  of  the  ground  wave  has  a  dc|»cndcucc  with  distance 
«  hich  is  independent  of  the  size  of  the  ground  screen. 
A//,///,  can  he  regarded  as  the  fractional  change  of  the 
cfTrrlivr  height  of  the  antenna  due  to  the  prrsenre  of  the 
ground  screen. 

As  an  example  a  quarter-wave  monopolc  antenna  is 
considered  with  an  assumed  sinusoidal  current  distribu¬ 
tion.  In  this  case 
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A  i*  it 


//.-<p\ o)  •=  — ! -f 

2»p 


and  since  p»X; 


H*M(p,  *)  as  — —  *». 

2  tp 


(2) 


(3) 


It  then  follows  that  the  fractional  change  of  the  field  is 
given  by 

A27«(p,  i)  —Pv  cos  9 


IIt(p,  t)  n> 


cos 


uV,(0p'cos«)<fp'.  (4) 


The  integral,  apparently,  cannot  be  evaluated  in  closed 
form.  It  is’not  too  difficult,  however,  to  evaluate  it  by  a 
graphical  method.  This  has  been  done  for  the  case  :  =  0 
which  corresponds  to  the  ground  wave  field.  Letting 


a//«(p.  0) 


4|.Y,  +  «A',| 


n.(p,  o) 

with  4  =  |i|/i|o| ,  the  integrals  to  consider  are 


(5) 


/*  1wm/X 

X,~-j  cos  \(t'  +  *'■/*)'”  ~  r/4  }J,U>)‘lp  (6) 


Fir.  1 — The  ratio  of  the  ground  wave  field  strengths  of  the  antenna 
with  and  without  the  ground  screen  for  a  specified  antenna  current. 


where  the  amplitude  ratio  .4  is  given  by 

A  -  |(1  +  I.Yi)*  +  W 

and  the  phase  factor  is  <P  given  by 


and 

/•  t»#a 

X,  =  J  sin  !(/>’  +  wV 4)>”  -  r/4 1  (7) 

Some  numerical  values  of  „Y,  and  .Yj  are  given  in  the 
following  Table  I. 


i.Y, 

♦  =  tan-1 - -  (10) 

1  +  i.Y, 

Since  5  has  already  been  considered  small,  these  are 
given  adequately  by 

.1  ~  1  +  i.Y, 


TABLE  I 


and 


2 

X, 

A* 

0.0 

0.000 

0.000 

0.5 

-0.042 

0.010 

1.0 

-0.130 

0.181 

1.5 

-0.211 

0.417 

2.0 

-0.200 

0.700 

2.5 

-0.102 

0  917 

3.0 

0.042 

1.093 

3.5 

0.155 

1.131 

4.0 

0.171 

1.133 

4.5 

0.113 

1.178 

5.0 

0.050 

1.300 

5.5 

0.050 

1  .468 

6.0 

0.110 

1 .612 

6.5 

0.205 

1 .671 

The  ratio  of  the  field  with  the  ground  screen  to  the 
field  H,(p,  *)  without  the  ground  screen  is  then  given  by 


1  + 


A//,(p.  s) 

II* (p,  t) 


At* 


(8) 


<f>  ~  4  A',  (radians). 

The  factor  i  can  be  obtained  conveniently  from  the  fol¬ 
lowing  relation 

4  -  0.0075  (/«/*)’'* 

where /■»  is  the  frequency  in  me  and  a  is  the  ground  con¬ 
ductivity  in  mhos/meter.  (Since  displacement  currents 
in  the  ground  have  been  neglected  throughout,  the  for¬ 
mulas  are  valid  only  when  i!«l.)  Using  (9),  the  ampli¬ 
tude  ratio  A  is  6hown  plotted  in  Fig.  1  as  a  function  of 
2 ro/X,  the  circumference  of  the  ground  screen  in  wave¬ 
lengths,  for  typical  values  of  t. 

It  is  interesting  to  note  that  for  small  screens  the 
ground  wave  field  strength  is  actually  slightly  less  than 
it  would  be  in  the  absence  of  the  screen.  As  the  screen 
becomes  larger,  the  amplitude  ratio  increases  somewhat, 
but  is  still  only  a  few  per  cent  greater  than  unity  for  a 
less  than  a  wavelength.  Thinking  in  terms  of  the  rccipro- 
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cal  situation  where  the  monopole  is  regarded  as  a  re¬ 
ceiving  antenna  and  the  transmitter  is  located  at  some 
distant  point  on  the  surface  of  the  ground,  the  increase 
of  A  above  unity  is  characteristic  of  a  “recovery"  effect. 
Such  a  phenomenon  occurs  in  ground  wave  propagation 
from  land  to  sea.4 

Another  interesting  feature  of  the  curves  in  Fig.  1  is 
that  the  minimum  values  of  A  occur  approximately 
where  the  input  resistance  of  the  antenna  is  a  minimum. 
It  can  be  generally  concluded,  however,  that  the  de¬ 
pendence  of  the  L.F.  ground  wave  field  strength  on  the 

*  G.  Millington,  "Ground  wave  propagation  over  an  inhomo¬ 
geneous  smooth  earth,"  Proc.  IEE.  vof.  96,  pp.  33-63;  January,  1949. 


size  of  the  ground,  screen  is  of  minor  significance  com¬ 
pared  to  the  dependence  of  the  input  resistance  on  the 
size  of  the  screen.  It  should  be  mentioned  that  Page  and 
Monteath*  have  used  a  similar  method  to  calculate  the 
radiation  pattern  of  a  vertical  antenna  over  an  irregular 
ground  plane. 
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SUMMARY 

The  radiation  from  slots  cut  in  conducting  surfaces  of  limited  extent 
is  discussed.  Equatorial  plane  patterns  of  an  axial  half-wave  slot  in  a 
rectangular  metal  plate  are  measured  in  the  X  band  The  experimental 
results  compare  favourably  with  the  calculated  patterns  on  the  assump¬ 
tion  that  the  plate  can  be  represented  by  a  thin  elliptic  cylinder  or 
ribbon  of  infinite  length.  It  is  observed  that,  if  the  length  of  the  plate 
is  equal  to  or  greater  than  its  width,  the  pattern  is  within  a  few  per  cent 
of  the  corresponding  theoretical  pattern  for  a  plate  of  infinite  length. 

The  admittance  of  the  slot  in  the  plate  was  also  measured  and  com¬ 
pared  with  the  computed  conductance.  The  agreement  is  seen  to  be 
quite  good. 

LIST  OF  PRINCIPAL  SYMBOLS 
(/>,  tf>,  z)  w  Radial,  azimuthal  and  axial  co-ordinates  of  a 
cylindrical  co-ordinate  system. 

V  =  Voltage  across  the  centre  of  the  slot. 

ijo  ■»  Intrinsic  impedance  of  free  space  (=>120  ohms). 

k  -  2ir/A. 

r  Distance  from  observer  to  centre  of  slot, 
r,  *•  Distance  from  observer  to  lower  end  of  slot. 
r2  =  Distance  from  observer  to  upper  end  of  slot, 
to  *»  Angular  frequency. 

8  «=  Polar  angle  *=  arc  tan  z/p. 

S{8)  //-plane  pattern  of  slot  on  infinite  sheet. 

Y  «>  Self-admittance  at  centre  of  slot. 

Z  «=  Self-impedance  of  slot  (  =  1 I Y). 

(j>,  <I>,  z )  *-  Cylindrical  co-ordinates  centred  at  one  edge  or  sheet 
for  principal  £-plane. 

(p-,  <!>',  z)  •*  Cylindrical  co-ordinates  centred  at  second  edge  of 
sheet  for  principal  £-plane. 

F(s)  ■=  Fresnel-type  integral  with  upper  limit  s  defined 
in  eqn.  (6). 

St,  Sj  Limits  for  the  integral  F(r). 

Hq  =  Axial  magnetic  field  of  incident  plane  wave. 

K  «•  Factor  of  proportionality  depending  on  the  geo¬ 
metry  of  the  slot. 

v  as  Voltage  induced  at  the  centre  of  the  slot  by  the 
incident  wave. 

g(kd)  as  Shunt  conductance  of  the  slot  in  the  waveguide 
divided  by  the  characteristic  admittance  of  the 
waveguide  ( *•  function  of  kd). 
a,  b  Inner  dimensions  of  the  broad  and  narrow  faces  of 
the  waveguide. 

\  «>  Effective  wavelength  in  guide. 

(I)  INTRODUCTION 

Slot  antennae  are  becoming  very  extensively  employed  in 
microwave  radiating  systems.  Their  history  of  development  has 
been  rapid.  It  is  difficult  to  say  exactly  when  they  were  invented, 
but  certainly  the  contributions  from  Watson1  and  Booker2  and 
their  collaborators  were  of  major  importance. 

Whiten  contributions  on  paper*  published  without  being  read  at  meetings  are 
invncd  for  consideration  with  a  view  to  publication. 

Mr.  Frood  and  Dr.  Wait  were  formerly  at  the  Defence  Research TcJeeommunkatiom 
Establishment.  Ontario.  Canada 

Mj.  Frood  i*  in  the  Department  of  Theoretical  Phytic*.  l/ru *eoi»y  of  Liverpool. 

Dr.  Wait  is  at  the  Central  Propagation  Laboratory,  National  Bureau  of  Standards, 
Colorado,  U  5.A. 


It  is  surprising  that  little  attention  has  been  paid  by  previous 
workers  to  the  effect  of  cutting  the  slot  in  metal  surfaces  of  finite 
extent.  While  the  developed  design  procedures  assumed  that  the 
exterior  surface  was  infinite  in  extent,  the  need  for  a  practical 
antenna  system  limits  the  physical  size  of  the  metal  surface  on 
which  the  slots  are  cut.  Stevenson,2  who  developed  an  elegant 
theory  for  the  radiation  of  resonant  slots  in  a  rectangular  wave¬ 
guide.  assumed  for  convenience  that  the  exterior  region  was 
equivalent  to  a  half  space.  He  admits  that  the  assumed  infinite 
dimension  of  the  face  of  the  waveguide  for  the  exterior  problem 
is  a  severe  limitation  to  the  validity  of  the  expressions  for  the 
conductance  of  the  slot. 

It  is  the  purpose  of  the  paper  to  investigate  in  some  detail  the 
significance  of  the  finite  extent  of  the  metal  surface  or  sheet  on 
which  the  slot  is  cut. 


12)  THEORETICAL  DISCUSSION 
The  radiation  pattern  of  a  thin  slot  cut  in  an  infinite  plane 
sheet  of  perfect  conductivity  and  vanishing  thickness  can  be 
obtained  by  an  application  or  an  electromagnetic  Babinct's 
principle.5  By  using  this  technique,  the  well-known  results4  for 
the  thin-wire  antenna  can  be  transformed  immediately  to  the 
complementary  problem.  For  a  half-wave  slot  oriented  in  the 
x-direction  of  a  ( p,  4>,  z)  co-ordinate  system  and  centre-fed  by  a 
voltage  V,  the  fields  are  given  by 


H,  =  ~- 

2rrr)i> 


—jV  ft-*'  I 


"■  -  *£;[<' + J'4,1v  + 11  -  wSr]""'  '  • 


£*  =  +  e— A '-)*>»« 

irrp 


where  r2.  r,  and  r  are  the  distances  of  any  point  P  to  the  upper. 
Centre  and  lower  end,  respectively,  of  the  slot  and  where 
rj0  —  I  20it  ohms  and  k  =  2w/(free-space  wavelength)  Eqns.  (I) 
refer  to  the  slot  cut  in  an  infinite  sheet.  When  the  point  P  is 
sufficiently  far  away  from  the  slot  the  equations  simplify  some¬ 
what  to 

£«  =  /(2rrr)-,S(ff)  exp  (-jkr  +  jwt) 

//.  =  (!)£,  sin*  (2) 


where  9  =  arc  tan  (zip)  and  where  terms  containing  r-2,  r* J, 
etc.,  have  been  neglected.  The  factor  S (9)  can  be  defined  as 
the  radiation  pattern  of  the  slot  and  is  given  by 


S(8) 


■  -  U) 


Following  the  method  of  Carter5  for  the  thin-wire  antenna. 


Procecoings  I.E.E.,  Vol.  103,  Part  B,  No.  7,  January  1956  1  103  ] 


1-42 


104 


FROOD  AND  WAIT:  AN  INVESTIGATION  OF  SLOT  RADIATORS  IN  RECTANGULAR  METAL  PLATES 


the  self-admittance  Y  at  the  centre  of  the  slot  can  be  obtained 
from 

Y  =  -y  HJtfl,  0,  z)  aia-kzdi  ...  (4) 

-X/4 

The  integrations  can  be  carried  out  to  yield  the  result 

Y  —  2  06  +  /0-97  millimhos 

which  corresponds  to  the  case  when  the  slot  is  allowed  to  radiate 
on  both  sides  of  the  sheet.  The  centre  impedance  of  the  slot  is 
then 

2  -  I/ Y  =  365  -y212  ohms 

It  should  be  noted  that  Begobich*  recently  gave  the  value 
362-5  +  7210-5  ohms,  which  indicates  reasonable  agreement 
with  the  above,  except  for  the  sign  of  the  reactance.  Apparently 
he  made  an  error  in  his  derivation.  The  result  derived  by  the 
authors  can  be  checked  by  comparing  it  with  Booker's  statement 
of  Babinet’s  principle,  and  connecting  the  impedance,  2,  of  the 
slot  w  H  the  impedance,  2",  of  the  complementary  wire  antenna, 
such  t 

22-  =  ijg/4  =  3  60OTT3 

Using  Carter’s3  value  73  -2  +  742  -5  for  2-  leads  back  to  the 
authors'  expression  for  2.  Bcgovich  erroneously  employed  the 
complex  conjugate  of  2-. 

When  the  slot  radiates  only  on  one  side  of  the  sheet  the  con¬ 
ductance  G  would  be  one-half  the  real  part  of  Y  given  above, 
and  hence  G  «■=  1  -03  millimhos.  The  corresponding  susceptance 
is  one-half  the  imaginary  part  of  Y  plus  the  susceptance  of  the 
feed  system. 

It  should  be  noted  that  the  pattern  of  the  slot  on  the  infinite 
sheet  is  essentially  omni-directional  in  the  azimuthal  plane.  It 
is  of  interest  to  consider  the  effect  of  truncating  the  sheet.  For 
example,  the  slot  is  cut  in  the  centre  of  a  rectangular  metal  plate 
of  width  2d,  and  orient  -d  parallel  to  the  other  sides  of  length  L, 


Fig.  I. — Thin  half-wave  slot  cut  in  the  centre  of  a  rectangular  metal 
sheet  and  co-ordinate  system. 

as  illustrated  in  Fig.  1.  The  slot  is  fed  by  a  waveguide  such  that 
radiation  takes  place  only  on  one  side  of  the  plate. 

The  ideal  £-plane  pattern  in  the  equatorial  plane,  correspond¬ 
ing  to  a  value  of  d  very  much  greater  than  the  wavelength,  would 
be  as  shown  in  Fig.  2,  where  the  plane  of  the  sheet  corresponds 
to  <t>  —  0°.  In  other  words,  the  sheet  is  assumed  to  be  suffi¬ 
ciently  wide  that  diffraction  around  and  by  the  edges  is 
negligible.  Of  course,  if  the  slot  were  allowed  to  radiate  on 
both  sides  of  the  sheet  the  pattern  would  be  a  complete  circle. 
The  corresponding  //-plane  pattern  for  the  half-wave  slot  is 
simply  the  function  S (8)  shown  in  Fig.  3,  where  8  —  0J  is  in  the 
plane  of  the  sheet. 


Fig.  2. — £-planc  pattern  of  the  slot  for  an  ir-ffiiitely  large  sheet. 


Fig.  3. — //-plane  pattern  of  the  slot  for  an  infinitely  large  sheet. 

It  would  now  be  expected,  in  view  of  the  shape  of  the  //-plane 
pattern  shown  in  Fig.  3.  that  the  effect  of  the  finite  value  of  L 
would  not  be  pronounced.  This  is  later  borne  out  by  experi¬ 
ment.  However,  the  finite  value  of  il  can  be  expected  to  lead  to 
a  considerable  impairment  in  the  pattern,  since  the  field  in  the 
broadside  direction  or  the  slot  is  very  significant.  It  is  possible 
to  treat  the  problem  of  the  slot  in  the  finite  plate  by  an  approxi¬ 
mate  theoretical  procedure,  if  the  edges  separated  by  the  distance 
2r /  are  considered  to  diffract  the  primary  field  of  the  slot  as  if 
they  were  semi-infinite  half-planes.  The  interaction  between  the 
edges  is  neglected,  and  on  physical  grounds  this  would  seem 
justified  if  2ef  is  somewhat  greater  than  the  free-space  wavelength. 
Again,  this  supposition  is  borne  out  by  experiment  and  com¬ 
parison  with  a  more  rigorous  treatment,  such  as  that  which 
represents  the  plate  by  a  thin  elliptic  cylinder.3-* 

To  facilitate  the  discussion  it  is  desirable  to  consider  the  slot 
as  a  receiving  clement.  The  voltage  induced  in  the  thin  slot 
from  the  wave  incident  on  the  plate  is  then  proportional  to  the 
tangential  magnetic  field  along  the  slot.  This  statement  follows 
from  Schelkunoff’s  equivalence  principle.4  From  Fig.  4  a  plane 

i  -  i 


Fig.  4. — End  view  of  the  sheet  showing  a  plane  wave  incident  from 
below. 

wave  is  shown  to  be  incident  from  below  the  thin  conducting 
plate  of  width  2d.  The  incident  wave  is  polarized  such  that  the 
magnetic  vector  //„  is  parallel  to  both  the  slot  and  the  edges. 
Choosing  a  polar  co-ordinate  system  centred  at  the  left-hand 
edge  of  Fig.  4,  the  field  H,  at  P  of  co-ordinates  (p,  <t>,  z)  due  to 
diffraction  around  this  edge  is  given  by  the  classical  Sommerfeld 
formula* 

H,  =  //0{e ~)k" '«(*-*•> F(s,)  +  e-/‘»co.t*-*,)F(,1)]  .  (j) 

where  <l>0  is  the  angle  the  incident  waves  makes  with  the  plane 
of  the  sheet,  where 
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and 


F(J)  -  eMI*T,-tl2  t-i-'dx 

—  ao 

s,  =  (Up)'*1  sin 
s,  =  -  (,2kp)'i2  sin 


■  •  (6) 


Similarly  the  field  Hj  at  P  due  to  diffraction  around  the  other 
or  right-hand  edge  is  identical  in  form  to  eqn.  (S)  if  p,  d>  and  *l>0 
are  replaced  by  p',<J>'and<l>0,and  H0  is  replaced  by 
The  voltage  ®  induced  in  the  centrally  located  slot  on  the  sheet 
is  then  given  by 

t>  -  K(H,  +  //,')  for  r‘  —  r  —  d  and  <t>  >»<!>'•=  0 

where  K  is  a  constant  which  depends  on  the  dimensions  of  the 
slot.  It  then  follows  that 

M  *  xjF[-(2fW)l'Jsin(<I>0/2)]  +  F[-(2fW)'«cos(<t>0/2)]| 

....  (7) 


which  is  applicable  in  the  range  <t>0  =  0  -180’. 

When  the  incident  wave  is  incident  on  the  upper  side  of  the 
Sheet,  steps  must  be  taken  to  combine  the  fields,  as  determined 
by  the  two  knife-edge  problems,  in  the  proper  manner.  It  is 
convenient  to  choose  a  slightly  different  co-ordinate  system  as 
shown  in  Fig.  3,  where  the  angular  co-ordinates  <t>  and  <t>„  are 
now  measured  from  the  bottom  of  the  sheet. 


Fig.  5. — End  view  of  the  sheet  showing  a  plane  wave  incident  from 
above. 

The  magnetic  field  H ,  at  P,  regarding  the  sheet  as  a  semi¬ 
infinite  half-plane  with  the  edge  at  (0. 0,  r),  is  given  by  eqn.  (5), 
and  a  similar  expression  is  obtained  for  H’,.  The  voltage  r 
induced  in  the  slot  is  then  given  approximately  by 


Fig.  6.— Principal  £-plane  pattern  of  a  slot  in  a  sheet  of  width  Id 
symmetrical  about  90'.  The  plane  of  the  sheet  corresponds  to  0°. 

U  -  141 
8  —  VO* 

V,  -  90- 

NB— Cum  b  calculated 


v  =  K[H'  +  H‘.  -  /«»•*.]  ...  (8) 

The  term  H0e>id'm<,,<'  is  the  primary  field  of  the  incident  wave 
at  the  slot  and  it  must  be  subtracted  from  H ,  +  H‘t,  since  the 
primary  field  is  included  both  in  H,  and 
The  slot  voltage  for  the  wave  incident  on  the  upper  side  of  the 
sheet  is  then  given  by 

M  -  A:jF[(2W)«Jsin(<t>0/2)]  +  F[(2Arf)'«cos  (<t>0/2)]  -  l| 

....  (9) 

for  <t>o  in  the  range  0’-1805. 

As  a  numerical  example,  the  F-plane  pattern  for  a  thin  slot 
cut  in  the  axial  direction  on  a  metal  sheet  of  width  2d  is  com- 
puted  using  eqns.  (7)  and  (9)  for  kd  -  Ml.  The  pattern  plotted 
in  Fig.  6  is  normalized  in  the  broadside  direction  to  OdB.  It  is 
interesting  to  note  that  the  field  in  the  direction  tangential  to 
the  sheet  is  6dB  below  the  maximum  value.  This  is  a  charac¬ 
teristic  which  holds  consistently  for  all  sheet  widths  greater  than 
a  few  wavelengths.  It  is  worth  mentioning  that  Booker  has  given 
a  value  of  3dB  rather  than  6dB  for  the  reduction  of  the  field 
along  the  sheet.  His  argument  is  based  on  physical  grounds, 


Fig.  7.— Behaviour  or  the  £-planc  pattern  for  directions  1 3  above  and 
below  the  plane  of  the  sheet. 

Value  otUb  indicated  on  the  cum 
N.B.— Carres  art  cilniUlurt. 

which  apparently  does  not  account  properly  for  the  energy 
diffracted  around  the  edges.  The  calculations  were  also  carried 
out  for  kd  =  94  and  234,  and  these  are  shown  plotted  in  Fig.  7 
in  the  interesting  transition  region  for  angles  within  15s  above 
and  below  the  plane  of  the  sheet.  It  is  noted  that  the  field  at  the 


Fig.  I. — Schematic  of  the  waveguide-fed  slot  mounted  on  the  turntable 
for  the  pattern  measurements. 
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Fig.  9. — Principal  £-planc  patterns  of  a  Ihin  half-wave  slot  in 


AZMUTH.  AM 


the  centre  of  *  rectangular  sheet  of  length  L  and  width  2d. 


'  Experimental. 

- Tteemiul. 


•  -  W 


-  *>’ 

FU«4  7ft  wide*  X  tend. 


rear  of  the  sheet  diminishes  very  slowly  with  increasing  values 
of  2d.  In  fact,  it  is  easy  to  show  from  the  asymptotic  behaviour 
of  the  integral  F(s),  that  the  amplitudes  of  the  envelopes  of  the 
back  lobes  are  approximately  inversely  proportional  to  y/2d. 

The  above  approximate  method  for  calculating  patterns  of  slots 
in  metal  sheets  of  finite  width  cannot  be  expected  to  yield  reliable 
results  when  2 d  is  of  the  order  of  a  wavelength  or  less.  A  more 
rigorous  approach  is  to  represent  the  sheet  by  a  thin  elliptic 
cylinder  of  vanishing  minor  axis.  Computations  based  on  this 
model  have  been  carried  out  previously*  for  values  of  kd  ranging 
from  2  to  8.  It  was  shown  that  the  double  knife-edge  approxima¬ 
tion  is  accurate  to  within  a  few  decibels  if  kd  is  greater  than 
about  6. 

(3)  EXPERIMENTAL  PATTERNS 
In  this  Section  some  experimental  patterns  will  be  compared 
with  the  patterns  computed  both  from  the  double  knife-edge 
technique  and  from  the  elliptic-cylinder  method. 

The  experimental  work  was  carried  out  on  an  antenna  range 
at  a  wavelength  of  3  -2  cm.  A  narrow  half-wave  slot  was  cut  in 
the  broad  face  of  an  X-band  waveguide  illustrated  in  Fig.  8, 
with  the  centre  of  the  slot  approximately  three-quarters  of  a 


guide  wavelength  from  the  short-circuited  end.  The  slot  was 
parallel  to  the  axis  of  the  guide  and  was  offset  approximately 
0- 1  in  from  the  centre  of  the  broad  face  of  the  guide.  A  number 
of  thin  rectangular  aluminium  plates  were  prepared  with  kd 
varying  from  4  to  Ml  with  length/width  ratios  from  •}  to  20. 
These  plates  were  designed  to  be  easily  mounted  on  the  broad 
race  of  the  guide.  The  waveguide  assembly  was  then  mounted 
on  a  suitable  turntable  and  illuminated  by  a  transmitting  dish 
antenna  which  was  located  at  a  distance  of  100ft.  The  radiation 
was  incident  normally  to  the  axis  of  the  guide  and  was  hori¬ 
zontally  polarized.  The  output  from  the  waveguide  was  detected 
and  amplified  and  its  varying  values  were  plotted  on  an  ink 
recorder  which  had  a  logarithmic  scale. 

Measured  patterns  are  shown  in  Figs.  9 <a)-W)  for  kd  =  4,  6, 
8,  10,  12,  Ifi,  28  and  Ml,  for  the  case  where  the  slot  is  centrally 
located  in  the  plate.  Theoretical  data  are  also  shown  for  com¬ 
parison  in  some  of  the  curves.  The  theoretical  curve  for  the 
case  kd  —  Ml  h  shown  in  Fig.  6.  The  vertical  scale  is  arbitrary, 
and  for  the  sake  of  convenience  the  experimental  and  calculated 
curves  are  matched  in  the  direction  of  the  maximum  field.  The 
elliptic-cylinder  method  of  calculation  was  employed  for  kd 
values  of  up  to  10  using  eqn.  (8)  or  Reference  8  with  8  —  90°, 
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Fig.  9 — conlmutd 


and  Vj.  the  angular  co-ordinate  of  the  slot,  equal  to  90°.  For 
larger  values  of  kd  the  double  knife-edge  technique  was  used  to 
obtain  the  theoretical  curves.  It  should  be  noted  that  the 
azimuth  scale  of  these  figures  are  chosen  so  that  the  broadside 
direction  from  the  slot  corresponds  to  0°. 

The  agreement  between  experiment  and  theory  improves  for 
the  larger  sheets.  The  probable  reason  for  the  discrepancy  for 
small  sheets  is  that  the  diffraction  by  the  waveguide  behind  the 
sheet  is  becoming  significant.  For  kd  *=  4  the  plate  is  only 
about  30%  wider  than  the  broad  face  of  the  guide,  and  it  is 
therefore  not  surprising  that  the  pattern  differs  from  that  cal¬ 
culated  on  the  basis  of  a  thin  elliptic  cylinder.  It  is  also  interest¬ 
ing  to  observe  that  the  experimental  pattern  for  kd  =  4  is 
somewhat  asymmetrical;  this  is  due,  no  doubt,  to  the  fact  that 
while  the  slot  is  centrally  located  in  the  plate,  the  guide  is  dis¬ 
placed  slightly.  The  asymmetry  is  also  seen  to  occur  for  kd  —  6, 
but  to  a  lesser  extent. 

To  illustrate  the  effect  of  the  length  of  the  plate,  patterns  were 
recorded  for  £.  —  </,  id  and  2 Od,  keeping  kd  constant  at  6.  The 
similarity  between  these  curves,  shown  in  Fig.  10,  is  striking, 
and  substantiates  the  earlier  supposition  that  the  azimuthal 
patterns  are  determined  mainly  by  the  lateral  dimension  (i.e.  2d) 
of  the  plate  for  an  axial  slot.  In  fact,  it  can  be  seen  from  the 
curves  in  Fig.  10  that  the  plate  can  be  regarded  as  infinite  in 
length  so  long  as  L  is  greater  than  about  4 d.  The  main  effect 


of  finite  length  seems  to  be  an  increase  in  the  level  of  the 
back  lobes. 

In  all  the  above-mentioned  experiments  the  slot  was  situated 
in  the  centre  or  the  plate.  If  the  slot  was  displaced  toward 
one  edge  by  an  amount  <// 2,  the  angular  elliptic  co-ordinate 


AZIMUTH. 


Frf .  10.— Principal  £♦  plane  pattern  for  the  sheet  of  various  lengths  with 
constant  width. 

Effect  of  IraotS  kj  -  E  »  -  W.  -  ff,  t  •  4  4rf.  JO* 
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Fig.  II. — Principal  E-plane  patterns  for  the  slot  displaced  toward  the 
right-hand  edge  by  an  amount  rf/ 2.  (The  values  of  T  correspond 
to  the  number  of  layers  of  tape  covering  the  slot.) 

kd  -.4.  *  -  »0*.  V,  -  60- 

becomes  v0  —  60°.  The  pattern  then  became  quite  asymmetrical 
as  shown  in  Fig.  1 1 .  This  type  of  asymmetry  was  also  present 
in  the  theoretical  computations  of  the  offset  slot  or  the  thin 
elliptic  cylinder.*  The  other  curves  in  Fig.  1 1  correspond  io  the 
patterns  for  the  slot  covered  with  layers  of  plastic  electrical 
tape  of  thickness  7-5mils.  The  number  of  layers  is  indicated 
by  the  value  T.  It  is  interesting  that  the  azimuthal  patterns  are 
essentially  unchanged  in  shape,  which  is  in  accord  with  theory 
for  a  thin  slot.  It  is  not  possible  to  draw  any  further  conclusions 
from  this  set  of  curves,  since  it  was  not  feasible  at  the  time  to 
measure  the  change  of  the  voltage  standing-wave  ratio  in  the 
guide  for  the  different  thicknesses  of  the  dielectric  covering. 
Furthermore,  the  dielectric  properties  of  the  plastic  tape  are 
not  known. 

(4)  MEASUREMENT  OF  SLOT  ADMITTANCE 

Another  important  characteristic  of  a  slot  cut  in  a  metal 
surface  is  its  admittance.  In  the  earlier  part  of  the  paper  it  was 
shown  that  the  admittance  at  the  centre  of  a  thin  half-wave  slo' 
cut  in  an  infinitely  thin  conducting  sheet  of  infinite  extent,  w. 
2-06  +  /0- 97  millimhos.  If  the  slot  is  fed  by  a  waveguide, 
which  is  located  on  one  side  of  the  sheet  so  that  it  radiates  only 
into  one  of  the  half-spaces,  the  conductance  at  the  centre  of  the 
slot  is  I  -03  millimhos  and  the  susceptance,  as  mentioned  earlier, 
is  dependent  on  the  nature  of  the  evanescent  structure  of  the  field 
within  the  guide. 

When  the  sheet  is  of  finite  size  the  conductance  is  no  longer 
1  -03 millimhos.  The  variation  of  G  with  the  width  of  the  sheet 
was  investigated  theoretically  by  using  a  model  of  a  thin  axial 
half-wave  slot  at  the  centre  of  the  broad  face  of  a  thin  elliptic 
cylinder.*  G  was  obtained  explicitly  by  computing  the  power 
radiated  from  the  slot  for  a  specified  voltage  at  the  centre  of  the 
slot.  It  was  shown  that  G  was  an  oscillating  function  of  the 
width  2d,  and  it  approached  1  03  millimhos  as  2d  approached 
infinity. 

It  is  now  worth  while  to  examine  the  admittance  using  an 
experimental  procedure.  The  slot  of  width  1/16  in  and  length 
5/8  in  was  cut  parallel  to  the  narrow  face  of  the  X-band  wave¬ 
guide.  Means  were  then  taken  to  mount  a  series  of  plates  of 
various  widths  flush  with  the  narrow  face  of  the  waveguide  in  a 
similar  manner  to  that  employed  for  the  pattern  measurements 
of  the  slots.  The  slot  was  cut  in  the  narrow  face  rather  than 
the  broad  face,  so  that  the  effect  of  plates  of  small  width  could 
be  examined  also. 


As  is  customary  m  waveguide  measurements,  the  longitudinal 
slot  is  represented  by  an  equivalent  shunt  admittance  across  the 
equivalent  transmission  line  of  the  waveguide.  Employing  a 
slotted  line  in  conjunction  with  an  adjustable  short-circuit 
termination  in  the  guide  beyond  the  slot,  the  conductance  and 
susceptance  are  determined  using  a  standard  technique.10  These 
values  are  normalized  by  dividing  by  the  characteristic  admittance 
of  the  guide,  which  is  real.  The  normalized  conductance 
denoted  by  g.  and  the  normalized  susceptance  denoted  by  bm. 
are  plotted  in  Fig.  12  as  a  function  of  kd. 


By  adapting  Stevenson’s  theory-1  for  longitudinal  slots  near 
resonance,  cut  in  the  narrow  face  of  the  waveguide,  it  is  easy  to 
show  that  the  normalized  conductance  jrlArf).  as  a  function  of  kd, 
in  terms  of  the  actual  conductance  G  at  the  centre  of  the  slot. 


is  given  by 


g(kd)  -= 


480  a  A*  ,  m\  T03 
73rr  h  A  C“‘  2A X  G 


(10) 


Stevenson's  formula  corresponds  to  eqn  (10)  when  C  is  replaced 
by  1-03;  this  corresponds  to  the  case  of  an  infinite  plate 
(i.e.  kd  -*  co).  Employing  the  theoretical  results  for  G,  men¬ 
tioned  above,  the  value  of  g(kd)  —  g( oo)  given  by  eqn.  (10)  is 
plotted  in  Fig.  13  using  a  *»  0-90in,  b  m  0  40  in,  A  *»  3-2cm, 
\  =  4  -48  cm,  along  with  the  corresponding  experimental  curve. 

There  is  reasonable  agreement  betweenthe  experimental  and  the 


F«.  13.— Comparison  between  the  experimental  and  theoretical 
normalized  conductance. 

|N Tin  Unontiul  salve  ofltwMf  I  10.1 
— - —  E*pcrimcm*L 
— *  TbaonuuL 
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computed  curves.  The  disagreement  for  the  smaller  values  of  kd 
can  probably  be  accounted  for  by  the  fact  that  the  theory  does 
not  account  for  the  diffraction  by  the  waveguide  behind  the  plate. 
It  should  also  be  mentioned  that  the  theoretical  value  of  t, 
which  is  found  using  Stevenson's  procedure,  assumes  that  the 
susceptance  is  much  smaller  than  the  conductance  (i.e.  the  slot 
is  near  resonance).  It  can  be  seen  from  the  experimental  results 
that,  although  b ,  is  small,  it  is  not  negligible  and  would,  no 
doubt,  also  be  a  source  of  discrepancy. 

(5)  CONCLUSIONS 

It  has  been  demonstrated  that  the  radiation  characteristics  of 
an  axial  hair-wave  slot  in  a  rectangular  metal  plate  are  mainly  a 
function  of  the  width,  rather  than  the  length,  of  the  plate.  The 
measured  pattern  and  radiation  conductance  of  the  slot  agreed 
quite  closely  with  theory  over  a  wide  range  of  plate  widths. 
The  experimental  phase  of  this  project  is  continuing,  and  par¬ 
ticular  attention  will  be  paid  to  the  effect  of  the  finite  width 
and  depth  of  the  slot.  It  is  also  hoped  to  examine  the  effect 
of  curvature  of  the  metal  plate  in  which  the  slot  is  cut. 
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The  Radiation  Patterns  and  Con¬ 
ductances  of  Slots  Cut  on  Rectangu¬ 
lar  Metal  Plates* 

Radiation  Patterns 

It  is  easy  to  predict  the  form  of  the  prin¬ 
cipal  £-plane  radiation  pattern  obtained 
from  a  radiating  slot  cut  on  a  long  metal 
plate.  Consider,  for  example,  the  plate  of 
width  W ,  shown  in  Fig.  1.  Let  5  represent 


FMi  i 


the  slot  (whose  axis  is  perpendicular  to  the 
plane  of  the  paper)  and  let  G  represent  the 
waveguide  feeding  power  to  the  slot.  Very 
far  away  from  the  waveguide  and  plate  is 
a  receiving  antenna  P. 

When  the  slot  is  pointing  toward  P,i  t., 
in  the  0*  direction,  a  Urge  field  strength 
results,  but  if  the  slot  points  away  from  P 
(in  the  ‘  JO*  direction)  the  field  strength  is 
small,  its  actual  value  being  determined  by 
the  fraction  of  the  total  power  radiated 
which  is  diffracted  behind  the  sheet  to  P. 
In  the  intermediate  directions  90*  and  270* 
the  field  strength  at  P  would  lie  between 
the  values  obtained  for  the  0*  and  180* 
directions.  Thus,  in  the  absence  of  further 
complications,  the  radiation  pattern  of  the 
metal  sheet  antenna  would  resemble  the 
dashed  line  of  Fig.  2(a).  Actually  one  im¬ 
portant  feature  has  been  overlooked  in  this 
development. 

It  will  be  appreciated  that  the  edges 
£,  and  £*  of  the  metal  sheer  form  a  dis¬ 
continuity  to  the  field  traveling  outward 
from  the  slot  and  along  the  sheet.  Radiating 
line  sources  will,  therefore,  be  induced 
near  the  edges  £(  and  E%  of  the  sheet  and 
these  will  come  in  and  out  of  phase  with 
each  other  as  the  antenna  is  rotated.  Thus, 
instead  of  the  radiation  pattern  looking  like 
the  dashed  line  of  Fig.  2(a).  it  will  resemble 
the  full  line  of  the  same  figure.  The  number 
of  interference  fringes  in  a  complete  rotation 
of  the  plate  will  be  greater  for  wide  sheets 
than  for  narrow  ones  since  a  smaller  incre¬ 
mental  rotation  is  required  to  form  a  given 
path  difference  for  a  wide  sheet.  The  ampli¬ 
tude  of  the  fringes  will  be  smaller  for  wide 
sheets  than  for  narrow  ones,  however,  since 
the  strength  of  the  induced  line  sources 
decreases  as  the  sheet  width  is  inemsed 

From  what  has  heen  said,  the  radiation 
patterns  for  narrow,  moderately  wide.  wide, 
and  infmiielv  wide  sheers  will  be  like  the 
full  lines  of  Fig*.  2(a).  2(h).  2(c),  and  2(d). 
respectively. 

•  Serial  hr  il»»  IKF.  tune  jn  i*»j\ 
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Experimentally-  it  was  found  that  the 
radiation  pattern  of  a  plate  of  given  width 
(111  was  independent  of  its  length  (Z.)  il: 

/.'IF  £  l 

For  sttffieientlv  lung  plate*  the  ralcnUted 


and  measured  radiation  pattern*  agiertl 
very  closely,  but  for  narrow  plates  then* 
was  some  asymmetry  in  the  patterns  due  to 
diffraction  effects  caused  by  the  waveguide 
behind  the  plate.  For  widths  greater  than 
two  or  three  free  space  wavelengths,  tin-, 
effect  was  negligible,  however. 


Conductance 

Applying  simple  physical  aignnirtit*., 
such  as  were  used  to  predict  the  radiation 
patterns,  it  can  be  shown  that  the  conduct¬ 
ance  (g)  of  a  resonant  slot  iu  a  flat  metal 
plate  is  a  damped  oscillating  function  of 
plate  width  (If)  with  a  period  of  a  Unit  one 
free  *|inrr  wavelength,  X*.  (Fig.  .1). 


It  was  found  that  the  measured  ami 
calculated  slot  conductances,  as  a  function 
of  plate  width,  agreed  vrry  closely  e\i**pi 
that  the  measured  conductances  wen*  al¬ 
ways  about  |0  per  cent  lower  than  thcoret  iral 
ones.  This  discrepancy  may  have  been  due 
to  the  fact  that  theory  requires  the  shot 
length  (/)  and  slot  width  (a*)  to  Ik-  such  that 

1-1!..  (~)  »  l  • 

Clearly,  this  condition  is  very  hard  to  fnlitll 
in  practice. 

After  the  prr|  viral  ion  of  this  |*.i|**r, 
further  research  was  done  on  the  method  of 
measuring  slot  (Kopcrttcs.  It  was  found  that 
the  technique  used  above  (the  qitarterwave 
method)  is  not,  in  general,  as  grwKl  as  a  new 
method  which  is  imleticmlcnl  of  the  vswr 
and  any  reflections  from  the  probe  in  the 
slotted  line.  The  essentials  of  this  work  will 
be  published  shortly.  The  full  mathematical 
and  experimental  details  of  the  flat  plate 
antenna  discussed  here  have  been  given.'  * 
J.  R.  Wait, 
Centra!  Radio  Propagation  Lab.. 

National  Bureau  of  Standards. 
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Pattern  of  a  Flush-Mounted  Microwave  Antenna 
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The  numerical  results  (or  the  far  zone  radiation  from  an  axial  slot  on  a  circular  cylinder 
of  perfect  conductivity  and  infinite  length  are  discussed.  It  is  shown  that  the  results  for 
large  diameter  cylinders  can  be  expressed  in  a  universal  form  that  is  suitable  for  pattern 
calculations  for  arrays  of  slots  on  a  gentlv  curved  surface.  The  work  is  compared  with  a 
related  diff ruction  problem  considered  by  Pock. 


1.  Introduction 

Tilt*  radiation  from  flush-mounted  micro  wave 
antennas  has  aroused  considerable  interest  in  recent 
years  (l— -61-'  From  a  theoretical  standpoint  the 
problem  would  seem  to  he  simple  enough ;  the  surfnee 
on  which  the  antenna  is  mounted  is  considered  to  lie 
adequately  represented  by  a  sphere  or  cylinder 
whose  radius  of  curvnturc  is  matched  to  that  of  the 
local  curvature  of  the  actual  surface.  Unfortunately, 
the  formal  solution  of  the  problem,  in  terms  of  the 
classical  harmonic  sera's  involving  integral  or  half- 
integral  order  Bessel  functions,  always  converges 
very  poorly  when  the  radius  of  curvature  is  huge 
compared  to  the  wavelength.  There  are  two  well- 
known  alternative  representations  (6,  7|,  however, 
which  can  lie  used  to  advantage  in  certain  eases. 
In  the  illuminated  region  of  the  aiitemia,  geotuetrieat 
optics  is  most  satisfactory,  while  deep  in  the  shadow 
the  rigorous  harmonic  series  can  he  converted  into 
the  rapidlv  converging  residue  series. 

The  calculation  of  the  rndintion  field  of  a  Hush- 
mounted  antenna  in  the  tangent  plane  (the  elnssienl 
light-shadow  boundary)  is  not  readily  treated  by 
either  geoinctrieal  optics  or  the  residue  series.  In  the 
former  rnsc  the  Held  is  indeteriniimnt,  and  in  the 
latter  case  the  convergence  is  extremely  poor  and 
would  actually  diverge  in  the  illuminated  region. 
Despite  the  fact  that  the  harmonic  series  is  cumber¬ 
some,  it  is  vulid  in  this  transition  zone  lietweeu  the 
illuminated  and  shndow  regions  of  space.  There¬ 
fore,  it  is  desirable  to  attempt  to  adapt  the  linrinonic- 
series  representation  to  surfaces  of  large  radius  of 
curvature.  This  is  the  purpose  of  the  present  paper. 

2.  Theoretical  Basis 

A  thin  axial  slot,  rut  on  a  circular  cylinder  of 
infinite  length  and  perfect  conductivity  is  con¬ 
sidered  because  it  gives  rise  to  a  plane-polarized 
radiation  field.  The  cylinder  is  taken  to  be  of  radius 
a  and  coaxial  with  a  cylindrical  coordinate  system 
(p,*,z).  The  slot  that  extends  from  r,  to  z,  at  *=0, 
has  a  voltage  distribution  I*  (z)  throughout  its 
length.  The  radiation  pattern  is  best  expressed  in 
terms  of  spherical  coordinates  (r,0,9)  where  9=0 
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corresponds  to  the  axis  of  the  cylinder.  It  bus  been 
shown  |9]  that  the  electric  field,  which  has  only  a  <t> 
component,  is  given  by 


(1) 

s(8)=~^j*  nzyu  — » rfz. 

(2) 

.....  1  ^  cos  m* 

(3) 

s=i-«r  sin  9,  I-=2v/free  space  wavelength,  *o=  I  ,»„== 
2(m^0).  and  //2"(r)  is  the  derivative  of  the  lluukcl 
function  appropriate  for  a  time  factor  exp  (luf). 
Kiniation  (li  is  valid  for  Fr  sin  9»1. 

The  function  S(8)  is  the  space  factor  of  the  slot, 
or  an  arrnv  of  eollinear  slots  if  they  were  cut  in  an 
infinite  plane  conducting  sheet.  The  function 
J/(/,9)  is  011111*11  the  “cylinder  space  factor"  as  it 
fully  describes  the  effect  of  the  finite  diameter  of 
the  cylinder  on  the  radiation  pattern  in  both  the 
9  and'  <  directions.  For  purpose*  of  computation, 
it  is  written 

=  (4) 

The  phase  function  a{r,4>)  is  a  rapidly  varying  func¬ 
tion  of  6  for  the  larger  r  value*.  For  this  reason,  it 
is  desirable  to  express  a  in  the  illuminated  region 
(»<l*!0/2)  as  a  geometrical-optical  term  plus  a 
correction  fuctor  A(/,$),  as  follows  |9| 

cr(/,*)  =  —  /(I—  ms  *)  +  £(/,*}.  (.rm) 

In  the  shadow  region  (v/2<|$|<v).  it  is  desirable  to 
express  a  as  a  physical-optical  term  jilus  n  correction, 
which  is  also  designated  A(s,4),  in  the  following 
manner.' 

o(/.*)=  ^/2)  +  (*/2-*)z+A(j,*).  (5b) 

The  amplitude  |.l/(jr,4)|  and  the  phase  correction 
5(s.6)  of  the  evlinder  space  factor  are  shown  plotted 
in  figures  1  anil  2  for  £  from  0  to  180°  for /=!(),  12, 
15,  IS.  nnd  21 .  To  prevent  troublesome  overlapping, 
the  ordinates  are  shifted  for  each  curve  by  a  constant 
amount. 
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aimmr  **<•  4 

Fir.CHK  1.  Amplitude  oj  cylinder  apace  factor  for  narrate 
axial  riot. 

N.  II.  vrflkul  »cnl(*  h  uhlflnl  for  ndi  curve. 


aimim  4 

Kin  Rt  2.  Phate  of  cylinder  9 pace  factor  for  narroir  axial  nlo! 
N  II.  vrrUoil  smlf  l*  *hlftr«l  ft tr  etwh  curvr. 


For  |$|<90°  but  not  near  90°,  tin*  value  of  the 
space  factor  is  quite  well  approximated  by  the 
geometrical-optics  approximation.  That  is 

A(x,«JSfO 

and 

|J/(r,«)|arl 

Deep  in  the  shadow,  that  is  |$|>'J0o  but  not  near 
90°,  has  the  form  of  a  damped  standing  wave, 

and  can  be  characterized  by  a  function  of  the  form 

x\ (4>  -  »/2)e-“<*"/,> + A  (:ix/2 -d>)e~"&-*) 
where 

sl(0)scxp  | — »r(«i/X)>4  0| 

with  r  =  0.808  exp(— i’x/3).  This  exponential  form 
for  A(<t>)  is  tile  first  term  of  a  rather  romplieated 
residue  series  |7|.  It  is  only  valid  for  kn~»  1 .  The 
higher  order  terms  (higher  modes)  are  also  pnrnmetrir 
in  (t u/X)j‘0,  where  0  is  some  angular  distance.  It 
is.  therefore,  logical  to  expect  M(s,d>)  to  lie  parametric 
in  (//2)»‘<*-x/2)  and  hi 2)>‘|(3x/2)-*].  In  fact,  if 
the  ripples  are  ignored,  the  function  Al(i.d>)  should 
be  a  function  only  of  (.r/2)fi($— x/2).  The  dotted 
curves  in  figures  1  and  2  ore  believed  to  he  the 
appropriate  form  of  M(t*4)  when  the  standing-wave 
effect,  due  to  the  interfering  traveling  wave  from  the 
other  side  of  the  cylinder,  is  removed.  These 
“smoothed”  curves  are  then  replotted  as  a  function 
of  .Y.  where  „Y=  (r/2 )  !it  $  —  x/2 ) .  The  results  are 
shown  in  figure  3a  where  laitli  the  values  of  amplitude 
IM(X)|  anil  the  phase  correction  A(.V)  for  7=111. 
12.  15.  18  nnd  21  fnll  on  the  same  set  of  curves  for 
the  range  of  -Y  indicated.  The  amplitude  is  also 
shown  in  figure  3b,  being  plotted  on  a  log  scale- 

Having  the  space  factor  for  the  cylinder  plotted 
in  this  universal  form  suggests  that  one  may  ex- 
trn|>ohite  the  results  to  huger  values  of  i.  This 
concept,  emliodird  in  presenting  the  results  in  terms 
of  a  parameter  A".  is  not  unrelated  to  the  notion  of 
angular  distance  that  has  been  successfully  employed 
in  the  representation  of  field  strengths  of  a  trans¬ 
mitter  at  bilge  ranges  over  n  spherical  earth  |IU|. 
In  the  hitter  instance,  the  angular  distance  is  de¬ 
fined  ns  the  angle  subtended  nt  the  center  of  the 
earth  between  the  horizons  of  transmitting  and 
receiving  antennns.  In  the  present  situation,  ti  e 
angular  distance  is  x/2  since  the  source  niiteiiun 
is  on  the  cylinder  and  the  observer  is  lit  infinity. 

While  tlie  present  problem  is  concerned  directly 
with  the  radiation  of  an  axial  slot  on  a  circular  cylin¬ 
der.  there  is  a  direct  application  of  the  results  to  the 
reciprocal  case  where  a  plane  wave  is  incident  on  the 
cylinder  (the  li  vector  is  to  lie  perpendicular  to  the 
cylinder  axis).  Then  it  is  possible  to  regard  M  U.  $) 
ns  being  proportional  to  the  surface  current  excited 
on  the  cylinder.  In  other  words,  the  axial  slot  can 
be  regarded  as  a  receiving  niitcima  and  the  source  is 
token  to  lie  nt  infinity. 

In  view  of  the  reciprocal  nature  of  the  problem,  il 
is  desirable  to  compare  the  present  results  with  those 
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Klftl'BK  3a.  Amplitude  amt  phnar  of  apace  factor  in  para¬ 
metric  form. 

- From  circular  evlitt  Icr  data:  .  f-om  Fork. 


-t  t  »  t  1  «  5  • 

FicuRE  3b.  Amplitude  of  apace  factor  in  parametric  form. 
From  Circular  *  cylinder  «lat». 


of  Kook  |11]  for  the  currents  excited  on  a  curved  sur¬ 
face  l>y  mi  incident  pliinc  wave.  Fork  iirst  considers 
the  diifrnction  of  plane  wave  by  a  paraboloid  and.  in 
particular,  focuses  his  attention  on  the  tangential 
magnetic  field  in  the  peniunhral  region  (near  the 
boundary  of  light  and  shadow).  Then,  after  postu¬ 
lating  that  the  surface  currents  are  only  dependent 
on  the  local  radius  of  curvature,  he  obtains  a  repre¬ 
sentation  for  the  current  distribution  that  is  only  de¬ 
pendent  on  the  parameter  ll<l  where  /  is  the  distance 
from  the  light-snadow  Ixmndiiry  and  </  is  the  width 
of  the  |>cnuinbra!  region.  Fock  then  believes  that 
his  results  are  reasonably  valid  for  any  shaped  bodies 
so  long  as  the  radius  of  curvature  is  always  very  large 
compared  to  the  wavelength.  As  a  crucial  tt*st  ol 
Fork’s  approximate  formula,  his  results  are  plotted  in 
figure  3a  along  with  the  cylinder  computed  data.  The 
agreement  is  verv  good.  There  appears  to  be  a  slight 
discrepancy  for  larger  positive  .Y  values  which  is  not 
entirely  unexpected  because  some  of  Fork’s  restric¬ 
tions  nre  lx-eoming  violated.  Nevertheless,  consid¬ 
erable  justification  is  given  to  the  validity  of  the 
e\tra|M>lation  of  the  cylinder  curves  to  larger  values 
of  i. 

3.  An  Application 

An  interesting  application  of  the  foregoing  theory 
is  the  calculation  of  the  pattern  of  an  end-lire  array, 
of  slots  on  a  gently  curved  surface.  For  example 
consider  the  array  of  2.Y-F  1  parallel  and  axial  slots 
on  a  cylindrical  surface  of  radius  n  indicated  in  figure 
•t.  Tlie  angle  ♦  defines  the  direction  of  the  observer 


Kl*:i  KK  4.  Schematic  diagram  of  rnd-firr  array  of  on  ft 
currrd  enndnrttng  aurfacr. 
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where 


with  respect  to  the  normal  at  0,  the  center  of  the 
array.  The  array  ami  the  observer  are  taken  to  he 
in  the  principal  plane  (i.  e.,  the  plane  of  the  paper). 
*  is  the  distance  from  0,  measured  along  the  cylinder 
surface,  to  P,  the  location  of  anv  one  of  the  elements. 
The  field  due  to  the  source  at  P  is  then  proportional 
to 


and 


--te-KOET 


where  K(s)  is  the  relative  strength  of  the  element,  y 
is  the  projection  of  a  on  the  ray  from  0  to  the  observer 
and  yl(s)  is  the  correction  factor  to  geometrical  optics. 
In  terms  of  the  function  Af,  A (a)  is  given  by 


A (s)  =  il/(.V)  for  A'  g  0, 

(0a) 

-i- 

3?  il/(A  )e  J  for  A  S  0, 

where 

0l)'‘ 

<«b) 

The  factor  y  is  given  by  y=c  sin  [4>— (s/2a)]  when  r 
is  the  chord  length  OP  and  because 

c=[2a5(l— 25?) 

.  (7  a) 

it  follows  that 

(7b) 

subject  to  *<<<!. 

Komembering  that  there  are  2A*+ 1 
spaced  nt  intervals  Ay,  it  is  seen  that 

elements 

When  lea  tends  to  infinity  such  that  the  surface  is 
effectively  Hat,  the  pattern  becomes 


T(*)=T^)=  2  (!•») 

,V 


where  Y(S)=S  sin  ♦  and  since  S=n  AS, 

r  ...  e_,VA’(l  — VJV+U*’) 

?.(+)= - x-e,K - 


(!>b) 


where  A'=AS|sin  ♦—  mj. 

According  to  the  analysis  of  Hansen  and  Wood- 
yard  (12).  the  maximum  gain  in  tin*  end-lire  direction 
"(i.  e.,  4>=90°)  is  obtained  when  (A'+2)/:Y. 
Then,  taking  the  electrical  sparing  between  the 
elements  as  45°  or  sS—r/4,  the  array  has  ISA  ele¬ 
ments,  A'=:i2  and  the  total  length  of  the  array  is  S 
wavelengths.  The  pattern  7’0(.'t>)  in  this  case  is  only 
defined  for  the  region  —  Ht)0<<J><9()0.  The  main 
lobe  and  the  first  side  lobe  are  shown  plotted  in 
figure  f>  normalized  such  that  the  maximum  field  is 
0  dh.  I’sing  the  same  values  of  A"  and  AS.  the  cor¬ 
responding  pattern  T pf’)  is  plotted  for  leu  —  2(H). 
The  main  lobe  is  seen  to  be  somewhat  changed  in 


2i\XAx=L 

where  L  is  the  length  of  the  array.  The  source  is 
now  written 

K(s)=e~,‘ 

where  r  is  the  propagation  constant  of  the  exciting 
wave  along  the  array.  For  the  present  purpose 

r=  +imlc, 

where  m  is  a  constant  real  number. 

The  total  field  of  the  array  is  now  proportional  to 

2  «"*<?- ""'/I (*) 

»- -,v 

where  s—n  &s  with  n  —  —  A',  —  A’+l,  .  .  .  —1.  0, 
1,  2  .  .  .  A’— 1,  N.  Introducing  dimensionless  pa¬ 
rameters,  defined  by 

AS=kAs  and  S=«AS 

it  follows  that  the  pattern  of  the  array  is  given 

by 

T(*)=  S  «'»•“< -•'U(A'),  (Sa) 


- ; - 1 _ i - 1 - : _ i _ — i - ; 

»  r  w  w  **  mr  m*  ue*  er 


AN6CC  4 


Fici  RK  5.  Pattern  of  end-fire  array  of  slot*  on  a  earned  surface. 

. - b-lV; - imjr  mint* 

her  nf  rbinmti*CS. 
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form,  particularly  in  the  directions  near  <t>=00° 
which  is  the  tangent  plane  of  the  center  of  the  array. 
The  decibel  level  of  the  field  in  the  dilfrnetion  zone 
(♦>90°)  is  seen  to  decrease  linearly  with  angle. 
There  arc  no  lobes  formed  in  this  region.  It  is  of 
jntercst  to  know  how  the  nrrvature  of  the  array 
itself  would  modify  the  pattern.  Therefore,  for 
sake  of  comparison,  the  pattern  7’(<f>)  of  the  end- 
fire  array  of  isolated  elements  on  a  circular  arc 
(Ara=200)  is  also  plotted  in  figure  5.  The  working 
formula  here  is  identical  to  equation  (Sa)  with 
/l (A)  being  replaced  by  1  because  diffraction  effects 
are  no  longer  present.  The  pattern  is  almost  identi¬ 
cal  to  that  for  an  end-fire  array  where  elements  are 
on  a  straight  line.  Lobes,  in  this  case,  are  formed 
on  both  sides  of  the  main  beam  although  they  are 
not  quite  symmetrical  about  it. 

The  pattern  7'(4>)  is  also  computed  for  1(1=1110, 
and  is  shown  plotted  in  figure  0  along  with  the  curve 
for  ka=  <*>  and  the  curved  array  of  isolated  elements. 

It  would  seem  that  an  end-fire  array  of  slots  on  a 
curved  surface  has  some  rather  interesting  properties. 
The  main  effects  of  the  non-flatness  of  the  surface  is 
to  tilt  the  maximum  of  the  main  beam  up  slightly, 
and  to  extend  the  total  width  of  the  main  beam  into 
the  shadow  region.  There  is  no  evidence  of  lobes 
on  this  side  of  the  beam,  although  at  large  angles 
(<t>  approaching  ISO0;,  there  is  the  possibility  that  the 
back  lobe  from  the  end-fire  array  could  creep  around 
the  surface  in  the  other  direction  and  form  lobes. 
This  effect  from  a  practical  standpoint,  however,  is 
completely  insignificant  for  L/>100. 

< 


Figure  G.  Pattern  of  end-firt  array  of  slots  on  a  enrred  surface. 

. •; - *•  •  100; - ■*  100,  array  Irttftb-M,  nfim- 

U*r  of  element* -63. 


4.  Concluding  Remarks 

It  is  seen  that  the  radiation  pattern  of  a  flush- 
mounted  antenna  is  influenced,  to  a  considerable 
extent,  by  the  radius  of  curvature  of  the  surface  on 
which  it  is  mounted.  In  most  cases,  the  main  beam 
is  tilted  upward  away  from  the  surface,  although  the 
total  width  of  the  beam  can  be  broadened  into  the 
shadow.  Similar  phenomena  had  been  observed  in 
the  calculated  patterns  of  slots  on  a  conducting  half- 
plune  1 1 -t|.  It  would  appear  that  any  attempt,  to 
reduce  the  side  lobes  of  an  end-fire  array  by  using  a 
diffracting  edge  or  surface  will  lead  to  a  broadening 
of  the  main  beam.  It  is  also  quite  apparent  that 
the  resultant  pattern  of  a  flush  mounted  antenna  is 
not  simply  obtained  by  multiplying  the  free  space 
pattern  by  the  pattern  of  a  single  slot  on  the  curved 
surface.  Such  a  process  would  produce  a  pattern 
with  lobes  in  the  diffraction  or  shadow  region  which 
do  not  exist  in  reality  for  n  noneloscd  surface. 
Furthermore,  this  '‘multiplication”  technique  would 
not  predict  the  broadening  of  the  beam  in  the  tangent 
plane. 


The  author  thanks  William  Briggs  for  Ids  assistance 
in  the  calculation  of  the  patterns  in  figures  ">  and  0. 
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A  Study  of  Earth  Currents  Near 
a  VLF  Monopole  Antenna  with  a 
Radial  Wire  Ground  System* 


The  efficiency  of  antennas  for  very  low 
radio  frequencies  is  determined  to  a  large  ex¬ 
tent  by  the  ohmic  los.<es  in  the  soil  near  the 
base  of  the  antenna.  It  is  customary  to  in¬ 
stall  a  radial  wire  ground  system  buried  just 
below  the  surface  of  the  earth.  The  purpose 
of  this  wire  grid  is  to  provide  a  low-loss  re¬ 
turn  path  for  the  antenna  base  current  in  an 
effort  to  improve  the  efficiency  of  transmis¬ 
sion. 

The  rules  for  ground  system  design  in 
the  past  have  been  usually  empirical  and 
based  on  the  results  of  experiments  on  exist¬ 
ing  installations.  The  first  attempt  to  design 
an  optimum  system  was  carried  out  by 
Abbott.1  Extensive  calculations  of  the  input 
resistance  of  a  monocle  with  a  radial  wire 
ground  system  have  been  carried  out  by 
Wait  and  Pope.**  It  should  be  emphasized 
that  in  this  latter  work  no  attempt  was 
made  to  evaluate  the  losses  associated  with 
high-voltage  insulators,  tuning  coils,  and 
copper  losses.  The  attention  was  devoted  to 
the  ohmic  losses  in  soil  and  their  dependence 
on  immtier  and  length  of  radial  wires. 
Furthermore,  the  radial  wires  were  assumed 
to  be  in  intimate  contact  with  the  soil  being 
located  just  below  the  air-earth  interface. 
The  working  formula  for  the  component  of 
the  input  resistance.  aK.  due  to  ohmic  losses 
in  the  soil  is  given  by 

&R  S  real  part  of  —  f  [// ,m]’Z(p)2wpdp  (1) 


where  J#  is  the  base  current  of  the  antenna. 

is  the  tangential  magnetic  field  of  the 
antenna  assuming  a  perfectly  conducting 
ground  plane.  ?  is  the  distance  measured 
along  the  ground  plane  from  the  base  of  the 
antenna,  and  Z(p )  is  the  effective  surface 
impedance  of  the  actual  ground  plane.  Z(p) 
was  taken  to  be  equal  to  the  intrinsic  im¬ 
pedance  of  the  soil,  if.  in  parallel  with  the 
surface  impedance  of  the  radial  wire  grid, 
Z,.  That  is. 

Z(p )  -  lor  p  <  a 

V  + 

-  »f  for  p  >  a  (2) 

where 


9 


tfer-RT 


and 


Z. 


jptttd  ^  d 

"IT  0  2 wc 
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where  a  is  the  length  of  the  radial  wires,  a  is 
the  permeability  of  the  ground  (SJrXlO”1)* 
u  is  the  angular  frequency,  #  is  the  ground 
conductivity  in  inhns/inctcr,  «  is  the  dielec¬ 
tric  constant  of  tin-  ground,  c  is  the  radius  of 
the  radial  wires,  and  d  is  the  spacing  be¬ 
tween  the  wires.  (If  there  are  zV  radial  wires 
equally  spaced  about  the  base  of  the  an¬ 
tenna,  d^2rp/*Y.) 

The  validity  of  (2)  for  the  composite  sur¬ 
face  impedance  was  not  established  in  the 
above  mentioned  work.  The  expression  used 
for  Z„  the  equivalent  shunt  impedance  for  a 
w  ire  grid,  was  taken  to  be  the  same  as  that 
for  an  infinite  parallel  wire  grid  in  free  space. 
A  recent  analysis  indicates  that  the  equiva¬ 
lent  shunt  impedance  for  an  infinite  wire 
grid  in  the  plane  interface  of  two  homogene¬ 
ous  media  is  indeed  almost  identical  to  Z,  for 
the  isolated  grid  il  the  interwire  spacing,  d, 
is  always  much  less  than  a  wavelength  in  the 
electrically  denser  medium.4  In  the  present 
situation,  this  restriction  is  equivalent  to 
stating  that  d  should  be  somewhat  less  than 
an  electrical  skin  depth  in  the  soil,  that  is 
d«(2/a*uu),/l.  In  most  practical  cases  this 
condition  is  met.  A  question  also  rises  as  to 
the  applicability  of  the  formula  for  surf;.  t 
impedance  of  a  parallel  wire  grid  to  a  radial 
wire  grid  system  where  the  wire  spacing  is 
not  constant.  Furthermore,  the  wires  are  not 
of  infinite  length  being  termiuated  by  rods 
or  some  other  means  at  a  finite  distance  from 
the  base  of  the  antenna.  The  assumption 
that  the  radial  wire  behaves  locally  as  a 
parallel  infinite  wire  grid  would  seem  to  be 
very  difficult  to  justify  on  purely  theoretical 
grounds.  It  could  be  expected,  however, 
that,  if  the  length  of  the  radial  wires  is  large 
compared  to  a  skin  depth  in  the  soil,  the 
wave  reflected  from  the  end  of  the  radial 
wires  would  be  highly  attenuated. 

As  a  check  of  the  wire  pid  theory  for 
antenna  ground  loss  calculations,  an  experi¬ 
mental  test  was  carried  out  in  Cutler,  Me., 
which  is  the  proposed  site  of  a  high-power 
(l-megw)  vlf  transmitter  for  the  U.  S.  Navy. 
A  small  test  antenna  was  erected  on  the  site 
and  radial  wires  were  installed  in  the  same 
manner  as  in  a  permanent  installation.  The 
actual  currents  carried  by  the  wires  were 
measured  using  a  small  loop  pickup  placed 
in  proximity  to  the  wires.  The  average  cur¬ 
rents  carried  by  the  ground  were  also  meas¬ 
ured.  Now  the  radio  of  the  total  current 
carried  by  the  wires,  /•.  to  the  current  in 
the  soil.  /„  is  equal  to  the  ratio  of  the  sur¬ 
face  impedance.  of  the  soil  to  the  surface 
impedance,  Z„  of  the  grid.*  Therefore,  such 
a  test  of  the  splitting  of  the  current  between 
the  radial  wires  and  the  ground  is  a  good 
check  on  the  validity  of  the  theory. 

Before  discussing  the  experimental  re¬ 
sults*  calculations  of  /.  are  presented  for 
pertinent  values  of  the  parameters.  Denot¬ 
ing  the  effective  antenna  height  by  k,  the 
tangential  magnetic  field.  //»“.  on  the  ground 
plane  at  distance  p  from  the  base  is  given  by 


the  total  ground  current,  /«.  is  essentially 
numerically  equal  to  H,m  and  is  composed  of 
two  parts,  /„  the  total  earth  current  and, 
the  total  wire  current.  We  can  now  write, 
for  purposes  of  computation, 

Hfl-lrrkl 

_  vfy 
"  [>*  +  o +  *)•]■'' 

where 

t  -  1  HM/y/2  i  -  (W*)'” 

and 

240 t’P  ,  P 

t“T-,nirc 

C-c/X,  F— p/X.  The  amplitude  of  the  cur¬ 
rent  in  one  radial  wire,  is  then  given  by 

•  lid.  u  *  r 

*•  “  N  2t N  +  *■  ‘ 


_/.  h 
*  “  2w  vV  +  *’ 

for  p«wavelcngth.  Actually.  Him,  is  the 
radial  current  density  in  amperes  per  meter 
emanating  from  the  antenna  for  an  idealized 
perfectly  conducting  ground  plane.  In  the 
case  of  the  im|*crfcct  conducting  ground 
with  the  radial  wire  ground  system  present. 


Fir  2 — Compariaoo  of  calculated  and  observed  cur¬ 
rent*  is  radial  wire,  for  N  —48. 9b.  and  192  readme 
from  top  to  bottom. 

In  Fig.  1  the  computed  current,  w,  normal¬ 
ized  to  unity  at  p— 0,  is  shown  plotted  as  a 
function  of  p  in  feet  for  k  — 100  feet,  X 
-63,400  feet  (1S.S  kc).  N-192.  4-0.03 
(#  — 1  millt-mho/meter),  CS10”T  (no.  $ 
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wire,  awg  at  15.5  kc).  In  Fig.  2,  computed 
values  of  X  are  shown  plotted  as  a  function 
of  p/\  for  N  —  48,  96,  and  192,  respectively. 
Various  values  of  C  are  indicated  on  the 
curves. 

In  the  experimental  setup,  the  antenna 
was  a  monopole  with  a  height  of  100  feel 
with  a  circular  capacity  hat  with  a  radius  of 
about  200  feet.  In  view  of  the  difficulty  in 
clearing  land  in  the  heavily  wooded  and 
rocky  terrain  of  Maine,  it  was  not  feasible  to 
employ  many  radials  emanating  in  all  di¬ 
rections  from  the  antenna.  To  effect  a  com¬ 
promise  three  radials  at  azimuth  angles  of 
0",  180*.  and  270*  were  installed.  The  sector 
between  about  60*  and  100*  was  then  se¬ 
lected  as  the  region  for  further  tests.  In  case 
1,  this  sector  was  filled  with  radials  at  an 
angular  separation  of  7.5°,  in  case  2  it  was 
3.75*.  and  in  case  3  it  was  1.88*.  For  these 
three  separations  the  equivalent  value  of  2V 
would  be  48.  96,  and  192  respectively. 

The  indicated  points  in  Fig.  t  are  meas¬ 
ured  current  values  in  two  of  the  central 
wires  of  the  fan  as  a  function  ot  p.  The  ordi 
nates  arc  normalized  to  unity  at  *  — 0.  In 
this  case  the  base  current  of  the  antenna 
was  kept  constant  at  about  1.0  ampere. 
There  is  a  general  agreement  with  the  calcu¬ 
lated  curve.  Discrepancies  could  be  ascribed 
to  the  varying  nature  of  the  soil  conductivity 
along  the  radial  wires.  Measurements  of  soil 
conductivity  by  the  four-probe  method  indi- 


•W.  E.  Custt/Mn.  T.  E.  Denary,  and  A.  N. 
Smith.  ‘Ground  System  Studies  ot  lllch  Power 
V.L.F.  Antennas.*  paper  no.  J 8.  Record  of  the  VLF 
Symposium.  Boulder.  Colo.;  January  JJ-2S.  »M7. 


cated  a  random  variation  of  50  per  cent 
about  1.0  milli-mho/meter.  The  abnormally 
large  measured  values  of  i*  for  the  smaller 
values  of  p  in  Fig  I  might  be  ascribed  to  the 
asymmetrical  variation  of  the  total  earth 
current  resulting  from  using  a  fan  of  radials 
rather  than  a  complete  array  equally  spaced 
for  360*. 

A  more  appealing  experiment  which 
overcomes  to  some  extent  the  asymmetry  of 
the  experimental  setup  is  carried  out  as  fol¬ 
lows.  The  receiving  coil  is  moved  in  a  direc¬ 
tion  transverse  to  the  radial  wires  at  a  con¬ 
stant  height  and  constant  distance  p.  The 
measured  magnetic  held  is  then  essentially 
constant  for  the  region  between  the  wires 
and  rises  to  rather  pronounced  maxima  over 
the  wires.  The  ratio  of  the  maximum  field 
to  that  between  the  wires  is  denoted  by  B 
which  is  given  by  the  relation 


l  ;■!/?« 

~  I  t.\H 


where  s  is  the  height  of  the  receiving  or 
pickup  coil  above  the  wire  and  d  is  their 
separation.  Now.  since  the  current  in  the  wtre 
lots  the  current  in  the  iround  by  45*,  it  follows 
that* 


x.  !_T 

l.  +  r.l  U  +  2-4+2.4*J 


with 


Reprinted  from  the  PROCEEDINGS  OF  THE  IRE 
VOL.  46,  NO  8,  AVGUST,  1958 ,  pp . 

nena  m  the  o.sa. 


Values  of  X  calculated  from  the  experimen¬ 
tal  data  are  shown  plotted  in  Fig.  2,  (or 
N— 48, 96.  and  192  respectively  for  i  —  4  feet 
and  d~2r,/N.  The  agreement  between  the 
experimental  points  and  the  calculated 
curve  for  C- 10*'  (no.  8  wire  at  15.5  kc)  is 
quite  good  fur  the  two  cases  of  IV— 4  8  and 
96.  The  departure  for  the  case  /V— 192  can 
be  attributed  to  contribution  from  the  cur¬ 
rent  in  the  wires  to  the  measured  field  in  the 
minimal  position. 

In  general,  one  may  say  that  satisfactory 
agreement  between  theory  and  experiment 
has  been  reached.  Therefore,  further  justifi¬ 
cation  is  given  to  the  validity  of  the  pub¬ 
lished  calculations  o(  the  ground  loss  com¬ 
ponent  of  the  base  resistance  of  a  monopole 
with  a  radial  conductor  ground  system.  It 
should  be  mentioned,  however,  that  the 
present  study  has  not  considered  losses 
within  the  aperture  or  near  the  base  of  the 
antenna.  Recent  atudies  by  Gustafson, 
Devaney,  and  Smith*  indicate  that  these 
losses  may  be  quite  large  in  special  antennas 
for  high-power  vlf  installations. 

The  author  wishes  to  thank  A.  D.  Watt 
and  T.  E.  Devaney  for  helpful  advice,  C.  E. 
Smith  and  W.  G.  Hutton  for  permission  to 
quote  their  experimental  results,  and  Ana- 
beth  Murphy  for  assistance  with  the  calcu¬ 
lations. 

James  R.  Wait 
Nat.  Bur.  of  Standards 
Boulder,  Colo. 
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LES  DIAGRAM  MBS  DE  RAYONNEMENT  THE  PATTERNS  OF  A  SLOT-ARRAY  ANTENNA 

DUNE  ANTENNE  A  FENTEi  PLACtES  SVR  ON  A  FINITE  AND  IMPERFECT  CROUND  PLANE 

I  N  PLAN  HORIZONTAL  LIMIT£  ET  IMPARFMT 

J.  R.  Wait  &  A.  M.  Con  da 

National  Bureau  ul  Standards.  Boulder.  Colorado  (U.S.A.) 


The  radiation  fro  a  a  slot  aperture  oo  a  perfectly  conducting  half-plane  it  discussed  in  soar  detail.  The 
extension  to  end- fire  arrays  of  slots  is  also  treated.  Nuaerieal  computations  are  carried  out  for  radiation  pah 
terns.  It  is  shown  that  in  general,  the  aain  beam  is  tilted  up  and  away  from  the  edge  of  the  half-plane.  The 
situation  where  the  half-plane  is  lying  on  the  surface  of  a  homogeneous  flat  earth  is  also  considered.  The  re¬ 
sults  have  application  in  the  design  of  flush  mounted  antennas  of  die  end-fire  type  where,  because  of  prac¬ 
tical  limitations,  the  ground  plane  ia  of  finite  extent  and  may  be  located  oo  die  surface  of  o  aloooya  plane 


earth. 

Introduction 


The  concept  that  highly  directive  antennas  can  be  mounted 
flush  to  a  metallic  surface  such  as  the  fuselage  of  a  high  speed 
aircraft  has  been  successfully  utilized  in  many  instances  in  re¬ 
cent  years.  At  very  short  wavelengths,  the  surface  oo  which  the 
antenna  ia  mounted  or  embedded  can  often  be  considered  flat 
and  infinite  in  extent  for  purposes  of  design,  in  some  esses, 
however,  die  effect  of  die  finite  extent  of  die  grouod  plane  must 
be  considered.  An  example  is  when  the  pattern  is  of  the  •end- 
fire*  type  such  os  a  linear  array  of  slots  excited  by  a  era  veiling 
wave.  The  main  lobe  in  this  case  is  in  the  entMirc  direction  if 
the  travelling  wave  has  a  velocity  equal  to  or  alighcly  less  than 
the  speed  of  light.  The  finite  extent  of  die  yound  plane  tends 
to  rethice  die  directivity  and  produces  a  tilt  of  die  main  beam 
away  from  the  surface. 

Another  important  example  is  when  a  travelling  wave  antenna 
is  mounted  on  a  metallic  plane  of  finite  extent  which  itself  is 
lying  on  die  surface  of  the  earth.  Antennas  of  this  type  arc  used 
to  obtain  a  low-angle  beam  for  aircraft  landing  devices. 

It  is  die  purpose  of  this  paper  to  study  diis  problem  from  a 
theoretical  standpoint.  The  model  chosen  for  die  ground  plane 
is  an  infinitesimally  thin  perfectly  conducting  half-plane.  The 
w*ay  is  considered  to  be  made  up  continuous  and  discrete  dis¬ 
tributions  of  parallel  magnetic  sources  or  slots  mounted  on  one 
(the  upper)  side  of  the  half-plane.  The  following  effects  will  be 
isidered  :  die  distance  of  die  array  to  the  edge  of  die  half- 
plane,  the  length  of  die  array,  die  velocity  of  die  exciting  tra¬ 
velling  wave,  and  the  electrical  consrancs  of  die  half-space  on 
which  the  half-plane  is  lying. 


Eorllor  Invostlgotlons 


There  have  been  a  number  of  prior  investigations  which  are 
closely  related  to  the  subject  of  this  paper.  It  is  desirable  if 
these  are  mentioned  and  placed  in  their  proper  perspective.  Ra¬ 
diation  patterns  of  a  magnetic  line  source  adjacent  to  a  perfectly 
isolated  half-plane  were  computed  by  Wait*  for  a  variecy  of  ca¬ 
ses.  The  generalization  to  arbitrary  sources  such  as  an  aperoire 
or  finite  slots  has  been  carried  our  by  Tri*  and  others9,4.  The 
radiation  from  a  parallel  array  of  line  magnetic  sources  mounted 
on  a  half-plane  has  been  considered  by  Hurds,  lie  actually  pre¬ 
sented  computed  patterns  which  illustrated  the  beam  tilt  of 
end-fire  arrays  due  to  die  finite  distance  of  die  array  from  the 
edge  of  die  half-plane. 


TWi  kf  V.  R«k(«ut  C.S.P.  ••  lK« 


The  influence  of  a  homogeneous  lossy  flat  earth  on  die  ra¬ 
diation  pattern  of  a  vertical  antenna  is  included  in  die  compre¬ 
hensive  analysis  by  Norton*.  The  effect  of  a  circular  ground 
screen  on  die  mnen  of  n  ground  based  monopole  antenna  has 
been  approached  by  a  number  of  investigators*-*.  These  me¬ 
thods  are  usually  based  on  die  assumption  chat  die  influence  of 
die  imperfect  ground  beyond  the  edge  of  die  screen  can  be  crea¬ 
ted  by  a  perturbation  method  in  conjunction  with  an  approximate 
(Leontovich)  boundary  condition.  An  exception  in  die  work  of 
Bekefi 10  who  provides  n  variational  formulation  for  a  vertical 
electric  dipole  at  the  center  of  a  circular  metal  disk  laid  on  a 
plane  earth.  It  appears,  however,  disc  due  to  an  oversimplified 
choice  of  trial  function  for  the  mngential  electric  field  over  the 
ground,  die  derived  results  for  the  propagation  constant  of  the 
surface  wave  is  in  serious  conflict  with  reality.  Actually  the 
velocity  of  the  surfoce  wave  should  spprosch  the  velocity,  c, 
of  free  space  ss  the  refractive  index  n  of  the  ground  approaches 
infinity,  whereas  Bekefi's  surface  wave  velocity  is  approaching 
a  value  less  than  c/IO.  While  this  might  not  gteatly  impair  the 
impedance  calculation,  it  would  bove  a  profound  effect  00  the 
derived  radiation  patters.  It  woo  Id  be  worthwhile  to  improve 
Bekefi 'a  method  by  chooaiog  a  more  recondite  trial  function. 

In  a  very  recent  paper  Carwell  and  FlammcfU  have  calcu¬ 
lated  die  patters  of  a  vertical  electric  dipole  located  on  o  half- 
plane  which  ia  located  on  the  outface  of  a  homogeneous  flat 
earth  or  balf-spoce.  Using  an  argument  based  on  Green's  theo¬ 
rem  they  derive  as  expression  for  the  radiation  field  in  terms  of 
the  (uokaown)  electric  rangestial  field  over  die  earth's  surface 
outside  die  half-plaae.  It  is  dies  assumed  that  this  electric  field 
is  unmodified  by  the  presence  of  the  half-plane.  Such  an  as¬ 
sumption  violates  the  edge  singularity  at  die  edge  of  the  half- 
plane*  It  can  be  shown,  however,  (see  appendix)  that  such  an 
approach  is  probably  valid  at  low  angles  and  for  a  highly  conduc¬ 
ting  earth. 

A  mathematically  rigorous  approach  to  the  problem  of  a  pla¬ 
ne  wave  incident  on  a  conducting  half-plane  which  is  lying  on  a 
homogeneous  flat  earth  has  been  carried  in  an  elegant  fashion 
by  Clemmowtt.  The  scsttered  field  is  expressed  as  an  angular 
spectrum  of  plane  waves  for  the  general  esse,  then  the  incident 
wave  is  due  to  a  line  magoecic  source  on  die  imperfectly  conduc¬ 
ting  flat  earth  and  the  receiver  is  00  the  halhplane,  various 
reasoaable  approximations  can  be  made  and  the  final  solution 
for  the  *g round- to- ground*  field  can  be  expressed  in  terms  of  a 
modified  Fresnel  integral. Clemmow's  analysis  is  both  extensive 
and  complicated,  even  though  the  solutions  themselves  reduce 
10  quite  simple  forms  in  many  of  die  cases  of  practical  interest. 
In  view  of  this  fact.  Senior  t*  has  suggested  a  method  which  is 
a  union  of  ray  th.  vry  and  rigorous  diffraction  theory.  The  pre¬ 
sence  of  the  plane  earth  is  accounted  for  by  the  introduction 
of  a  suitable  image  field  and  the  problem  thereby  reduced  co  one 
in  which  two  fields  are  incident  obliquely  upon  a  perfectly  con¬ 
ducting  half-plane  in  free  space. Since  Senior’*  method  is  closely 
related  to  the  one  used  in  die  present  paper  more  will  be  said 
Nbwit  it  ia  Ac  following  text  and  also  in  the  appendix. 
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Slug!*  Slot  on  • 


■  0.5  for  a  ~  0 


With  (tfctciice  to  a  conventional  cylindrical  coordinate  ays- 
ten  ifit  a), a  aloe  of  length  V  ia  located  oo  a  perfectly  conduc¬ 
ting  half-plane  ahect  defined  by  ♦  *  0,2a.  The  alot  ia  parallel 
bo  and  a  diatance  p  from  the  edge  of  the  half-plane  sheetf1). 
The  alot  la  assumed  to  be  nattoo  and  radiates  only  on  one  aide 
of  the  aheet.  The  electric  field  in  die  far  or  radiation  field  in 
die  equatorial  plane  (i.e.z-  0)  has  only  4  component  and  ia 
given  by 


V  (z^dz'J  «xp  (- ik  p#  ♦  (1) 


where  V  (a*)  ia  the  distribution  of  transverse  voltage  along  the 
alot  and  where  Q  ia  a  fraction  of  kp  and  the  azimuthal  angle. 
Two  alternative  repreaenta lions  are  available  for  Q ;  the  first  is 

—  _ 

<J) 

•  “0 

where  <t  "  lt  I.  ■  2  (m  ^  0)  and  (kp)  is  a  Bessel  func¬ 

tion  of  order  si/2  and  atgument  kp.  Toe  second  ia 

q  j’  .-«•*  (}) 

where  p  ■  (2kp)5  cos  ($#/2).  For  present  purposes  the  latter 
foam  ia  desirable  and  it  can  be  written  in  terms  of  Fresnel  in¬ 
tegral  a  as  follows 

(4> 

whet* 

F(u)  -  |  | !  +  0  +  0  [c  (l-l)  -  i  S  |  O) 
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Slot  Arrays  on  n  HaltPlono 

The  extension  of  die  foregoing  to  nn  array  of  parallel  N 
axial  slots  at  ps»  p*»  •••Pm*  •••Pm  *«  edge  of  the  haltplane 

is  tov  carried  out.  The  situation  is  illustrated  in  fig.  3*  where 
die  observer  is  again  assumed  to  be  in  the  equatorial  plane 
(z  *  0)  and  W  is  die  180*  complement  of  die  azimuthal  angle  <8 
used  previously.  Each  slot  is  allowed  to  have  an  arbitrary  di^ 
tribution  of  voltage  V m(t)  and  further  they  may  be  of  arbitrary 
lenght  2  lm.  The  czcitation  coefficient  for  each  slot  is  defined  by 


r’ 


where  V  («)  is  die  transverse  (camples)  voltage  along  the  nth 
slot  with  die  phase  reference  at  t  »  0  and  p  •  pm.  From  the 
principle  of  superposition  it  then  follows  that  the  partem  of 
die  army  in  Ac  equatorial  or  principal  plane  ia 


•  Ik  p  m  HI  V 


M%) 


■.  -  («*  •in  f/J 


u4  whet*  it  ph.ar  factor  which  specifics  die  (clause  phase 
•f  each  af  die  aloes.  Fas  example.  die  phase  difference  between 
p,  and  p..,  is  p.  fi.  -  P..,fi..,  radians.  In  what  fallows, 
A  is  always  real  and  fi.  is  a  consent  which  is  replaced  aim- 
pip  bp  fi.  In  ocher  words,  die  aleta  are  excited  by  a  travelling 
ware  with  a  phase  velocity  a i/fi.  Furthermore,  the  slots  ate 
to  be  equally  spaced  with  a  separation  A  between  center*.  It 
dies  fellow*  that 


9.  =  D  +  (a  -  i)A 


a  =  (41c  p/m'l  e os  -  (8  p/A)5  cos 

and  where  die  upper  +)  sign  is  to  be  employed  when  u  is  post- 
live  and  the  lower  sign  (•)  when  u  ia  negative. 

The  function  F(’  '  characterizes  the  radiation  pattern  of  a 
aingle  axial  alot  radiating  on  one  aide  of  a  half-plane  coo  duc¬ 
ting  aheet  in  terms  of  p  the  distance  of  the  alot  to  die  edge  and 
die  azimuthal  angle  F(u)  is  readily  computed  from  cablet  of 
Fresnel  integrals.  To  illustrate  its  properties  |F(u)|  as  plotted 
in  figs.  2A  for  u  >  o  and  in  fig.  2B  for  u  <  o.  The  phased,  defi¬ 
ned  by  ▼  ■  *  arg  F(u)  ia  plotted  in  figs.  2C  for  a  >•  and  fig. 
2D  for  a  <  o.  It  con  be  seen  that  for  a  sufficiently  positive 
\F(tt)\  is  approoching  unity  indicating  that  the  half-plaoe  ia  be¬ 
having  essentially  as  sn  infinite  plane  conductor.  At  •  •  o  the 
value  of  F(u)  ia  identically  0.3*  When  a  becomes  large  in  the 
negative  direction,  F(a)  asymptotically  approaches  zero.  The 
limiting  behavior  of  die  function  is  summarized  io  die  following 


ood  die  length  of  die  array  ia 


L  =  AAf 


Consequently 


(fi  -  k  com  W)  pm  m  .  k  4  24  sin*  ?/2)p- 


if  g  *  (fl  •  k)  L/ 9,  X  -(2  k  L) s  sin  (f/2 )  and 
a  -D/(D  ♦  /,)<*). 

The  pattern  can  now  be  written  conveniently  p  terms  of  the 
dimeosionlcss  parameters  |,  X  and  a : 


F(u)  W  1  - e 

V2»  a 


1 Mp[i (* *  +  **) ( "To ^’IT’ ■  f(“«)  <9> 


(»)  Sm  llf.  1. 


(*)  Ik*  X  |«  pUttW  ••  •  bwHtt  •f'F  U  fig.  30. 


Vben  die  plane  U  infinite  in  meat,  die  patten  in  identical 

to  die  abeee  if  F(a)  is  replaced  by  unity. la  diia  eaee,  difbactien  /  j  1  \i  /  i  \  i 

effccu  due  to  die  edge  of  die  half-plane  ate  ignored.  Faith ef-  '  1*.  ^1  *  I  2g  - — —I 

■ore,  if  <4.  were  unity  correapaoding  to  a  uniform  aapliuide  of  *  \  *  / 

excitation,  the  a  erica  can  be  auaacd  to  give 


C(T) 

kL 


-2«, 


[<(«-  +  ** 


(12) 


which  of  comic  is  welt  known**  hiving  ■  mignicudc  qn»l  to 
2  «in  B/B  where  B  m  (gw  ♦  X3)/2. 

Employing  equation  (10),  the  pm  item  |  C  (i)/kL  |  is  plotted 
•s  m  funccioo  of  the  paccmecer  X  in  fig.  4  for  g  *  1  mnd  various 
values  of  N.  This  is  the  situation  where  the  artsy  consists  of 
N  discrete  elements  fed  with  •  coos  cant  amplitude.  The  condi¬ 
tion  |  ■  1  is  the  cricerioo  for  optimum  gain  of  such  an  array  as 
found  by  Hansen  and  Voodyard**.  It  means  that  the  electrical 
length  k  L  of  the  array  is  w  radians  less  than  £/,  where  fi  is  the 
phase  cons  cant  of  the  wave  exciting  the  array.  The  patterns  in 
fig.' 4  are  shown  for  both  positive  snd  negative  values  of  X.  In 
the  case  of  slots  embedded  in  an  infinite  ground  plane  only  po¬ 
sitive  values  are  physically  realizable.  On  the  other  hand,  the 
region  of  negative  X  is  accessible  if  the  elements  are  located 
in  free  space.  It  is  seen  that  as  A’  becomes  greater  than  about 
8  the  pattern  does  not  depend  on  A  at  least  for  |X|  less  thso  3. 
In  ocher  words,  the  array  of  discrete  sources  can  be  replaced  by 
continuous  array  (N  =  «)  if  N  is  not  too  small. 


Using  equation  (12)  the  influence  of  varying  g  is  illustrated 
in  fig.  3  for  the  continuous  uniform  array.  For  X  >  0  this  corres* 
ponds  to  an  array  of  length  L  embedded  in  an  infinite  ground 
plane,  or  if  negative  values  of  X  are  to  be  included,  the  array 
is  located  in  free  space.  Here  it  can  be  seen  chat  the  effect  of 
increasing  g  beyond  unity  is  to  reduce  the  major  (end-fire)  lobe 
considerably. 

The  information  in  figs.  4  snd  3  is,  of  course,  well  known** 
but  sc  is  desirable  chat  it  be  presented  here  for  comparisoo  of 
what  follows. 

From  die  basic  equation  (9)  for  N  discrete  element  on  a 
ha  If* plane,  ch*  partem  |G  (B)/k  L\  is  plotted  in  6g.  6  for  the 
conditions,  A  *  -  1,  N  -  8,  a  -  0,  g  «  0.  In  the  case  of  such  an 
enrhfire  antenna  on  s  half-plane,  both  positive  snd  negative 
values  of  X  are  accessible.  The  correspondiog  pattern  for  the 
continuous  array  (A  =  ~),  with  4*  -  1.  «  *  0,  g  ■  0  is  also 
shown.  For  purposes  of  comparison  she  pattern  of  the  same  con- 
Kiauous  array  on  a  infinite  sheet  is  also  illustrated  in  fig.  & 

The  effect  of  varying  g,  the  excitation  parameter,  for  the 
uniform  continuous  array  (4*  -  l)  on  a  half-plane  is  shows  in 

7  h>c  8  ■  0.  Contrary  to  die  cases  of  an  infinite  plane  sheet 
nr  for  an  isolated  array,  the  main  lobe  appears  to  be  aarrowest 
for  g  ■  0  rather  chan  g  *  1. 

When  the  array  is  moved  away  from  the  edge  of  the  half¬ 
plane  (a  >  9)  the  pattern  is  agsin  modified.  This  as  illustrated 
in  fig.  8  for  the  case  of  the  uniform  cootinuous  array  on  the 
half-plane  with  g  •  0  and  a  varying  from  0  to  0  .9.  In  each  case 
the  pattern  of  the  array  on  an  infinite  ground  plane  (a  *  I  .0)  is 
shwwn  for  comparison. 

The  foregoing  has  been  restricted  to  uniform  excitation  whe- 
tein  4**1,  the  effect  of  tapering  the  illumination  is  shown  in 
fig.  9  for  the  case  of  a  discrete  array  (A  -  8)  no  both  an  infinite 


plane  and  a  half-plane  for  g  *  0  and  q*  0.  The  coefficients  are 
specified  by  the  condition  dial  the  minor  lobes  for  die  infinite 
plane  ease  should  be  of  equal  amplitude.  For  this  reason  the 
array  is  called  a  Tcbebyschcff  array**  following  the  work  of 
Dolph  and  Riblet.  Using  drew  procedure,  it  is  found  diat 

Ax  *  A.  *  0  .  632  , 

4,  =  Af  =  0.673  , 

4 1  s  A  |  *•  0*881  ,  aad 
4*  *=  4#  =  1.000. 

It  is  interesting  to  note  dint  the  minor  lobes  for  the  half- 
plaoe  case  arc  on  longer  of  equal  amplitude  aad  die  major  lobe 
is  broadened  as  it  was  in  die  naifocm  end-fire  array.  A  similar 
effect  baa  been  recently  observed  by  Barnett  and  Tai*7  who  cal¬ 
culated  the  pattern  of  a  Tcbebyschcff  array  of  electric  current 
elements  in  die  vicinity  of  n  half-plane. 

In  the  preceding  calculations  attention  has  been  confined 
entirely  to  tk.  ituataoo  where  die  half-plane  sheet  is  in  free 
apace.  Ao  tat<  ..-stiag  extension  is  when  die  half-plane  is  res¬ 
ting  on  the  ..dice  of  a  homogeneous  ground.  In  this  case  the 
pattern  of  thearny  of  slats  for  an  observer  in  thenir  is  obtained 
by  introducing  an  image  source  on  the  under  edge  of  .the  half- 
plane.  The  strength  of  die  image  array  is  modified  by  the  Fresnel 
reflection  coefficient  appropriate  for  (vertically-polarized)  plane 
waves  incident  on  die  homogeneous  ground  at  a  grazing  angle 
of  V.  The  formula  lor  the  pattern  for  a  single  element  at  distan¬ 
ce  p  from  the  edge  is  givea  by 

/>  =  «*“'  —f[f  (,)  +  ft(f)F  (-»)]  (13) 

where 

a  -  (BpAjy  sin  (f/2) 

aad 

flfT)  *  .inV-ir.  ■«>,’*)* 

where  K  it  die  complez  dielectric  con.  rant  of  the  pound  relative 
to  (tee  tpacc.  The  .bare  equation  lot  P  i»  n  food  approximation 
(or  value*  o(  V  bom  0  to  IB0*  and  ia  spin  restricted  to  the 
principal  ot  equatorial  plane.  The  nature  of  the  approximations 
are  discassed  ia  die  appendix. 

The  palters  |P|  (or  a  tingle  slat  on  a  half-plane  is  shown 
in  fig.  10  far  a  lossless  or  dielectric  pound  for  K  ranging  from 
I  to  100  sod  three  nbci  of  p/A.  The  case  K  *  1,  of  course, 
corres poods  la  bee  space  bcloe  as  well  as  sbo.e  die  half-plane. 
As  K  increases  die  difbtction  effects  due  in  the  edge  of  the 
half-plane  apparently  ate  de- emphasized.  When  K  it  allowed  to 
approach  infinity  with  ?  >  0,  ther.  |P|  approaches  unity.  Phy¬ 
sically,  this  corresponds  to  complete  reflection  bom  the  ground 
plane  W  (I1)  —  I)  and  the  partem  has  die  usual  omni-directional 
characteristic  of  a  single  slot  on  an  iniinite  ideally  conducting 
ground  plane.  It  is  interesting  to  note  thac,  lor  1  <  K  <  -,  if  V 
is  reduced  to  tern  the  pattern  |P|  is  always  xero.  In  other  words, 
sr  low  angles  die  field  of  die  image  source  tends  to  cancel  the 
field  of  the  direct  source.  In  the  ease  of  K  «  1  the  pattern  |P| 
ia  identically  0.  5  si  ¥  —  0  since  there  is  no  image  source.  On 
the  other  hand  for  W  luge,  the  pattern  |P|  is  oscillating  about 
unity.  These  ripples  asymptotically  approach  zero  ts  p/A  ap¬ 
proaches  infinity  and  they  are  doe  to  the  interference  of  the 
direct  mdiaiion  from  die  slot  and  the  tire  scattered  bom  the 
edge  of  die  half-plane. 

The  picmie  is  noi  changed  appreciably  if  die  ground  is  dis¬ 
sipative,  (ie.  lossy), whence  K  has  n  negative  imaginary  part. The 
partem  |P|  for  a  complei  dielectric  consanr  of  Ifhix  with  x  » 
4.  16,  64,  256(1)  are  shown  in  fig.  II  for  two  values  of  p/A. 
Agsin  as  a  becomes  large  die  magnitude  af  R  ff)  approaches 
unity  snd  |P|  approaches  unity. 

The  prescription  for  calculating  die  pattern  of  on  array  on 


<>)  Tk.  hwmw.  «(..>  mvM  k.  S .4,  1.4,  4.4  jj., 
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the  hilf*pl«ne  lying  on  a  Homogeneous  ground  is  identicsl  to 
due  above.  For  example  if  C  <W)  is  the  pattern  o t  the  array  on 
the  isolated  half-plane  then  the  desired  pattern  ?T  (W)  is  give* 

by 

VC¥)  -  r,  <*)  +  n  (V) .  C  (-,^,)  04) 

To  illustrate  this,  the  pattern  \<?  (V)/kL\  for  the  case  of  ami* 
form  continuous  end-fire  array  of  length  /,  with  a  ■  0  and  g  m  0 
is  shown  in  fig.  12  for  various  real  values  of  IZ  and  in  fig.  1) 
for  the  complex  value  lOii. 


Conclusion 


where 

•  r*  *,T'* 

F  (•)  -  (I  +  i)  J  e  1  it 

is  the  same  function  previously  defined.  Now  if  ^  ■  0  the  ©b- 
server  is  on  the  half-plane  sheet  at  a  distance  p  from  the  edge. 
It  then  follows  diat 

ff,(p,0)«  2W.e“P  *■**•  F(«)  (16) 

where 

m  *  (8p/Aji  cos  *m/2 


The  pattern  of  a  flush  mounted  en.Miie  antenna  is  seen  to 
Lc  markedly  influenced  by  die  truncation  of  the  ground  plane. 
The  general  tendency  is  for  the  main  beam  to  be  tilted  upward 
and  also  broadened.  As  the  distance  of  die  army  from  the  edge 
of  the  half-plane  is  increased  the  pattern  approaches  that  for 
an  infinite  ground  plane.  Such  a  behavior  it  in  qualitative  agree¬ 
ment  with  the  experimental  results  of  Elliott *•  for  corrugated 
surface  antennas  and  Simon  and  Robieux  is  for  die  lee  trie  sheet 
antennas.  It  is  not  possible  to  auke  a  detailed  comparison  with 
their  work  since  the  experimental  conditions  do  not  correspond 
to  the  model  chosen  in  this  paper.  It  is  hoped  in  the  future  to 
elaborate  the  model  to  include  ocher  forma  of  non-uniform  exci- 
tation *°»  such  as  velocity  modulation  of  the  .exciting  wave 
and  various  forms  of  amplitude  modulation. 
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Appandlx 


The  Holf-planw  on  thm  Surface  of  o  HolFspocm. 

The  diffraction  of  a  plane  wave  by  a  half-plane  sheet  of 
perfect  conductivity  located  in  free  space  was  solved  by  Arnold 
Sommerfeld  in  18519.  The  corresponding  solution  for  the  situation 
where  the  half-plane  is  located  in  the  plane  interface  between 
two  homogeneous  media  is  a  much  more  complicated  problem. 
Clemmowu  gave  a  formal  solution  to  this  problem  in  19)3  but, 
except  in  special  cases,  it  was  not  suitable  for  numerical  com¬ 
putation.  Ax  mentioned,  Senior  has  proposed  a  method  baaed  on 
a  combined  use  of  ray  theory  and  rigorous  diffraction  theory 
yielding  a  simple  solution.  It  is  the  purpose  of  this  appendix  to 
discuss  the  limitations  in  Senior's  solution  and  its  applicability 
to  the  reciprocal  radiation  problem  when  the  source  is  on  the 
halfrplane.A  comparison  with  Flammer'su  method  is  also  made. 

A  half-plane  located  in  the  interface  between  two  homoge¬ 
neous  media  is  indicated  in  fig.  Id.  A  cylindrical  coordinate 
system  (p,  *)  is  chosen  such  that  the  half-plane  is  defined 

by  #  -  0  (or  Q  •  2  a).  A  plane  with  the  magnetic  vector  parallel 
.  to  the  edge  of  the  half-plane  is  incident  at  an  angled  with  the 
upper  surface  of  the  half-plane.  The  incident  field  for  a  time 
factor  exp  (» to  t)  is  thus  given  by 


'-  (*-*.)  (15) 

where  is  the  amplitude  of  the  incident  field. 

If  the  whole  region  (0  <  *  <  2*)  is  free  space,  the  Sommer 
feld  solution  for  the  resulting  field  is 


»,  <p,  ♦)  ■  It,  j  e  ,fc  P  **'  F  £(8p/A)$  cot  — y-2]  + 


It  is  thus  seen  that  die  field  //#  (p,  0)  hat  the  same  azimuthal 
dependence  on  as  the  radiation  field  of  a  slot  element  at 
(p,0).  This  is,  of  course,  a  consequence  of  the  reciprocity  theo¬ 
rem. 

The  radial  component  of  die  electric  field  is  obtained  from 


F.-  (p,t)m  r——  — — i 
p  nap  st 


(17) 


and  In  die  plane  ♦  ■  »  it  follow,  dial 

Ff  (P.»>  “  F.,  [e,  -  tin  *.]  (18) 

where 

Jain*,  e*‘M  ”**•  f[-(8p/A)»  »in*./l]- 

.i»/4  ‘,tpi_2_ \\  nw 

*  Itt;)  ~7 

71. ii  quantity  rarira  aa  (kpfJ  aa  kp  approaches  zero  wheteas 
lot  Utpt  kp  aayiaptoticylly  becomes 

*.  top  I-  i(k  p  -  e/4]  f  3 

«,*  eot~ - —  esp  i  - - 

The  quantity  e,  is  the  reflected  electric  field  from  the  edge  in 
die  plane  of  die  half-plane  as  normalized  to  the  amplitude  F,m 
of  the  incident  electric  field. 

To  illustrate  the  variation  of  die  awgnitude  of  die  reflected 
or  scattered  field  from  die  edge,  |ej  is  plotted  in  fig.  13  as  a 
function  of  kp  aa  a  function  of  f  (*  f  •  ♦,).  When  kp  >  2* 
(or  p  >  A),  |ej  is  less  than  1<T3  for  angles  J  less  than  about 
10*.  Furthermore,  the  field  is  decaying  aa  p*  *9  indicating  that 
little  radiation  cakes  place  in  this  direction. 

When  the  lower  halfrspace  (♦  »  <  9  <  2r)  ia  filled  with 
homogeneous  material  whose  (complex)  dielectric  consmnt  is 
4r  relative  to  free  apace,  then  the  solution  aa  proposed  by  Senior 
for  the  magnetic  field  H  (p,9)  in  the  upper  half  apace  ia 


(f.  ♦)  -  «  ,  <P.  *)  +  X  <*)  «  ,  (p,  2  a  -  t)  (21) 


It  can  tesdily  he  willed  dial  F.p  (p,0)  •  0  which  is  die  requited 
boundary  condition  on  die  surface  of  die  half-plane  sheet.  The 
mngeniiel  fields  on  die  surface  of  the  pound  ate  con.enieiuly 
wtittea 

Fp  (P.  »>-£,♦  e,ll  -It  (*)]  (22) 

where 

ai»if[!.*(W)] 

and 

Ip,  »)■  H,  *  q.  F..  (I  4  R  (?))  (23) 

!i  cen  be  irvieedietely  seen  that  ha.  die  twluc  appropriate 

lor  a  vertically  polarized  pleac  wave  at  sblique  incidence  on  e 
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homogeneous  ground.  Consequently,  the  field  e.  (l  -  R  (V)]  does 
not  satisfy  the' boundary  condition  but  it  has  been  shown  that 
e,  is  small  except  dose  to  the  edge  and  furthermore  for  a  highly 
conducting  ground,  R  (?)  is  near  unity.  It  may  therefore  be 
concluded  that  the  boundary  condition  is  only  violated  for  a 
small  region  of  the  ground  surface  near  ihe  edge  of  die  ground 
plane. 

Assuming  that  this  procedure  is  valid,  the  cangeoeisl  ma¬ 
gnetic  field  on  the  ground  plane  becomes 

0,(f>.  0)  -  0,  (p,  0)  +  .7  0>)  ».  (p.  2  m)  (24) 

-  20.  «•  ‘‘  P  —  V  IF  <«)  +  *2  OV)  r  (.„)] 

where 

it  •*  (8p/Aji  sin  (?/2) 


The  quantify  JT#  (p,  0)  has  die  same  ftinction  dependence  on 
as  the  radiation  field  of  s  single  amisl  slot  at  s  distance  p  from 
the  edge  of  die  half-plane. 

It  is  of  interest  to  compare  die  present  technique  with  one 
suggested  recently  by  Flommer  for  a  similar  problem.  With  refe¬ 
rence  to  fig.  14  and  die  cartesian  coordinates  (x,  y,  x)  the 
incident  field  makes  an  angle  of  incidence  f  with  the  negative 
x  axis  following  the  derivation  of  Flammcr,  die  integral  equation 
lor  the  mngeatiat  magnetic  field  on  the  ground  plane  is 

«,]  -20.  + 


+i£Vo(M,.,.)l[££] 


This  can  be  written  ao  terms  of  the  (unknown)  tangential  elec* 
trie  field  E  m  (s',  o)  by  using  the  result 

[~a7^,.o  =  * ' "  *■  <*’•*» 


The  next  step  in  Flammcr’s  procedure  is  to  set 

F-.  (*',  0)  -  K.  tl  -  R  (*)]  min  *  * •“  ■'  •••  *  <26> 

which  neglects  completely  the  presence  of  the  half-plsne  fot 
ill  negative  values  of  x.  Furthermore,  F.m  (s’,  0)  does  not  hue 
the  correct  older  of  singularity  t»  .a  s’-  0.  After  some  algebraic 
manipulation  die  resulting  expression  for  the  tangential  magne¬ 
tic  field  on  die  upper  surface  of  the  half-plane  is 

»,<s,C)-20.e*“  ■  •••*  T  (27) 


where 

7*1*  way  +  IF  (u)  +  R  (?)  F  (•«)]  cosy 


It  can  lie  seen  dial  for  ?  near  zero  (glancing  incidence) 

7  ST  f  Cm>  ♦  R  (?)  F  (-a.)  (28) 


which  ia  in  tpeentnt  wtdi  equation  (24)  derived  using  Senior's 
method. 

The  nesr  coincidence  of  die  two  spprosimote  formulas  fot 
small  vahaea  of  die  pazing  angle  ?  lends  confidence  to  die  ap¬ 
proach  used  an  the  body  of  the  paper  (or  calculating  patterns  of 
cmhfire  antennas  on  a  half-plane  which  are  lying  on  a  half  space. 
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THE  THEORY  OF  AN  ANTENNA  OVER  AN 
INHOMOGENEOUS  GROUND  PLANE 


James  R.  WAiTt 

National  Bureau  of  Standards,  Boulder,  Colorado,  U.S.A. 


ABSTRACT 

We  consider  an  antenna  over  a  flat  ground  plane  which  is  characterized  by  a  variable 
surface  impedance  as  in  a  radial-wire  screen.  The  problem  is  formulated  in  terms  of  the 
mutual  impedance  between  two  vertical  dipoles,  one  which  is  raised,  and  the  other  is 
located  on  the  ground  plane.  The  ground  screen  is  taken  to  be  in  the  combined  form  of 
a  circular  disc  and  a  concentric  sector.  An  approximate  solution  of  the  problem  is 
obtained  and  the  results  are  compared  with  previous  investigations  of  closely  related 
work. 


1.  INTRODUCTION 

The  influence  of  the  ground  plane  in  antenna  radiation  is  a  subject  which 
has  not  received  the  attention  it  deserves.  In  many  cases  it  is  assumed  that 
the  ground  behaves  as  a  flat  perfectly  conducting  surface.  Unfortunately, 
the  principal  characteristics  of  the  antenna  arc  influenced— in  general,  in  an 
adverse  way— by  the  finite  ground  conductivity.  At  broadcast  frequencies, 
it  has  been  common  practice  for  many  years  to  improve  the  situation  by  the 
use  of  a  radial-wire  ground  system.  Typically,  the  approach  has  been  empirical. 
Apparently  the  first  systematic  study  was  carried  out  by  Brown  and  his 
associates  (Gihring  and  Brown,  1935;  Brown  et  al.,  1937).  More  recent 
investigations  have  been  focused  mainly  on  the  influence  of  the  ground  system 
on  the  impedance  of  the  antenna  (Abbott,  1952;  Monteath,  1951 ;  Wait  and 
Surtees.  1954;  Wait  and  Pope,  1954,  1955).  It  has  been  assumed  usually  that 
the  radiated  field  for  a  given  current  on  the  antenna  was  not  appreciably 
affected  by  the  presence  of  the  ground  screen. 

In  an  earlier  paper  (Wait  and  Pope.  1954)  an  approximate  method  was 
given  which  is  suitable  for  estimating  the  dependence  of  the  ground  wave 
on  the  size  of  the  screen.  Calculations  (Wait,  1956)  based  on  this  work 
support  the  contention  that  the  ground  screen  has  only  a  small  effect  on  the 
radiated  field  for  screens  with  a  radius  of  the  order  of  a  wavelength  or  less. 
Very  similar  conclusions  have  been  arrived  at  by  Monteath  (Page  and  Mon¬ 
teath.  1955;  Monteath,  1958). 

+  This  work  was  carried  out  while  the  author  was  on  a  visit  to  the  Technical  University 
of  Denmark,  Copenhagen,  in  the  fall  of  1960. 
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In  this  paper  the  theory  is  extended  to  ground  screens  which  may  be 
large  in  terms  of  wavelength.  The  problem  now  bears  some  similarity  to 
previous  investigations  of  propagation  across  a  land-sea  boundary  (Bremmer, 
1958;  Wait,  1956, 1957).  While  the  literature  on  this  subject  is  quite  extensive, 
the  results  are  not  sufficiently  general  to  be  applied  without  modification. 
Thus  it  seems  worthwhile  to  reformulate  the  problem  in  a  fairly  general  way. 


Fia.  1.  Side  and  plan  views  of  the  dipoles  and  the  ground  plane. 

(Note  that  tan  y  —  A/r  and  tan  yo  —  hid.) 

2.  FORMULATION 

The  problem  to  be  considered  is  illustrated  in  Fig.  1.  Two  vertical  electric 
dipole  antennas  are  located  at  P  and  Q  which  are  located  at  height  h  and 
height  zero,  respectively,  over  a  flat  earth.  The  effective  lengths  of  these 
d  moles  are  h  and  h,  respectively.  The  surface  of  the  ground  is  characterized 
t»j  a  surface  impedance  Z  everywhere  except  at  a  ground  screen  about  Q. 
This  ground  screen  is  made  up  of  a  circular  disc  of  radius  a  which  is  lying 
on  the  surface  of  the  ground.  Furthermore,  a  sector  of  radial  wires  emanates 
from  this  circular  disc  in  the  manner  shown  in  Fig.  1.  The  tangential  fields 
over  the  ground  screen  are  also  assumed  to  be  related  by  an  effective  surface 
impedance  Z\  Over  the  disc  (i.e.  p  <  a)  this  is  denoted  Zfl  and  over  the  sector 
(i.e.  b  >  p  >  a,  >  4>  >  —  di)  it  is  denoted  Z9. 

The  mutual  impedance  :  between  dipoles  P  and  Q  is  written 

z  =  -o  -  dr  (1) 
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where  zo  is  the  mutual  impedance  between  dipole  P  and  Q  when  no  ground 
plane  was  present.  Thus  Az  is  the  change  of  the  impedance  resulting  from  the 
presence  of  the  ground  plane.  Having  the  problem  formulated  in  this  way 
allows  the  compensation  theorem  from  network  theory  to  be  used  to  express 
Az  in  terms  of  a  surface  integral  over  the  area  of  the  ground  screen  S.  Thus 
(Monteath,  1951) 

Az=hl ! {z'  ~ z)  H,,‘  •  H“ ds  (2) 

where  Hp(  is  the  tangential  magnetic  field  on  the  ground  plane,  with  no 
ground  screen,  resulting  from  a  current  Jo  impressed  on  terminals  of  dipole  P 
and  where  H,,  is  the  tangential  magnetic  field  on  the  ground  plane,  with 
the  ground  screen  present. 

Equation  (2)  is  an  exact  formulation  of  the  problem  provided  that  the 
tangential  electric  and  magnetic  fields  may  be  related  by  a  surface  impedance. 
Essentially  it  is  a  two-dimensional  integral  equation  since  the  integrand 
contains  the  unknown  field  Htfl.  It  has  been  shown  in  a  previous  paper 
(Wait,  1956)  that  such  an  equation  can  be  reduced  to  a  one-dimensiona! 
integral  equation  by  employing  a  stationary-phase  principle.  Such  a  method 
is  particularly  appropriate  for  studying  propagation  over  land-sea  boundaries. 
Here  a  somewhat  different  approach  is  used  since  the  two-dimensional  nature 
of  the  problem  must  be  preserved. 


3.  THE  APPROXIMATE  SOLUTION 


The  mutual  impedance  zo.  in  the  absence  of  the  screen  is  easily  obtained 
from  the  known  solution  (Norton,  1957;  Wait,  1957)  of  a  dipole  over  a  flat 
conducting  plane  of  surface  impedance  Z.  Thus 


where 


zo  = 


2rrR0 


C-ikR.  cos2  to  W'f/Jo,  Z) 


W(Ro,  Z)  =  1  -  i(npo)l/2  e-“-  erfcO'H'o1'2), 


k  =  2w/wavelength, 


170  =  120rr  and  pa  =  4 ir  x  10-7. 


(3) 

(4) 


This  result  is  valid  subject  to  the  approximation  that  kd^>  1  and  |Z/tjo|:  <  1. 

It  should  be  noted  that  If’f/Jo,  Z)  can  be  written  in  the  form  (Norton,  1957; 
Wait,  1957) 

W(Ro,Z)=Wr^W,  (5) 
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where 

_  1  +  R(M 
Wr - 2 

is  the  radiation  or  space  field  and  W,  is  the  Norton  surface  wave,  and  R(<ji0) 
is  a  Fresnel  reflection  coelficient.  Provided  <J> o  is  not  near  zero,  and  if 
|  Po  |  1,  Wt  is  the  principal  part  of  W.  By  definition,  the  antenna  pattern 

of  dipole  Q  in  the  absence  of  the  ground  screen  is  the  function  WT.  Now  at 
near-grazing  conditions  where  i/i  approaches  zero  W,  becomes  the  principal 
part  of  W  since  Wt  tends  to  zero.  This  is  an  important  point  to  keep  in  mind 
when  discussing  the  effects  of  the  ground  on  the  radiation  from  the  antenna 
at  low  angles. 

Another  quantity  required  is  the  tangential  magnetic  field  Hp«  resulting 
from  a  current  /o  in  dipole  P.  It  is  a  vector  with  amplitude  given  by 


where 


Hvt 


iklolx 

2irR 


c~tk*  cos  0  W(r,  Z) 


W(r,Z)  =  1  —  i(np){iz  c~“  crfc(iiv1/:), 


tv 


hvoV 
RZ)  ’ 


(6) 

(7) 


p=~~  and  R  =  {rt  +  h*)'* 

This  result  is  valid  subject  to  kr  >  1  and  |  Z/r,0  |*  <  1 . 

Now  the  tangential  magnetic  field  H,,  on  the  ground  plane  in  the  presence 
of  the  screen  may  be  written  in  the  form 


where  W'  is  an  unknown  function  of  the  radial  distance  p  and  the  surface 
impedances  Z  and  Z'  of  the  screen  and  of  the  ground  Equation  (8)  is  nor¬ 
malized  so  that  IV'  would  approach  unity  if  Z'  =  Z  =  0. 

In  a  similar  manner  the  mutual  impedance  :  in  the  presence  of  the  screen 
is  written 

2  =  e~“*°  C°s!!  *°  W  {Ro' Z'  Z‘)  (9) 

where  W  is  an  unknown  function  which  is  also  normalized  such  that  it 
becomes  unity  for  Z  =  Z’  =  0. 

Using  (3),  (6),  (8),  and  (9),  it  readily  follows  that  (2)  may  be  expressed 
by  the  equivalent  form 
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W"(/?o,Z,Z')=  W(R»,Z) 


+  — * —  f  f  (Z-^\  e~ikp 

2ir  cos  </>a  J  J  \  vo  ) 

X  (l  +  ^,Z)  »"(/>,  Z'.Z)  d*  dp. 


where  the  variables  of  integration  are  p  and  <f>,  the  polar  coordinates 
Also,  and  i4  are  unit  vectors  in  the  direction  of  the  fields  Hp( 
In  the  case  when  h  approaches  zero,  (10)  reduces  to 

W(d,Z,Z')=  W(d,Z) 


about  Q. 
and  H#l. 


+rJJ(z-^ZKw$(l+i)  <"> 

W(r,Z)W\p,Z',Z)d4>dp. 

This  is  a  two-dimensional  integral  equation  for  the  function  W.  In  principle 
one  could  solve  (11)  for  W"  and  then  using  this,  (10)  becomes  an  explicit 
integral  formula  for  W'(Ra.  Z.  Z')  at  any  height  h.  Because  of  the  complexity 
of  such  an  approach,  it  is  customary  to  reduce  (11)  to  a  one-dimensional 
integral  equation  by  employing  a  stationary-phase  principle  (Bremmer,  1958; 
Fcinbcrg,  1946).  Essentially  this  makes  use  of  the  idea  that  the  important 
part  of  the  surface  integral  is  a  narrow  ellipse  with  foci  at  P  and  Q.  In  the 
geometry  of  Fig.  1  we  would  then  find  that  (11)  could  be  reduced  to 

W'(d,Z,Z')&  W(d,Z ) 


-(tnm 


-Z\  W(d-p,Z)  W(p.  Z',Z) 


W  -  P))m 


dp  (12) 


provided  kb  is  somewhat  greater  than  unity.  An  interesting  special  case  of 
(12)  is  when  Z'  is  allowed  to  be  constant  with  respect  to  p.  Then,  to  within 
the  stationary-phase  approximation.  W'(p,Z',Z)  in  the  integrand  can  be 
replaced  by  W(p,Z').  This  leads  to  the  following  integral  formula  for  the 
mixed-path  function  W\ 

W{d,  Z,  Z')  W(d,Z) 


W(d-p,Z)  W(p,z ') 
bid  -  ,>)]>'- 


All  quantities  on  the  right-hand  side  are  known,  since 

W(p,  Z’)  —  1  —  i(irp)l:2  c~»  erfc (ip112) 
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The  preceding  results,  borrowed  from  the  previous  work  (Wait,  1956) 
on  ground-wave  propagation  over  mixed  paths,  suggest  that  a  plausible 
approximation  to  (10)  is  obtained  if  W'(p,  2',  Z)  is  replaced  by  the  function 
W{p,  Z')  appropriate  for  propagation  over  a  plane  of  surface  impedance  Z\ 
In  the  limiting  case  where  Z'  was  zero  W(p,  Z  )  would  be  unity.  Furthermore, 
even  if  Z'  were  finite  and  slowly  varying,  but  satisfied  the  inequality 


it  would  be  an  excellent  approximation  to  replace  W(p,  Z')  by  unity.  In  most 
ground  screens,  this  condition  would  be  met. 

In  order  to  simplify  the  required  integrations,  it  is  now  assumed  that  d  is 
somewhat  greater  than  b.  Thus,  in  the  integrand  of  (10)  we  make  the  following 
additional  approximations 

ip  .  U  ^  —  cos  4, 


Ro  cos  <l> 
R  cos  ifiQ 


S£  1 


for  the  whole  range  of  integration.  Thus 

W\R,  Z,  Z*)  -  W(R,  Z)  [1  +  O)  (15) 

where 

- - -  f  f  (z  ~ z) 

2n  cos  <l>o  J  J  \  VO  ) 

a 

x  (l +  ^L)  cos^d^dp,  (16) 

where 

R  =  \pz  +  dP  +  h*  —  2pJcos^« 

and 

Ro  =  [<P  +  h2)m. 


The  quantity  Q  is  the  fractional  change  of  the  mutual  impedance  between  P 
and  Q  resulting  from  the  presence  of  the  screen  5.  It  is  now  convenient  to 
split  !)  into  two  parts  in  the  manner 

a  =  Qa  +  G„  (17) 


where  £a  is  the  contribution  from  the  semi-circular  screen  of  radius  a,  and 
Ot>  is  the  contribution  from  the  sector. 
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d<f>  dp.  (18) 


4.  THE  INTEGRAL  Q .  FOR  THE  CIRCULAR 
GROUND  SCREEN 

Over  the  range  0  <  p  <  a,  it  is  permissible  to  retain  only  first-order  phase 
terms,  thus  R  —  Ro=  —  p  cos  <j>  cos  to-  Therefore, 

A  * 

fl.s*  ~ik-r  f  f  e-“'(l  +  “**“*''• 

2 it  cos  J  J  \  tkpl 

p-o 

cos  ^  d^  d p.  (18) 

The  <f>  integration  can  be  carried  out  in  closed  form  to  give 

f  e-‘^  f  I  +  Mkp  cos  fa)  f^2— d/.  (19) 
cos  fa  J  \  »*/>/  \  vo  / 

#— 0 

where  it  has  been  assumed  that  Za  does  not  depend  on  Ji(x)  is  the  Bessel 
function  of  the  first  type  of  order.  An  alternate  derivation  of  (19)  is 
given  in  the  appendix. 

In  the  absence  of  the  sector  portion,  represents  the  total  effect  of  the 
ground  screen.  If  Jka>  1  the  integrand  in  (19)  can  be  approximated  by 
employing  only  the  first  term  of  the  asymptotic  expansion  for  the  Bessel 
function.  Thus,  for  the  major  range  of  the  integrand. 


Ji(kp  cos  fa)  e~ikp 


('♦& 


\2irkp  COS  I 


c-a#/4  (I  _  ie-tlkp  co»  cikp(cot 


e-<l(l-coi  *>0) 


dx.  (21) 


When  Z„  is  essentially  a  constant  over  the  range  of  integration,  Q,  can  be 
expressed  in  terms  of  Fresnel  integrals.  Thus 

°^J( 'isni  fcr) 

r  i  f vT-?> - ? r vww - ? 

J  ~*J 


e-*(«/2)  «*  , 


^)c»V 


COS  j  0 


e-«*«>‘ldf  .  (22) 
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As  ipo  tends  to  zero,  the  above  equation  reduces  to 


\m  (z-za\ 

r  (^r 

|  '•  dr 

V  w 

'[  Vo  / 

- 

Since  ka  >  1 

Qa  3=  j 

i2ka\1'2  IZ- 

w  /  \  VO 

When  the  second  term  in  the  square  bracket  is  neglected  the  result  agrees 
with  a  previous  analysis  (Wait,  1956)  for  the  transmission  across  a  land-sea 
boundary.  It  is  concluded  that  the  second  term  in  the  square  brackets  of 
(24)  results  from  the  circular  shape  of  the  screen.  Usually  in  the  land-sea 
boundary  problems  both  media  are  semi-infinite.  Further  support  to  this 
contention  is  given  below. 

It  is  of  interest  to  compare  (22)  with  the  solution  obtained  on  the  assump¬ 
tion  that  the  ground  screen  may  be  replaced  by  a  perfectly  conducting  half- 
planc.  Assuming  an  incident  plane  wave,  the  voltage  induced  in  antenna  Q 
is  calculated  by  a  modification  of  Sommerfcld’s  results  (Sommcrfcld,  1899) 
for  diffraction  by  a  knife  edge.  The  method  suggested  by  Senior  (1956)  is  a 
union  of  ray  theory  and  rigorous  diffraction  theory.  A  direct  application 
leads  to 


1  +Q, 


„  F(u)  +  R(M  F(—u) 

i  +  r{<m 


(25) 


where  R(<j> o')  is  the  Fresnel  reflection  coefficient  given  by 


d/  i.  \  _  sin  >h  —  (Z/rjo) 
R{h)-^r+(ziv  o) 


and 


F(u)  =  1  +  V(2i)  j  *-*'"*>  dr 
o 


(26) 

(27) 


with  n  =  (4A-a/ir)l«  sin  <h/2.  The  function  F(u)  can  be  identified  as  the 
response  in  the  dipole  at  Q  resulting  from  an  incident  plane  wave  (at  grazing 
angle  <Po)  on  a  semi-infinite  conducting  plane.  The  function  RWo)  F(—u) 
is  then  the  response  of  an  (image)  plane  wave  incident  from  below  the  half¬ 
plane.  Such  a  solution  is  very  plausible  since  the  tangential  magnetic  field  is 
continuous  across  the  air-ground  interface  and  the  fields  have  the  proper 
singularity  at  the  edge  of  the  half-plane  and  satisfy  the  boundary  conditions 
on  the  half-plane  itself.  However,  the  tangential  electric  field  is  not  continuous 
across  the  air-ground  interface.  For  near-grazing  angles  this  violation  of  the 
boundary  conditions  takes  place  within  a  very  small  distance  from  the  edge 
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of  the  half-plane.  The  result  given  by  (25)  can  be  rewritten  in  the  form 


vW) 


COS  Sin  — 


which  is  almost  identical  to  (22)  when  Z'a  =  0  and  the  second  integral  is  dis¬ 
regarded.  It  is  also  required  that  t o  is  small.  (It  might  also  be  mentioned 
that  a  similar  formula  for  this  situation  has  been  proposed  by  Carswell  and 
Flammer  (1957).  Their  result  is  derived  by  an  approximate  evaluation  of  the 
one-dimensional  integral  equation  of  the  same  type  that  occurs  in  mixed-path 
theory  for  ground-wave  propagation  (Writ,  1956).) 

An  exact  correspondence  between  (22)  and  (28)  is  not  expected  because  of 
the  differing  approximations  inherent  in  the  two  approaches.  However,  this 
demonstration  strongly  suggests  that  the  second  integral  in  the  square 
bracket  is  the  contribution  from  the  back  edge  (i.e.  ^  ~  w)  of  the  circular 
disc.  As  mentioned,  for  ka  >  l,  this  term  can  be  neglected. 

Another  aspect  of  the  circular  ground  screen  also  deserves  mention.  In  the 
formulation  of  the  problem  it  was  assumed  that  antennas  P  and  Q  were 
vertical  electric  dipoles  of  infinitesimal  length.  The  modification  of  the 
theory  for  antennas  of  finite  length  is  not  difficult  although  the  complexity  is 
greatly  increased.  For  near-grazing  angles,  it  is  not  difficult  to  show  that  the 
principal  results  are  not  changed  essentially.  For  example,  if  Q  is  a  quarter- 
wave  monopole  with  an  assumed  sinusoidal  current  distribution,  the  changes 
in  (16),  (17),  and  (18)  arc: 


cos  to  r  *  (w  ■  I  \ 
cos  I  -  sin  to  1 

and 

^1  -f  ~  j  e~<kp  is  replaced  by  e-u''0’,+<',/4’,,. 

For  large  ground  screens  1),  the  difference  between  the  latter  two 

factors  is  negligible.  For  screens  comparable  in  size  to  the  wavelength,  it 
may  be  important  to  use  the  correct  form  of  this  factor.  In  the  case  of  the 
quarter-wave  monopole,  can  be  written  in  the  form 


is  replaced  by 


cos  to 


cos  to 
i  sin  toj 


I  (*¥) 


e-iv  l*«  +  <»«>*!  j^x  cos  ^o)  d  v.  (29) 


When  Za  is  a  constant  over  the  range  of  x  and  to  tends  to  zero,  it  is  con¬ 
venient  to  write 


a.  =  &[Xi  ~  iX%  ] 


(30) 
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where 


h  = 

N 

1 

N. 

1  e-*’1*. 

\  qo  / 

ka 

r 

r/  *.2\  1/2 

Xi  = 

-  cos  **+-!  --  Ji(x)dx 

(31) 

at 

0 

k  '  •  j 

ka 

C  fl 

f  .  t/2 

Xz  — 

J  ^  [( 

-j]  *(*)<*. 

(32) 

o 


If  the  screen  is  perfectly  conducting 

S  _  =  /_^V/2  A  - 

VO  \°  +  itu>/  \  a  +  ituij 

in  terms  of  the  electrical  constants,  o  and  «,  of  the  ground.  At  low  frequencies, 
where  o >  a /«, 

5  S  -  0  0075  (fucl°)ln 

which  is  essentially  a  real  quantity.  (In  the  above,  fuc  is  the  frequency  in 
megacycles  and  <r  is  the  ground  conductivity  in  mhos  per  meter.) 

Numerical  values  of  Xi  and  Xt  for  ka  in  the  range  from  0  to  6-5  are  given 
in  Table  1. 


Tabu  I 


ka 

Xi 

Xt 

00 

000 

0-000 

0-5 

-0  042 

0-040 

10 

-0130 

0-181 

1-5 

-0  211 

0-417 

20 

-0  209 

0-700 

2-5 

-0102 

0-947 

30 

0-042 

1-093 

3-5 

0-155 

1-131 

40 

0-171 

1-133 

4-5 

0-113 

1-178 

5  0 

0-050 

1-300 

5  5 

0  050 

1-468 

60 

0-119 

1-612 

6-5 

0-205 

1-674 

These  values  were  obtained  by  graphical  integration  so  the  accuracy  of  the 
last  significant  figures  are  doubtful.  For  large  values  of  ka ,  Xi  and  Xz  can 
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be  represented  by  Fresnel  integrals  if  (x2  +  n2/^2  is  replaced  by  x  and 
Ji(x)  is  replaced  by  the  first  term  of  its  asymptotic  expansion.  Thus 

« 

J  cos(?/*)dr  (33) 

0 

and 

« 

X*  =£  (Heal*)112  -  L  J  sin  ^  dt  (34) 

o 

where 

u  =  (4kal*y>2  =  (8a/A)»«. 


It  can  be  seen  from  Table  1  and  from  (33)  and  (34)  that  Xt  is  generally 
quite  large  compared  with  X\.  Consequently,  the  imaginary  part  of  Qa  is 
somewhat  larger  than  its  real  part  which  indicates  that  the  presence  of  the 
ground  screen  influences  the  phase  to  a  greater  extent  than  the  amplitude. 


5.  THE  INTEGRAL  FOR  THE  SECTOR 
GROUND  SCREEN 

Attention  is  now  turned  to  the  sector  portion  of  the  screen.  The  antenna  at 
Q  is  again  assumed  to  be  a  dipole.  If  b  it  is  again  permissible  to  retain 
only  first-order  phase  terms.  Therefore,  it  follows  from  (10)  and  (14),  that 

Q»  *=  -  „  ik  .  f  f  e-**'  (l  +  e1*' x 

2>r  cos  4>o  J  J  \  ikp) 

x  cos  4>  Zj  d<*  dp.  (35) 

This  result  is  analogous  to  (18)  for  the  circular  screen.  To  effect  the  <f>  integra¬ 
tion  we  use  the  basic  relation 

€te  CO.  P  =  j,,  eln*l2  /„(*)  cos  „  f 

»-0 

which  is  a  generating  function  for  Bessel  functions,  Jn(x).  Using  this  result, 
it  readily  follows  that 

» 

"*  =  e-ST.  /  ( 1  *  Si)  '***'  cos  *•’  d'  <“> 
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where 


A(x)  =  J-.  S  «»  M*)  f  cos  n4  a*  4  d  4 

2  vf„_o  J 

.ij  .. W [“" (" ~  0  *  + f  + 

4it/' «»o  L  n  —  i 


sin  (n  + 


1)  J2  +  sin  (n  +  1)  dil  ,3?, 
n  +  1  J 


It  is  noted  that  if  di  =  At  —  ir, 

A(x)  =  Ji(x)  (38) 

which  corresponds  to  a  circular  screen.  Another  special  case  is 


which  leads  to 


4i  «  A  -  f 


A(x) 


Jl(x)  l_  y  **Jin(x) 
2  (4/»*  -  1) 


(39) 


This  particular  formula  was  quoted  by  Monteath  (1958). 

Equation  (36),  which  generally  requires  a  numerical  integration  and  a  sum¬ 
mation,  becomes  very  complex  if  the  screen  is  large  in  terms  of  wavelength. 
This  complication  results  from  the  poor  convergence  of  the  Bessel  function 
series  when  kp  cos  4o  >  1.  An  alternate  representation  for  Q„  can  be  obtained 
if  a  modified  stationary-phase  evaluation  of  the  4  integration  is  used.  This 
approach  is  particularly  suitable  when  the  kb^>  \.  The  phase  factor 
k(R  -  Rq)  is  now  approximated  in  the  following  way 

<«  -  *.)  -  +  p!  -  2«l(l  -  j  +  •  •  •  )]'"  -  *> 

**.-*  +  ?£  («> 


where  rti  =  {/?S  +  P2  ~  2.pd]m.  Thus  we  have  retained  second-order  phase 
variations.  Consequently, 


flts-  --7-  f  (— — -) 

2n  COS  4o  J  \  VO  J 


e-U/>  c-f*[/?i-flo)  x 

x  J  e-ikMp'wh  44  dp.  (41) 


-a, 
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This  can  be  written  in  the  form 


n  lik  \m  1  C  (Z>  -  Z\  c-**i*i-*°>  .... 

*  -  y  5sbs  j  i— )  — — f(M  d' <42) 


j  P  v 

)  =  e-«"»  dr 

‘  -i  V(!£) 

-KV(S)],+cMS0]} 


It  can  be  seen  that  if 


C(u)  -  iS(u)  =  J  e-«"2>  **  dr. 
o 


are  greater  than  about  5,  F(kp)  may  be  replaced  by  unity  and  thus  the  sector 
is  behaving  as  a  circular  screen  of  radius  b.  Equation  (42)  is  in  a  suitable 
form  for  numerical  integration  in  the  general  case  when  F(kp)  cannot  be 
replaced  by  unity. 

In  the  far  zone,  where  only  first-order  phase  variations  arc  employed, 
(42)  has  the  form 

„  ( ik\l,i  1  f  Z;-Ze-««l-“W  r/l  ,  j 

*  -  -  y  issrs  j  «*»>  <«> 


e-((»/w  i»  dr. 


-•>.  \/(^) 

This  is  also  in  suitable  form  for  numerical  integration  with  respect  to  p 
(or  kp). 

An  interesting  special  case  of  (45)  is  when  -*■  0  and  Z‘b  can  be  regarded 
as  a  constant.  Then 
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After  an  integration  by  parts,  it  readily  follows  that 


2A2 


2A\ 


£-ikaA\H  cH*odt/2' 


2  A2 


+  ■ 


-ito  Jl/2\T 

~2AT  )J 


)J 

(48) 


where  F(kb)  and  F(ka)  are  defined  by  (46).  If  (kb)112  A2  and  (kb)112  A 1  I, 
the  first  term  in  square  brackets  can  be  replaced  by  unity.  Furthermore,  if 
(bla)V2^>  1,  the  second  square  bra'*l':t  term  is  negligible  compared  with 
unity.  To  within  this  approximation,  the  sector  screen  is  behaving  as  a 
circular  screen  of  radius  b  (e.g.  compare  (24)  and  (48)). 

When  fa  is  finite  but  small,  it  is  possible  to  extend  the  preceding  result  by 
replacing  the  factor  exp[—  ikp(  1  —  cos  </>o)]  in  (45)  by  its  power  series 
expansion.  Then,  again  assuming  Z'b  is  a  constant,  it  is  found  that 


v 

m-0 


[—  /kb (l  —  cos  </>o)]m 
m!(2m  4-  1) 


*  |[w‘>  -  (J=c*(-  f '  “) +  T  •“))] 


where 


+AlCm\ 

(- “’•**))])  (4,) 

1  dm  e*x 

(50) 

Xm  dam  a 

When  ^o  =  0  only  the  m  —  0  term  of  the  series  is  finite  and  the  result  is 
identical  to  (48).  When  4>o  is  finite  but  small  enough  that  (kb)112  fa  <  1, 
the  scries  converges  very  rapidly  and  only  a  few  terms  are  needed. 


6.  CONCLUDING  REMARKS 

The  collected  results  presented  here  should  be  useful  in  making  estimates 
of  the  influence  of  an  inhomogeneous  ground  plane  on  antenna  radiation. 
As  we  have  seen,  the  subject  is  closely  related  to  the  question  of  ground-wave 
propagation  over  mixed  paths  such  as  occur  at  land-sea  boundaries. 

In  the  present  study,  the  electrical  characteristics  of  the  ground  are  assumed 
to  be  characterized  by  a  surface  impedance  which  is  a  (complex)  constant  Z 
outside  a  surface  S.  Within  S  the  impedance  Z'  is  allowed  to  be  variable.  In 
the  case  of  a  radial-wire  system  emanating  from  Q,  it  is  appropriate  to  use 
formulas  which  have  been  developed  for  the  surface  of  a  wire  grid  in  the 
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interface  of  a  conducting  half-space  (Wait,  1958).  In  general  these  are  com¬ 
plicated,  but  recently  some  numerical  results  have  been  obtained  which  should 
be  useful  in  this  problem.  At  low  radio  frequencies  for  moderately  or  well¬ 
conducting  soils  it  is  a  satisfactory  approximation  to  regard  the  surface  Z' 
as  the  parallel  combination  of  the  surface  impedance  Z,  of  the  equivalent 
grid  and  the  ground  beneath.  Thus 


where 


Z'££ 


ZZ 

Z  +  Z. 


—  mod .  d 

Z--V0&2~' 


(51) 

(52) 


and  d  is  the  spacing  between  the  radial  conductors  and  c  is  the  radius  of  the 
wires.  Such  a  formula  is  strictly  valid  only  if  (opo^)l/2  d  1  everywhere 
within  the  ground  system.  If  there  are  N  radial  conductors,  it  can  be  seen 
that  d  can  be  replaced  by  2-rtpjN  where  N  is  usually  of  the  order  of  100. 

It  is  admitted  that  the  theory  in  this  paper  is  rather  involved.  In  order  to 
obtain  numerical  results  it  is  necessary  to  evaluate  the  integrals  Qa  and  12*  by 
numerical  or  analytical  means.  The  quantity  12(*=  !ia  *f  12*)  is  then  regarded 
as  the  fractional  increase  of  the  field  as  a  result  of  the  presence  of  the  sector 
ground  screen  (as  indicated  by  equation  (15)).  The  final  results  should  be 
valid  when  the  surface  impedances  Z  and  Z’  are  reasonably  small  compared 
with  i)o  or  120  it  ohms.  However,  this  is  a  condition  which  is  also  required 
in  Sommerfeld's  theory  for  a  dipole  over  a  conducting  half-space,  and  is  not 
overly  restrictive. 

Extensive  numerical  results  based  on  the  theory  given  in  this  paper  have 
now  been  obtained.  They  will  be  included  in  a  forthcoming  paper  co-authored 
with  Mrs.  L.  C.  Walters  [N.  B.  S.  Monograph  No.  60,  1963]. 


7.  APPENDIX 

The  various  approximate  formulas  used  in  this  present  work  start  from  the 
mutual  impedance  formula  given  by  (2).  As  Monteath  (1951)  shows,  this  is 
based  upon  Ballentine’s  (1929)  formulation  of  the  electromagnetic  reciprocity 
theorem.  The  author  (1954)  has  obtained  similar  results  directly  from  solu¬ 
tions  of  the  wave  equation.  The  latter  method  has  the  advantage  that  a 
perturbation  procedure  can  readily  be  applied  to  obtain  higher  order  cor¬ 
rections.  It  has  the  disadvantage  that  only  relatively  simple  geometries  are 
easily  treated.  A  brief  presentation  of  the  alternate  methed  is  given  here 
since  it  sheds  some  light  on  the  nature  of  the  approximations  used  in  the 
body  of  the  text. 
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appropriate  for  a  perfectly  conducting  ground  plane.  When  the  antenna  is  a 
quarter-wave  monopole  with  a  sinsuoidal  current  distribution 

H2(p',  0)  =  -  e-<*vi(p)*+(i/4)n  (63) 

r  2  vp 

and,  for  kp  >  1, 

H‘(Pt  z)  a  -  JL  e-‘*«  cos  sin  ^ .  (64) 

Thus 

*<• 

q  a - ££i £ —  I*  ( c-t  V  + »‘/4>  y,(.v  cos  dA-  (65) 

/rr  .  ,\  J  \  Vo  1 

cos  I -sin 01  S 

This  is  in  agreement  with  (29). 
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Influence  of  a  Sector  Ground  Screen  on  the  Field  of  a  Vertical 

Antenna 1 


James  R.  Wait  and  Lillie  C.  Walters 

Tlic  field  of  a  short  vertical  antenna  on  a  homogeneous  ground  is  shown  to  be  modified 
bv  the  presence  of  it  metallic  screen.  The  screen  is  taken  in  the  form  of  a  rirrnlnr  disk  and  n 
concentric  sector.  The  modification  of  the  field  is  expressed  in  the  form  of  snrfnce  integrals 
over  the  disk  and  the  sector.  Kxtensive  numerical  results  for  these  basic  integrals  are  given 
and  a  number  of  applications  arc  illustrated. 

1.  Introduction 


The  influence  of  tlte  ground  on  the  fields  of 
ttnlennas  lias  been  discussed  sporadically  in  the 
literature  for  many  years.  In  most  propagation 
calculations  it  is  assumed  that  the  transmitting 
antenna  lias  a  fixed  dipole  moment  and  the  ground 
is  taken  to  be  n  perfect  conductor  or  possibly  n 
homogeneous  imperfectly  conducting  half  space. 
In  practice,  however,  some  kind  of  ground  system 
is  used.  Usually  (his  lakes  the  form  of  it  metal 
screen  or  radial  wire  system  which  is  on  the 
surface  of  the  ground  or  may  lie  buried  slightly 
beneath  the  surface.  The  resign  of  such  systems 
lias  heen  typically  empirical.  Apparently,  the 
first  analytical  approach  was  carried  out  by  Brown 
et  al.  (I).*  Later  works  [2,  :i|  have  dealt  mainly 
with  the  influence  of  the  ground  svstem  on  the 
impedance.  In  most  cases  it  Ims  been  assumed 
that  the  radiated  field  for  n  given  current  on  the 


antenna  wbs  not  appreciably  affected  by  the  pres¬ 
ence  of  the  ground  screen.  In  fact,  nn  approxi¬ 
mate  analvtical  method  was  given  previously  by 
Wait  and  Pope  |4|  which  is  suitable  for  estimating 
the  dependence  of  the  ground  wave  on  the  size  of  a 
circular  ground  screen.  Calculations  |5|  based  on 
t liis  work  supported  the  contention  that  a  screen 
has  only  a  small  effect  on  the  radiated  field  pro¬ 
vided  tile  radius  of  the  screen  is  of  the  order  of  a 
wavelength  or  less.  Very  similar  conclusions  have 
heen  arrived  at  by  British  workers  (0,  7 1 

In  this  paper  consideration  is  given  to  ground 
screens  which  may  he  large  in  terms  of  a  wave¬ 
length.  Since  the  theory  has  been  treated  quite 
generally  in  a  previous  paper  IS),  attention  will  he 
focused  here  on  the  numerical  calculations  anil  the 
predicted  performance. 


2.  Formulation  and  Description  of  Problem 


The  situation  is  described  ns  follows.  A  vert  irnl 
electric  dipole  is  located  on  ii  flat  homogeneous 
ground  of  conductivity  «  and  dielectric  constant  «. 
The  vertical  electric  field  E  at  n  distance  lit,  and 
elevation  angle  tA>  is  given  ns  follows 


v  imsdl. 

’  2*Rt 


cos5  ^0B'(  llv,  Z) 


0) 


where 

M«=4irX10-J 
w— angular  frequency 
/=effective  height  of  transmitting  dipole 
/^current  at  terminals  of  transmitting  dipole 
k=s  2v/wa  velength. 


ground  conductivity  |91 

—  V  ""erf i-  ( »»« •’)  (2) 

where 

vo=N  +( W20  sin  tM-’p o.  (;h») 

* — r  l*> 

and 

So=l20ir. 


This  result  is  valid  for  A-  7?0  >>  1  and  |Z/n«|*«l. 

If 


Ut,u  ,  , 

•-X7-  fO* 

a  -f-  ?tu> 


•Ii/? 

J 


(4) 


In  the  above,  Z)  is  a  complex  quantity 

which  is  a  function  of  the  surface  impedance  7.  of 
the  ground.  Over  a  perfectly  conducting  ground, 
M'  would  approach  unity.  In  the  case  of  finite 


»  This  ««k  «n  i|«n«orcti  by  (Ik*  Ekriroiibi  K«lwrrH  t  bra-tor  tie  of  lit* 
Ait  Fwtt  CtniltfMlt'  Rwart  h  Lalioratoriei,  Bffnt  of  Atto-Sjiacr  Hwa/rh 
(UBAF).  JirtlforU.  Matt  ,  undrr  ronirtu  i  I’KUdil-W 
»  Fl «mr*  In  brorhrt*  IfHlIrotr  iIk-  lllrraturr  rrfetrntrs  on  par*  * 


the  expression  for  II'  eoincides  exactly  with  the 
result  given  by  Norton  (I0|  for  the  same  situation. 
It  may  be  noted  that  this  value  of  7.  is  exactly 
equal  to  the  ratio  of  the  tangential  electric  and 
mngnetic  fields  for  a  vertically  polarized  plane 
wave  incident  at  an  angle  90°—  +<,  on  the  homo¬ 
geneous  flnt  ground. 


1 
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Ill  applications  to  practical  communication 
problems  it  is  very  convenient  to  split  off  the 
surface  wave  portion  11',  by  writing 

ir=ir,+ir,  <-,» 


where,  by  definition, 

H\=Il+/fr(*o)l/2 


is  the  radiation  or  space  wave  field,  and 

sin  to-Ziio 
'  sin  ifo+£/so 


is  the  Fresnel  reflection  coefficient.  This  decom¬ 
position  of  the  total  field  into  space  and  surface 
wave  was  first  made  by  Norton  (10|  and  it  is  n  con¬ 
venient  procedure  in  radio  engineering  since  by- 
definition,  IF,  is  the  rndintion  pattern  of  the  an¬ 
tenna  in  the  presence  of  the  ground  plane.  It 
may  be  the  dominant  term  in  many  cases  of  prac¬ 
tical  interest  although  ns  approaches  zero  IT, 
actually  vanishes.  Methods  for  estimating  the 
relative  importance  of  H",  are  given  in  the  papers 
bv  Norton  [10). 

The  central  task  in  the  present  paper  is  to  in¬ 
dicate  how  a  wire  mesh  or  a  similar  metal  screen 
lying  on  the  ground  will  modify-  the  field  at  the 
receiving  antenna.  The  surface  impedance  is  as¬ 
sumed  to  be  modified  to  over  the  area  of  the 
screen,  but  remains  the  same  outside  the  screen. 
The  field  E in  the  presence  of  the  screen  is  then 
written 


rosJ Z'K  <7> 

where  IF'  is  an  unknown  complex  quantity  which 
is  now  a  function  of  in  addition  to  l{„  and 
The  quuntity  IF'  reduces  to  H-  if  %’  =  /.: 


In  a  previous  paper  [8]  an  integral  equation  for 
II*'  was  obtained  by  an  application  of  the  Lorentz 
reciprocity  theorem.  Although  it  would  be  pos¬ 
sible  to  solve  this  equation  directly  using  a  digital 
computer  it  was  indicated  that  a  first  order  itera¬ 
tion  was  satisfactory.  In  this  case  it  was  found 
that 

\V'(R,  Z,Z')ss\Y(R,  Z)  ll-Hl]  (8) 

where  11  is  the  fractional  change  of  the  field  due  to 
the  presence  of  the  screen.  Within  the  approxi¬ 
mations  slated,  the  fnctor  It  can  be  regarded  as 
the  modification  of  the  effective  height  of  the 
transmitting  antenna,  since  it  influences  H'r  and 
W,  to  the  same  extent. 

Before  proceeding  further  it  is  convenient  to 
introduce  a  polar  coordinate  svstem  (p,  $)  cen¬ 
tered  at  the  source  dipole  as  indicated  in  figure  1. 
Thus  an  element  of  area  of  the  ground  plane  is 

p  di i  dp. 

From  the  analysis  in  the  previous  paper  by 
Wait  |K|.  it  was  shown  that 


2ir  i 


(Z~-) 

JJ 

'  Vo  / 

X(l+;j)<eos*),/*/p.  (!>) 


where 


and 


H  =|p:-fdH-/i!-2p'/cos*|,'» 

/f0=(rf--fA!)‘'s./>=:/fn  si.nf„ 
</=  I! „  cos  \l„. 


The  integral  may  be  evaluated  when  the  shape 
of  the  ground  screen  is  specified.  In  the  following, 
attention  will  be  confined  to  screens  which  are  in 
the  form  of  a  sector.  A  special  case  is  a  circular 
screen  and  this  is  considered  first. 


3.  The  Circular  Screen 


Over  the  range  0 <p<o  it  is  assumed  that  the 
surface  impedence  is  Beyond  the  screen 

(i.e.,  p>«).  7/=7.  Furthermore,  it  is  nssumed 
that  the  receiving  nntenun  is  in  the  far  field  such 
that 


n-=w.  L:' ' 

(*¥)•<'■  1111 


Thus 


/f— /f0  — —  p  cos  <t>  cos  *0. 


o.af 


ik 


r  /' 


2 ir  cos  . 

x( 1 + i)  * *  “*  ##r«s  *  ( n«i 


If  Z,  does  not  depend  on  4>  the  integration  with 
respect  to  4  may  he  readily  carried  out  to  give 


where  J,  is  the  Bessel  function  of  the  first  type  of 
order  one.  When  denling  with  large  screens  the 
argument  kp  cos  can  he  regarded  as  a  large 
quantity  over  the  major  portions  of  the  integrand. 
Thus.  J i  may  be  replnced  by  the  first  term  of  its 
asymptotic  expansion.  Therefore, 


p.g_( _ l_  v" 

\2ir  cos3  if0/  Jo  V  So  ' 


So 

^ -fjtl -ro« 


<h.  (12) 
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When  Z‘,  is  essentially  const  nut  over  the  range  of 
integration.  fi,  cnn  he  expressed  in  terms  of 
Fresnel  integrals.  After  n  change  of  variable  it 
readily  follow  tlmt 


where 


„  Z~7- 
».«  f 

Vn 


,XG 


*tn 


^  <4Ao/  r*  tm  ii%li I 


r=  .  t.  f  1  f1**" 

(2  cos3 lain  (i>J2) 

exp  |-i(v/2)/*WfJ'  (13a) 

As  approaches  zero  the  above  equation  reduces 
to 


exp  (  —  t0r/2)f*|rf(J  (13b) 


and,  if  Aro>>l,  this  may  he  approximated  hy 

It  is  interesting  to  note  that,  if  the  integral  in 
(12)  is  evaluated  by  a  stationary  phase  method, 
the  serond  Fresnel  integral  in  the  s*|unre  bracket 
term  of  (13u)  is  not  present.  This  would  corre¬ 
spond  to  the  approximation  usually  employed  in 
the  practical  theories  of  luixed-pnth  ground  wave 
propagation.  The  value  of  (7  corresponding  to 
this  situation  is  denoted  (7(1). 

Numerical  values  of  the  integrals  G  and  (7(1) 
ure  given  in  table  1.  The  values  of  lea  (denoted 
lvA)  take  the  values  5,  10,  20,  30,  and  100.  while 
(denoted  PSI)  runs  from  0°  to  45°.  It  is  im¬ 
mediately  evident  that,  for  small  values  of 
(i.e.,  near  grazing),  the  integrals  (7  and  (7(1)  are 
not  significantly  different.  As  will  be  clear  from 
the  following  section  the  integral  (7(1)  would 
correspond  phvsically  to  the  situation  where  the 
■  screen  is  semicircular  in  shape  (i.e.,  ♦  extends  from 
r/2  to  —  v/2  only). 

To  illustrate  the  application  of  the  results  in 
tuble  1,  values  of  the  complex  quantity  14-0, 
have  been  computed  for  several  values  of  the 


surface  impedances  of  the  ground  plane.  For 
this  purpose  it  is  convenient  to  write 


z-z:  i 

1)(1  A* 


(15) 


where  .V  and  0  are  real.  If  the  ground  screen  is  a 
metal  sheet  Z  and,  consequently,  AV~'e 

could  he  regardeil  ns  the  complex  refractive  index 
of  the  ground  itself.  However,  in  general,  A’  and 
0  have  a  more  genernl  meaning  as  defined  by  (I.r>). 
Tnking  <Y=3  and  (3  =  0°.  the  amplitude  and  phase 
of  1  -Ml,  are  shown  plotted  in  figures  2n  and  2l>, 
respectively,  as  a  function  of  for  various  values 
of  ka.  It  is  emphasized  that  such  curves  should 
not  he  regarded  ns  radiation  patterns  hut  rather 
ns  modifications  of  the  effective  height  of  the 
transmitting  antenna  due  to  the  ground  screen. 
It  is  apparent  thnt  for  the  low  angles  involved  in 
IIF  communication  the  ground  screen  will  increase 
the  effective  height  of  the  transmitting  antenna 
hy  a  significant  amount.  The  value  of  A'  given 
in  this  example  corresponds  to  a  dielectric  con¬ 
stant  of  3!  or  9  which  is  typical  of  very  thy  ground. 
The  effect  of  choosing  a  large  value  of  A’  is  shown 
in  figures  3a  and  3b  where  A’— 1(1  and  0— 0°.  The 
curves  are  very  similar  in  shape  hut  the  overall 
effectiveness  of  the  ground  screen  is  reduced 
somewhat. 

The  value  of  0.  as  defined  by  (In),  determines 
the  phase  of  the  complex  refractive  index  of  the 
ground.  For  a  very  dry  or  nonconducting  ground 
d  is  zero  as  indicated  in  figures  2a  to  3b.  However, 
when  the  conductivity  becomes  important  0  may 
he  greater  than  zero.  In  fact,  for  a  highly  con¬ 
ducting  ground  where  displacement  currents  arc 
negligible.  0  may  approach  45°.  To  illustrate  the 
influence  of  finite  d.  the  amplitude  and  phase  of 
]  — 1*„  are  shown  in  figures  4a  and  4b  for  In  =  20. 
.V—  It),  and  various  values  of  d  between  11°  and 
45°.  It  is  evident  from  these  curves  that  the 
presence  of  the  conduction  currents  lends  to 
diminish  the  amplitude  hut  it  does  increase  the 
phase. 

It  is  becoming  apparent  that  at  tin-  lower  fre¬ 
quencies  and  highly  conducting  ground  the  pres¬ 
ence  of  the  ground  screen  has  a  small  effect  on  the 
total  field  (for  a  given  strength  II  of  the  source 
dipole).  To  illustrate  this  point,  the  amplitude 
and  phase  of  1  4-  If,  are  shown  in  figures  5a  and  5b 
for  lea  =  20  and  d=45°  for  A’=10  and  30.  The 
modification  of  the  effective  height  of  the  antenna 
is  less  than  2  dh  and  here  the  radius  of  the  screen 
is  almost  3  wavelengths. 


4.  The  Sector  Screen 


It  is  clear  from  the  previous  results  that  a  large 
circular  ground  screen  will,  indeed,  improve  the 
low  angle  radiation  from  a  ground-based  vertical 
antenna.  However,  one  might  ask  if  any  portions 
of  the  circular  ground  screen  could  he  removed 
without  materially  affecting  the  performance  of 
the  system.  This  is  certainly  a  valid  question. 


In  the  first  plnee  it  is  known  |5|  that  the  impedance 
of  the  antenna  is  not  affected  by  anything  beyond 
about  one-half  wnvelength  from  the  antenna. 
Therefore,  to  throw  some  light  on  the  question 
posed  above,  the  ground  screen  is  taken  to  be  in 
the  form  of  a  sector  extending  from  p=n  to  p  =  6 
from  the  base  of  the  transmitting  antenna.  From 
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p=0  out  to  p=a  tlir  screen  is  circular  in  shnpe. 
The  situation  is  illustrated  in  figure  G.  The 
surface  impedance  over  the  aren  of  the  sector  is 
Z,.  In  terms  of  the  polar  coordinate  system 
(p,  4>),  the  area  of  the  sector  is  defined  by  —  At< 
i<Aj  and  fl<p<ft. 

It  is  convenient  to  express  the  factor  it  as  the 
sum  of  two  parts  in  the  manner 

n=i).+il,  (1C) 


where  it.  is  the  contribution  from  the  circular 
screen  of  radius  a  and  it*  is  the  contribution  from 
the  sector  which  extends  from  a  to  b.  The 
portion  Q»  can  be  written 


n. 


ik 

2*r  COS 


-it. 


(l+±)  **"*oXcos*  (17) 

where  the  receiving  antenna  is  assumed  to  be  in 
the  plane  $=0.  '1  he  integral  for  il,  given  above 

is  sufficiently  general  to  determine  the  elfect  of 
the  sector  us  a  function  of  elevation  and  azimuth 
angle.  Actually,  the  integrnl  is  analogous  to  (Ml) 
for  the  circular  screen  where  the  limits  of  6  extend 
from  —  t  to  r.  As  before,  only  first-order  phnso 
terms  are  retained  so  that  the  receiving  antenna 
must  be  in  the  far  field.1  'I  he  extension  to  the 
near-field  case  has  been  considered  previously  by 
Wait  (81.  In  actual  communication  circuits  the 
receiving  antenna  would  always  be  in  the  far  field. 

To  evaluate  the  integral  in  (17)  it  is  convenient 
to  use  the  approximation 

cos  - 


for  the  exponent  in  the  integrand  while,  in  the 
integrand,  cos  $  is  replaced  by  unity.  This  i> 
valid  since  the  principal  contributions  correspond 
to  small  values  of  $.  An  interesting  check  on 
this  statement  is  given  below. 

Following  the  procedure  used  in  the  previous 
section,  a  dimensionless  function  <7,  is  introduced 


by  setting 

Ut————  t—^G,. 

Vo 

(IM 

The  integral  for  (7,  may  now  be  written  in  the 
form 

j  rtf  £-i/(i  -cm  to* 

F(*)di  (19) 

<?,_(2ir),'Icos1'V«J».  i,n 

where 

i  rPfU/ri  r- 

|  exP  ~ 

•  Tbt*  fw-fl/id  rtm»1Ulon  rmn  hr  vrlttrn 

4 


The  Fresnel  integrnl  F(t)  is  normalized  so  that 
liin  F(x)=  1,  provided  A)  and  A,  are  both  posi- 

live.  In  this  limiting  case  the  sector  is  behaving 
essentially  ns  a  circular  screen.  For  example,  one 
may  note  thnt 

~G,(kb)—G)(hi) 


where  <7,  is  the  integrnl  described  by  omitting  the 
serond  term  of  (I Tin). 

An  interesting  special  case  of  (19)  is  when 
>0  and  Z't  can  be  regarded  ns  n  constant. 
Then 


F(t) 


ih. 


(20) 


After  nil  integration  by  parts  it  readily  follows 
that 


_/  _2  Y/,.».„rexp  (-ikbAi  2)  exp  (-ifr6A;/2)~| 

\rkV  L  2Aj  +  2Ai  J 

-(if  [«•■>-(*)” 

+2E±rg2^«))]).. 


(21) 


The  integrnl  (7,  has  been  evaluated  for  a  range 
of  values  of  kb.  To  simplify  the  situation,  the 
lower  limit  ka  is  fixed  at  f>  and  A,  —  A:  —  A.  'I  he 
numerical  results  for  (7,  Idrnotcd  (5(Hl|  are  given 
in  tnbles  2  to  8  for  A  (DELTA)  ranging  from  5°  to 
G0°.  Within  each  table  kb  (KB|  varies  from  10  to 
100  nnd  |f„  |I*S1 1  varies  from  0°  to  4r>°. 

As  a  check  on  the  numerical  work.  (?»  for  ^0=0 
was  calculated  using  both  (19)  and  (21).  Also,  it 
may  be  noted  that 


=  f>,(X-6)— 6’i('i) 


where  the  values  of  (7,  U)  are  listed  in  table  1  and 
where  r  is  to  he  identified  with  KA. 

To  illustrate  the  effect  of  a  finite  value  of  A. 
some  typical  cases  are  shown  in  figures  7a  and  7b 
where  the  amplitude  nnd  phnse  of  (7*  are  plotted 
ns  a  function  of  for  Fo=5,  kb= 40,  and  various 
values  of  A.  It  appears  thnt  for  these  conditions 
the  total  sector  angle  2A  need  not  be  greater  than 
about  50°  in  order  to  be  fully  effective. 

In  order  to  demonstrate  the  effect  of  the  sector 
on  the  total  field  it  is  convenient  to  consider  both 
7.',  and  7.',  small  compnred  with  7..  Thus 

z-z;  z-z:  z  i 

Vo  Vo  Vo  A 

where  A>" '*  is  the  complex  refractive  index  of  the 
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ground.  Consequently,  it  follows  from  (16),  that 

1  + 11=  1  + U«+  Sl*~  1  +  ~  —  (G,-\-  Gb). 

The  amplitude  of  this  quantity  (expressed  in  db) 
and  the  phase  are  shown  in  figures  8a  and  Sb  for 
ka—5,  ko—40,  0=0,  and  A'=3.  This  would  cor¬ 
respond  to  a  relatively  dry  soil.  It  is  certainly 
evident  here  that  considerable  improvement  re¬ 
sults  from  the  presence  of  the  sector.  The  cor¬ 
responding  set  of  curves  shown  in  figures  9a  and 
9b  are  for  a  highly  conducting  soil  characterized 
by  N=  10  and  0=45°.  The  sector  screen  here  has 
a  negligible  effect  on  the  performance  of  the  sys¬ 
tem.  In  fact,  there  is  even  a  slight  degradation 
for  the  very  low  grazing  angles. 

The  marked  improvement  by  using  a  large 
sector  screen  on  a  dry  ground  is  indicated  m 
figure  10.  Here  £a  =  5,  £6  =  200,  Ar=3,  and  0=0. 
At  low  angles  the  gain  is  greater  than  12  db  even 
with  a  total  sector  angle,  2A,  of  20°. 

In  the  preceding  discussion  it  has  been  tacitly 
assumed  that  the  receiving  antenna  is  located  in 
the  vertical  plane  which  bisects  the  sector.  Nor¬ 
mally,  this  would  be  the  optimum  location  and 
for  a  fixed  communication  link  it  would  be  con¬ 
sidered  good  practice  to  orient  the  sector  toward 
the  receiving  antenna.  However,  there  may  be 
certain  applications  where  the  receiving  antenna 
is  located  off  the  center  line.  The  formulas  given 
above  are  actually  valid  for  this  case  since  A,  and 
A,  may  take  any  positive  or  negative  value.  How¬ 
ever,  rather  than  computing  directly  from  the 
general  formulas,  it  is  desirable  to  establish  some 
simple  identities  which  enable  the  results  in  tables 
2  to  8  to  be  used. 

It  may  be  rendily  verified  that  G,(A A:),  ns 
defined  by  (18),  has  the  following  property 


(7>(Ai,  Ai)-K»t(Ai,  Gj(A,)  +  Gt(&i) 


Numerical  values  of  f»»(A,  A)  or  (>»(A)  for  various 
positive  values  of  A  are  given  in  tables  2  to  8 
inclusive.  If  negative  values  of  A  are  encountered 
it  is  useful  to  note  that 

G,(A)=-(?,(-A). 

With  this  information  it  is  a  simple  matter  to 
compute  (1 +11)  as  a  function  of  the  azimuth 
angle  6  which  is  defined  by 

<=(Aj— A,)/2. 

Thus 

i  +  n.+n,ssi+— -*  G*-"1' 

Vo 

+~-‘ r-"'*<7( A„Aj)  (22) 

Vo 

which  is  an  obvious  generalization  of  (18). 

To  illustrate  the  azimuthal  variation  of  the 
field  when  using  a  sector  it  is  again  desirnble  to 
write 

z-z :  z-z;  z  i  „ 

vo  “  no  ~v>~  A’ 

Then  ngtiin  denoting  the  total  width  of  the  sector 
by  2A,  the  amplitudes  of  l  +  B«  +  n*  are  shown  in 
figures  )\  and  12  for  N=3,  0=0,  ka  —  5,  A=20°, 
and  various  vnlurs  of  from  0°  to  25°.  In 
figure  11,  £6=40  whereas  in  figure  12.  £6  =  200. 
As  expected,  the  maximum  response  corresponds 
to  small  values  of  6.  In  fact,  as  4  increases  the 
response  decreases  quite  significantly  for  the 
larger  sector. 


5.  Final  Remarks 


In  the  present  study,  the  electrical  properties 
of  the  ground  are  assumed  to  be  characterized 
by  a  surface  impedance  which  is  a  (complex) 
constant  Z  outside  a  surface  <S.  Within  5,  the 
impedance  Z'  is  allowed  to  be  variable.  In  the 
case  of  a  radial  wire  system  emanating  from  Q,  it 
is  appropriate  to  use  formulas  which  have  been 
developed  for  the  surfare  of  a  wire  grid  in  the 
interface  of  a  conducting  half  space  (11).  In 
general  these  are  complicated,  but  recently  some 
numerical  results  have  been  obtained  which  should 
be  useful  in  this  problem.4  At  low  radiofrequen¬ 
cies  for  moderately  or  well-conducting  soils  it 
is  n  satisfactory  approximation  to  regard  the 
surface  Z'  as  the  parallel  combination  of  the 


*  AvnlUMr  from  Mrs.  T.  J.nrsrn  I.itlornfory  of  Ekrtromomrilr  Theory 
TfrhnRul  1  nlvcr«lty  of  lH»n?niiflt.  Cois  nhsn  n 


surface  impedance  Z,  of  the  equivalent  grid  and 
the  ground  beneath.  Thus 

z'*yf§.  m 

where 

Zarfinou/v)1'1, 

and  rf  is  the  spacing  between  the  radial  conductors 
and  c  is  the  radius  of  the  wires.  Such  a  formula 
is  strictly  valid  only  if  (eno^ )*(/<<  1  everywhere 
within  the  ground  system.  If  there  are  A’  rndial 
conductors,  it  can  be  seen  that  rf  can  be  replaced 
by  2wp/N  where  N  is  usually  of  the  order  of  100. 


5 
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6.  Appendix 


6.1.  Evaluation  of  the  Fresnel  Integral 

The  integrals  occurring  in  G  (13a),  (13b),  and 
F(z),  (19)  are  of  the  type 


j: 


e~"i*'*‘*dt=C(u)—iS(u). 


(25) 


These  Fresnel  integrals  were  evaluated  by  the 
method  proposed  by  Boersmn  (12).  This  method 
is  based  on  the  r  method  of  Lanczos  |13|.  The 
Fresnel  integral  defined  by  Boersmn  is 


/(*)-  P 

Jo  \2rt 


dl- 


(20) 


The  definition  in  (25)  conforms  to  the  one  used  by 
Boersma  (14)  in  eq  (26)  if 

iru’ 

I  =  _. 


For  values  of  the  nigument  0Sx£j4  in  (26),  f(z) 
is  computed  by  a  finite  power  series  in  t:  for  values 
of  the  argument  x£4,  /(r)  is  approximated  by  a 
polynomial  in  1/r.  For  n—  12,  the  power  series 
m  x  vabd  for  0  4  is 

/<«>«~  $<•.+».>(!)■•  (K) 

The  oower  series  in  -»  valid  for  jg£4  is 
x 

m*  ,Jr+‘-  VI  5  <«•+  "•>  (If  <2S> 

The  numerical  values  of  the  coefficients  o„  b,.  c„ 
and  d.  as  developed  by  Boersmn  (14,  12|  are  given 
in  table  9.  With  these  coefficients  the  Fresnel 
integrals  can  be  computed  over  the  range  0  §  z  £  ® , 
in  general,  to  eight  decimal  points.  The  sub¬ 
routine  used  in  evaluating  the  Fresnel  integral 
was  checked  with  the  tables  of  Penrcy  (15|  and 
those  of  Wijnganrden  and  Scheen  (16|.  The 
former  tables,  using  definition  (26),  are  accurate 
to  six  or  seven  digits  depending  on  the  size  of  the 
argument  while  the  latter,  using  definition  (25), 
are  accurate  to  five  digits. 


6.2.  Evaluation  of  G»  by  Gaussian 
Quadrature 

With  a  procedure  for  evulunting  the  Fresnel 
integral,  the  remaining  problem  was  to  compute 
the  integral  in  (19).  The  method  used,  Gaussiun 
quadrature,  is  described  briefly  below  (17). 

In  quadrature  methods  a  definite  integral  is 
approximated  by  a  weighted  sum  of  particular 
values  of  the  ordinate  with  the  abscissas  properly 
distributed  in  the  limits  of  integration.  Thus, 

f  V(z)rfx«E  UJ(a,)+p;m.  (29) 

J*  t-i 


The  abscissas  a,  are  roots  of  the  IiOgendrc  poly¬ 
nomials.  the  weights  II,  are  functions  of  these 
roots,  and  E,  is  the  error  term  which  can,  in 
general,  be  made  arbitrarily  small  with  increasing 
n.  The  Gaussian  roots  and  weights  nr?  tabulated 
for  various  n  for  limits  between  —1  and  1  by 
Davis  and  Rnhinowitz  (IK),  hut  other  limits  can 
be  used  by  a  change  of  variable  as  follows: 


where 


(HU) 


Furthermore,  in  the  Gaussian  quadrature  pro¬ 
cedure,  the  integrand  is  approximated  by  a 
polynomial  of  (2a— 1)  degree  which  hns  the  same 
ordinates  as  the  function  for  n  discrete  abscissas. 

To  obtain  accuracy  for  Gt  eq  (19)  was  writ  ten 


G*=-t 


U  ih 


\  2*  cos’'’  ifo  I 

+  r 15  f-nn— »-  *t'F( r)  ^ 

J  10  V  ? 

+r  (;ll) 

J**-S  J 


and  Gaussian  ouadrature  was  used  with  n— 16  in 
eq  (29)  for  each  interval  of  5  for  kb.  This  work 
was  checked  ngainst  (21)  for  <ko=0  and  various 
values  of  Ai  and  The  answers  agreed  to  the 
five  digits  asked  for  in  the  results. 
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Kiel  RE  I.  Vertical  elrrtnr  dipole  lorntrd  oirr  a  circular 
metal  screen  which,  itself,  is  h/mg  on  a  homogeneous 
ground. 


Fin r re  2a.  The  amplitude  of  I  +  If.  ns  a  function  of  4 e  with 
parameter  ka  for  nonconducting  ground  Ulustrattng  the 
effect  of  the  circular  screen  of  radius  a 

(Thr  w<l|n«tp  mn  hi- n-fonlcl  a?  |Im*  modification  of  the  rffrrtlt*  hnrM  «f 
the  mono  pole  mulilnt  from  the  presence  of  the  troun<l  screen.) 


Klci  RE  2I>.  The  phase  of  14*12.  oi  n  function  of  t nth 

paramrfrr  ka  for  nonconducting  ground. 
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Figure  3a.  The  amplitude  of  I  +  !l,  at  a  Junction  of  da  u-ith 
parameter  ka  ana  nonconducting  ground  illutlraling  the 
effort  of  large  N. 


Figure  3b.  The  phate  of  1+11,  at  a  Junction  of  dt  <rt th 
parameter  ka  and  nor. conducting  ground  illuttrahng  the 
effect  oj  large  N. 


Figure  4  a  Thr  nmplitinlr  of  1-4  11.  at  n  Junction  of  d« 
illuttmting  thr  rffret  of  finite  f). 


F (CURE  4b.  The  phate  of  1  +  Cl.  os  a  /unction  o/  dt  iHiiMrnl 
inti  the  effect  of  finite  0. 
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Florae  5a.  The  amplitude  0}  1  -Ml.  as  a  J unction  of  i,  for 
highly  conducting  ground  illustrating  the  effect  of  large  N . 


Floras  6.  Vertical  electric  dipole  located  over  a  ctimhinntwn 
circular-iector  icrten  which,  itself,  is  hung  on  a  homoge¬ 
neous  ground. 


Ftot’RE  7a.  The  amplitude  oj  G»  as  a  function  of  it  illus¬ 
trating  the  effect  of  finite  A.  .These  curves  are  for  a 
circular  screen  of  radius  a  and  a  sector  which  extends 
from  a  to  b). 


Floras  5b.  The  phase  of  I  -*•  if.  os  a  function  of  it  for  highlit 
conducting  ground  illustrating  the  effect  of  targe  N . 


Florae  7b.  The  phase  of  G.  as  a  function  of  it  illustrating 
the  effect  of  finite  A. 
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Figure  8a.  The  amplitude  of  l+fl.-f  fla  as  a  function  of  4*  0 

illustrating  the  effect  of  finite  &  for  nonconducting  ground. 

|The  ordinate  can  be  retarded  ^  the  modification  ol  the  effective  height  of  Fna  RE  81).  The  pha*r  of  l-f».+  «».  os  a  function  of  4,, 
Uw  monopole  muldni  from  the  p»e*rnre  of  the  ground  screen  nhlrli  1*  in  illustrating  the  effect  of  finite  £  for  nonconducting  ground. 

the  oombtned  form  of  a  circular  disk  and  a  arctor.l 


Figure  91a  The  amplitude  of  I  +H*+Ua  as  a  function  of  4*  Figure  lib.  The  phase  of  I  -MJ.-MJ*,  as  a  function  of  4*  for 
for  highlit  conducting  ground  and  large  N  illustrating  the  highlit  conducting  ground  and  large  N  illustrating  the 

effect  of  finite  A.  effect  of  finite  A. 


i.n,»n,|(db) 


H 


Fioubc  10.  The  amplitude  of  l  +  O.+Ok  <*»  a  junction  of 
dt  illuotrating  the  effect  of  Jinit~  A  for  nonconducting 
grouted. 


Figi'U  12.  Tke  amplitude  of  I+U.  +  O0  at  a  function  of  the 
atimutkal  angle  I  for  nonconducting  ground  illuotrating 
the  eject  of  finite  do  for  kb— 200. 
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A  theory  is  presented  tor  the  radiation  from  a  thin  vertical  antenna  located 
above  and  at  the  center  of  a  sector  ground  system.  The  formulation  is  carried 
out  for  a  general  variation  of  the  surface  impedance  of  the  intern.  To  facilitate 
discussion,  certain  limiting  cases  are  considered  in  tome  detail.  Of  special  interest 
is  the  possibility  that  the  low-angle  radiation  pattern  of  an  h.f.  antenna  over  a 
dielectric-type  ground  will  be  vastly  improved  by  using  a  ground  screen  whose 
surface  impedance  varies  exponentially,  in  the  radial  direction,  from  the  base 
of  the  antenna. 

I.  INTRODUCTION 

On  a  number  of  occasions  it  has  been  suggested  that  low-angle  radiation 
from  ground-based  h.f.  antennas  can  be  enhanced  by  the  use  of  large  ground 
planes  (Wait  1956,  1963;  Wilson  1961;  Andersen  1963).  To  be  effective,  these 
must  reduce  significantly  the  surface  impedance  of  the  foreground  out  to 
distances  from  the  antenna  comparable  with  or  greater  than  a  Fresnel  zone. 
Usually,  in  the  analytical  formulations  of  this  problem,  it  has  been  assumed  that 
the  transmitting  antenna  is  equivalent  to  a  vertical  electric  dipole  located  on 
the  screen.  In  this  paper,  we  wish  to  indicate  the  generalizations  of  the  theory 
required  to  account  for  an  antenna  which  may  be  of  both  arbitrary  length  and 
arbitrary  height  above  ground.  At  the  same  time,  we  shall  also  consider  the 
ground  screen  or  earth  mat  to  be  tapered  in  the  sense  that,  in  general,  its 
surface  impedance  is  not  constant. 

The  geometry  of  the  situation  is  indicated  in  Fig.  1  where  we  have  used 
cylindrical  coordinates  (p,  4,  *).  with  the  surface  of  the  ground  being  z  =  0 
and  the  linear  antenna  extending  from  z  =  ht  to  z  =  h,  on  the  z  axis.  Without 


< 


Fic.  1.  A  linear  antenna  erected  over  a  sector  ground  system  whose  surface  impedance 
differs  from  the  surrounding  ground  plane. 

'This  work  was  carried  out  while  the  author  was  a  visiting  professor  at  Harvard  University 
Cambridge,  Massachusetts. 
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loss  of  generality,  the  receiving  antenna  is  located  in  the  plane  4  =  0  at  a 
radial  distance  Rt  measured  from  the  origin.  The  angle  of  radiation  is  denoted 
it  and  is  measured  from  the  ground  as  indicated  in  Fig.  1.  Within  the  circular 
portion  of  the  ground  screen  (i.e.,  p  <  a),  the  surface  impedance  is  denoted 
Z.'(p),  which  we  regard  to  be  a  function  of  p.  The  outer  portion  of  the  ground 
screen  (i.e.,  a  <  p  <b  and  —  Ai  <  4  <  A;),  the  surface  impedance  is  denoted 
Z.'(p,  4),  which  may  be  a  function  of  both  p  and  4.  To  facilitate  subsequent 
discussion,  we  shall  refer  to  the  latter  as  the  sector  contribution.  (In  previous 
studies,  both  Z,'  and  Z%  were  regarded  as  constants,  in  which  case,  the  outer 
portion  of  the  ground  screen  was  truly  a  sector.) 

The  formulation  of  the  present  problem  is  really  a  straightforward  applica¬ 
tion  of  the  Lorentz  reciprocity  theorem  to  the  free -space  region  t  >  0,  which 
is  bounded  by  an  inhomogeneous  surface  where  the  tangential  fields  satisfy 
impedance  boundary  conditions.  Using  some  of  the  formalism  developed  for 
solving  problems  in  network  theory,  such  as  Montea th’s  (1951)  extension  of  the 
compensation  theorem,  we  find  an  expression  for  the  radiated  field  in  terms  of 
the  specified  antenna  current  and  the  tangential  magnetic  field  on  the  surface 
»  •*  0. 

2.  THE  AZIMUTHALLY  SYMMETRIC  PROBLEM 

To  illustrate  the  purely  theoretical  aspect  of  the  problem,  we  consider  first 
the  azimuthally  symmetric  situation  where  the  surface  impedance  at  the  plane 
i-0is  Z'(p).  The  resulting  magnetic  field  then  has  only  a  4  component  which 
we  denote//.'.  On  the  other  hand,  if,  instead,  the  planes  **  Ocan  be  character¬ 
ized  by  a  constant  surface  impedance  Z,  the  corresponding  field,  of  the  same 
antenna  with  the  same  current  distribution,  is  readily  computed  and  we 
designate  this  //*.  Now,  under  the  rather  nonrestrictive  assumption  that  the 
receiving  antenna  is  in  the  far  field,  we  find  the  following: 

(l)  h:  -  h.  +  ISSLjMal  (1  +  Rt) 

X  r^^H^.0)Mkp'cos^p, 

where 

R  .  sin  ^0  -  (Z/nt) 
sin  it  4-  (Z/s*) 

is  a  Fresnel  reflection  coefficient.  Here,  k  •*  (<•*!•) —  u/c,  tit  »  (no/to)*  “ 
120t  ohms,  and  u  is  the  angular  frequency  which  enters  into  the  implied  time 
factor  exp  (tut).  Then,  of  course,  Jt  is  the  Bessel  function  of  order  1.  The 
derivation  of  (1)  follows  directly  from  the  material  in  the  Appendix  of  the 
paper  referenced  above.  It  is  rather  important  to  note  that  H»(p',  0)  is  the 
tangential  magnetic  field  over  the  ground  plane  whose  surface  impedance  is 
Z'(p'). 

The  usefulness  of  (1)  lies  in  the  fact  that  the  integrand  may  be  approxi¬ 
mated  by  assuming  a  value  for  //«'(<>',  0)  which  need  only  be  valid  when 
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Z'(p')  differs  appreciably  from  Z.  Thus,  for  example,  if  the  ground  screen  is  a 
perfectly  conducting  circular  plate  of  radius  a,  we  replace  the  upj>er  limit  of 
the  integral  by  a  and  Z'(p')  is  zero,  in  this  case,  we  may  assume  that  H,'(p'.  0) 
over  the  range  of  p'  -  0  to  a  is  the  same  as  H4m(p',  0),  which  is  the  tangential 
magnetic  field  over  a  perfectly  conducting  ground  plane  of  infinite  extent. 
It  is  clear  that  this  assumption  involves  the  neglect  of  waves  reflected  from 
the  edge  of  the  screen,  but  otherwise  it  seems  perfectly  reasonable. 

First  of  all,  we  have  the  following  exact  expression  for  the  radiated  field  in 
the  absence  of  any  ground  system: 


(2)  H4(p,t) 


ik  cos  cxp(— ikRt) 
4*7?o 


X  f  I  (h)\exp(tkh  sin  ^»)  +  R,exp(—ikh  sin  ^o)]d/i. 

This  may  be  interpreted  as  the  direct  radiation  of  the  linear  antenna  with  a 
specified  current  1(h)  and  its  image-carrying  current  I(h)R,.  For  convenience 
in  what  follows,  we  rewrite  (2)  in  the  form: 


(3)  H.(p,  t)  «  (1  +  R.)'xp(-ikR,)I„F(+0), 

where 


(4)  F(+ o)  -  :■  *  p-  f  f(h)[txp(ikh  sin  +<,)  -f  R,exp(-tkfi  sin 

1  i  -K?  •'Hi 

1(h)  =  I«f(h). 


Here  F(+ o)  is  a  dimensionless  pattern  function  and  f(h)  is  a  dimensionless 
current  distribution  function,  while  /„  is  some  suitably  defined  reference 
current  on  the  antenna. 

The  tangential  magnetic  field,  under  the  perfect  conductivity  assumption, 
is 


o)  o)  -  -  £  /“  m  a. 

where  r,  —  [(p')’  +  **]*•  An  equivalent  form  of  (5)  is 

(6)  H.-(p',  0)  -  ^  £'f(h)  £  (l  +  T^-)exp(-»*rf)dA. 

We  now  use  (1),  in  combination  with  (3)  and  (6),  and  restrict  attention  to 
the  perfectly  conducting  circular  ground  screen  or  plate  of  radius  o.  Thus,  we 
find  the  following  expression  for  the  total  radiation  field: 


(7)  1 V(P.  *)  -  tIm4 +  R.)[F(+*)  +  0], 

where 
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(8)  n  - 


k *  z 

cos  V't  ijo 


X  X*  [  />>  77“  0  +  cos  *o)dp'. 

As  an  interesting  check  on  this  result,  \ve  may  let  a  — *  «,  whence 


(9)  ft|_  =  k  |  f{h)exp(—ikh  sin  +»)dh, 

which  follows  from  the  Appendix  of  a  previous  paper  (Wait  19G7).  Then, 
(7)  reduces  to 


(10)  tf/(p,*)  u. 


iklm  cos  exp(  —  ikR»)  /•*« 


2  wR, 


J*  cos(kh  sin  ^o)/(/i)  d h, 


which  is  the  exact  expression  for  the  radiation  field  of  the  linear  antenna  over  a 
perfectly  conducting  ground  plane  of  infinite  extent.  In  passing,  we  mention 
that  the  recovery  of  this  exact  result  is  a  consequence  of  using  the  integral 
relation  (1)  with  the  identity  H»'(p',  0)  =  H“(p',  0).  It  is  important  to  note 
that  the  latter  is  only  an  approximation  when  the  screen  is  of  finite  size. 


3.  GENERAL  FORMULATION 

We  now  return  to  the  general  configuration  indicated  in  Fig.  1.  In  this  case, 
we  no  longer  have  azimuthal  symmetry.  This  means  that,  in  place  of  (1),  wc 
use 


(id  h:  -//♦  +  *  exp2i?;~e)  +  *•> 


Xjj  ZV-  W.  0)  CXP(,V  C”*,C05  0)  p'  cos  »fp'd». 


where  the  integration  extends  over  the  surface  5  of  the  ground  screen,  whose 
surface  impedance  is  Z'(p',  $),  being  a  function  of  both  p'  and  4-  We  note  here 
that  the  observer  is  located  at  (p,  0,  s). 

Actually,  (11)  is  an  approximation  in  that  the  depolarization  of  the  scattered 
field  is  neglected.  In  other  words,  it  is  assumed  that  the  magnetic  field  has  only 
a  4  component  even  when  the  ground  screen  is  not  perfectly  symmetrical. 
Furthermore,  in  order  to  bring  (11)  into  a  tractable  form,  the  tangential  field 
H*'(p',  0)  over  the  ground  screen  is  assumed  to  be  the  same  as  H^m(p  ,  0)  over 
the  range  of  integration  indicated  in  (11).  With  these  simplifications,  we  use 
(11)  to  show  that 


(12)  H.'b,  0,  t)  ££ tIm  C0S  ,kRt)  (1  +  J?.)[F(*,)  +  0.  +  0.), 


where 
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(13)  G. 


and 


k' 

COS  to 


(14)  a . 


k *  r*_i_  p z.v, »)  -  z 

cos  V'o  J*  2rt  J_4l  i)o 

X  exp (jip'  cos  ^o  cos  4>)  cos  $d$dp’. 


It  is  evident  that  ft,  represents  the  contribution  from  the  circular  portion  of  the 
ground  screen,  whereas  ft,  represents  the  contribution  from  the  sector  portion 
of  the  screen. 

The  results  given  by  (12),  (13),  and  (14),  while  formidable  in  appearance, 
are  in  a  form  suitable  for  specific  applications.  For  example,  if  the  ground 
screen  consists  of  a  radial  wire  system,  the  surface  impedances  Z,'  and  Z»'  are 
expressible  in  terms  of  the  physical  parameters,  such  as  the  number  of  wires, 
their  spacing,  and  their  radii.  We  shall  not  enter  into  this  aspect  of  the  problem 
here  since  it  has  been  discussed  previously  (Wait  1959).  Another  factor  is  the 
current  distribution  on  the  antenna.  Obviously,  this  plays  a  role  and  cannot 
be  normalized  out  of  the  problem.  However,  for  sufficiently  thin  linear  antennas, 
the  sinusoidal  current  assumption  may  be  made. 


4.  SOME  SIMPLIFICATIONS 

Considerable  simplification  results  if  the  length  of  the  antenna  is  small 
compared  with  a  wavelength.  Then  the  quantity  r,  may  be  replaced  by  a 
constant  r«  which  is  given  by 

-  ((<>')*  +  *.’)*  where  h,  -  (A,  +  A,)/2. 

Then  (12)  is  written  in  the  simpler  form: 

(15)  (1  +  R.)k J[**/(A)dA|C.(A,)  +  ft.  +  ft,], 

where 


(16)  a. 

and 


„  „  v  exp(i*A,  sin  +,)  +  R,  exp(-i*A,  sin  i,) 

Ct(it)  m  i  +  A. 

X.,exp(-‘*r,)  tX(1+ 3r)7,(V  006  dp' 
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(17)  U.  =  f  exp(-^)i^(l  +  f) 

2t  cos  i  fo  \  tfcr0/ 


(^) 


d$dp'. 


X  exp  (tip'  cos  4  cos  ^o)  cos  ^ 

It  is  also  worthwhile  to  note  that  (15)  can  be  expressed  in  the  familiar  form 

(is)  h; 


^j^exp(-iifl»)  cos  ptW', 


Pm  *  I. 


J*ht 

f(h)dh  =  /(A)dA. 

*i  *,»i 


where 

and 

(19) 

If  now  kht  «  1,  the  expression  for  the  pattern  factor  XV'  reduces  to  that  given 
previously  (Wait  1963)  where  it  was  assumed,  at  the  outset,  that  the  trans¬ 
mitting  antenna  was  a  source  dipole  located  at  the  center  of  the  circular  screen, 
in  (16)  and  (17),  this  amounts  to  replacing  rt  by  p  which  is  a  valid  approxi¬ 
mation  for  finite  values  of  ha  provided  kp  »  kht. 


W‘  =  (1  +  R.)\C„(ha)  +  12.  +  12*1/2. 


5.  SOME  APPLICATIONS  AND  CONCLUSIONS 
In  order  to  illustrate  the  general  applicability  of  the  preceding  results, 
several  simple  situations  will  be  considered  where  the  relevant  formulas  for 
the  pattern  functions  are  expressible  in  closed  form.  First  of  all,  we  consider 
the  pattern  function  II"  for  a  dipole  located  on  and  at  the  center  of  a  circular 
screen  of  radius  a.  From  (19)  and  making  use  of  (16),  the  appropriate  form  is 

(20)  11"  -  (1  +  i?.)|l  +  0.1/2, 
where 

(21)  0.  =  -  j*  F(kp'  )exp(  —  «4p’)(l  +  cos  *.)dp\ 

and 

F(kp')  =  1 2  -  Z.'(p')l/e». 

As  indicated  before,  0.  is  the  fractional  correction  to  the  pattern  factor  which 
accounts  for  the  presence  of  the  ground  screen  whose  surface  impedance 
Z.'(p')  differs  from  the  surface  impedance  Z  of  the  otherwise  homogeneous 
half-space.  When  this  impedance  contrast  F{kp')  is  zero,  then,  of  course,  0, 
vanishes.  In  an  earlier  paper  (Wait  1963)  some  consideration  was  given  to  the 
evaluation  of  the  integral  in  (21)  for  F(kp')  =  const,  and  a  finite.  Even  in  this 
relatively  simple  situation  numerical  integration  was  required,  although,  for 
sufficiently  large  values  of  ka,  useful  approximations  could  be  made  to  yield 
results  in  terms  of  Fresnel  integrals. 
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It  is  rather  interesting  to  note  that  (21)  may  be  evaluated  in  closed  form 
if  F(kp')  is  allowed  to  vary  exponentially  such  that  F(x)  =  F„  exp(— t.v), 
where  x  *=  kp'.  This  can  be  regarded  as  a  special  case  of  a  circular  screen 
whose  effectiveness  is  maximum  very  near  the  antenna.  Then,  we  find  without 
difficulty  that 


(22)  ft,  -  — 


F* 

cos  to 


[  J*#  exp[-(6  +  ,>]/,(xcos^)dx^ 

—  exp(—  ( b  +  *')x,  -  llJ,(x  cos  ^t)dxJ  . 


When  exp[  — 6(fca)J  «  1,  it  is  evident  that  the  upper  limit  of  these  two  integrals 
is  effectively  eo.  The  integrals  are  then  of  the  standard  types  (Gradshteyn  and 
Ryzhik  1965): 

f  e-V.tfx) dx  = 


(23) 
and 

(24) 


f”  -i .  (<*'  +  P){ 

Js  e  *  Ji(0x) dx  = - - — 


which  are  valid  for  Rea  >  0  when  0  is  real.  Using  (23)  and  (24),  we  find  that, 
for  ka  =  <*> ,  equation  (22)  is  given  by 


(25) 

where 


«.  *=  - 


Fe  (1  +  5.)|5.  -  (1  -  fl>)] 


cos' to 


S. 


5,  «  ((1  -  ib)*  -  cos*+t  1». 

If  6  now  becomes  much  less  than  sin1  to,  it  is  seen  that  (25)  reduces  to 
(26)  «.  S  Ft/ (sin  to). 

which  is  the  expected  value  lor  radiation  over  an  infinite  ground  plane  of 
constant  surface  impedance  Z,\ 

On  the  other  hand,  if  b  becomes  sufficiently  large,  0.  vanishes  and  the 
resultant  pattern  corresponds  to  that  for  a  dipole  located  on  a  giound  plane 
of  surface  impedance  Z.  To  illustrate  the  behavior  of  the  fields  for  this  case,  the 
pattern  function  |(cos  to)  W'\  is  plotted  (in  Fig.  2(a),  (6))  as  a  function  of 
for  the  case  where  Z«'( 0)  *  0  and  a  pure  dielectric  ground  is  chosen  such  that 

Z/y\o  -  (('«/<*)  —  cos Vol*  («•/«») 

and  «,/«o  —  3  and  10.  The  latter  are  two  typical  values  of  the  relative  dielectric 
constant  of  dry  ground.  The  values  of  b  on  the  curves  are  a  measure  of  the 
extent  of  the  circular  screen.  For  example,  the  radian  distance  1/b  is  the 
electrical  length  from  the  dipole  to  a  point  where  [Z  —  Z,(p') ]/ij(  is  1/e  times 
its  value  at  p'  *  0. 


tf.He  :  UG-'J 

%  0  ;  -VW" 

*F.  *  <.z/V 
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Fic.  2.  The  pattern  of  a  ground-based  dipole  antenna  with  a  symmetrical  ground  system 
with  a  radially  tapered  surface  impedance. 


It  is  not  surprising  that  the  curves  in  Fig.  2{n),  (6)  show  that  the  low-angle 
radiation  is  much  enhanced  when  b  is  chosen  to  be  sufficiently  small.  Also  it  is 
significant  that  the  pattern  does  not  have  any  lobe  structure.  This  feature  is 
to  be  contrasted  with  the  case  for  the  abruptly  truncated  ground  screen 
(Wait  1963). 

To  give  some  insight  into  the  sector  contribution  Q,,  we  note  first  that  (17) 
may  be  written  in  the  form: 


(27)  .11, 


where 


k 

cos  tf'e 


0 + it) 

X  A (kp'  cos  tAo.  At,  Ai).l/ (p')dp’, 


(28)  A(y,  Ai,  As)  =  f  exp(i>  cos  *)(cos  +)JV(*)d0, 

itx  %/_ai 

and  we  have  assumed  that 


(29)  (Z:  -  Z)/vo  -  -M(p')N(+), 

being  a  product  of  two  functions  M  (p')  and  N(4>).  Clearly,  if  iV($)  ■=  const, 
and  Ai  •=  Aj  —  r,  then  A(y,  At,  A»)  *=  J i(y)  X  const,  and  the  expression  for 
Q,  has  the  required  form  for  a  circular  ground  system  whose  surface  impedance 
varies  only  with  p  . 

To  illustrate  in  a  qualitative  manner  the  influence  of  a  dependence  in 
Z*',  we  choose 
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(30)  N( *)  =  exp(-p(*  -  *»)*). 

where  p  is  a  scale  (actor  and  4  =  4>m  is  the  direction  where  the  sector  has  a 
maximum  value  of  N{p).  Then,  because  we  restrict  attention  to  values  of  a  and 
b  which  are  large  compared  with  a  wavelength,  it  is  permissible  to  replace 
cos  0  by  1  —  (0*/2)  in  the  exponential  in  the  integrand  of  (2S)  but  replace 
it  by  unity  elsewhere.  At  the  same  time,  we  permit  Ai  and  At  to  be  sufficiently 
large  that  exp(— £Aj)  and  exp(-£A,)  are  both  «1.  Then,  it  is  clear  that 

A (y.  A,,  A,)  S  A,. 


where 


(31)  At  -  ^ J*  **pl-P(4>  -  *.)’]exp[,y(l  -  i**))d*, 

and  where  y  **  kp'  cos  The  integral  may  be  written  in  the  equivalent  form 

(32)  A*  -  h  e',exp[ "  ( p  ~  p+v) *■*] 

x  £Texp["(V/> + {iy*  -  v(p+w)  ]d* 

and  thus 

(33)  At  -  -  JJ—fi  e'rexp(-  (1  _  ,(2p/y)}m  ' 

If  p  is  now  sufficiently  small, 

eiwfi 

(34)  Ai  *  -  J'iiyj*7'-  e"’ 

which  is  to  be  compared  with  the  asymptotic  approximation 

«*/« 

(35)  Jtiy)  e"(l  -  **'*). 

which  is  valid  for  y  J5>  1.  Thus,  we  recover  the  expected  value  for  a  circular 
screen  except  for  the  (actor  ie-1"  which  leads  to  a  rapidly  varying  factor  in  the 
integrand  for  0*'  and  is  of  no  significance  for  low-angle  radiation  over  large 
screens  (Wait  1963). 

To  illustrate  the  influence  of  the  azimuthal  tapering  of  the  ground  screen, 
we  show,  in  Fig.  3,  a  plot  of  the  function  A|(p)/Ai(0)  which  is  the  ratio  of  the 
right-hand  side  of  (33)  and  (34).  For  this  example,  y  ■  10  and  takes  the 
values  0,  5, 10,  and  20°.  These  results  indicate  that  the  sector  width  parameter 
p  plays  an  important  role.  Also  any  asymmetry  of  the  propagation  path, 
relative  to  the  direction  of  the  sector,  will  degrade  the  radiated  field. 

It  should  be  stressed  that  the  curves  in  Fig.  3  apply  only  to  the  relative 
contribution  from  a  small  annular  ring  of  the  ground  system.  Without  detailed, 
numerical  evaluations,  it  is  not  possible  to  draw  further  conclusions  about  the 
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Fig.  3.  The  influence  of  azimuthal  tapering  of  the  surface  impedance  of  the  sector  portion 
of  the  ground  system. 


relative  merit  of  azimuthal  versus  radial  tapering  of  the  ground  system.  It  is 
evident  that  the  whole  subject  warrants  further  study. 

Finally,  we  should  like  to  indicate  that  a  formal  extension  of  the  theory 
can  be  made  to  account  for  the  departure  of  the  field  0)  from  its 

assumed  value  Htm(p,  0).  First  of  all,  we  observe  that  the  surface-wave 
attenuation  over  the  screen  can  be  considered  if  the  function  F(kp')  in  (21)  is 
defined  by 


F(kp')  =  - - JF(p'), 

where 


HV)  - 

is  the  attenuation  function  (Wait  1963).  Formally,  (20)  and  (22)  still  hold  if 
Fa  and  b  are  defined  in  accordance  with  the  substitution  F{x)  ■■  Ft  exp  (—to), 
where  *  *■  kp‘.  However,  more  work  is  needed  to  fully  develop  this  approach. 
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The  influence  of  a  finite  ground  plane  on  the  field  of  a  raised  electric  dipole  it  considered  from  an 
analytical  standpoint.  The  method  for  evaluating  the  integrals  is  discussed  briefly  and  some  asymp¬ 
totic  results  are  given  which  illustrate  the  lifting  behavior  for  ground  screens  of  large  diameter.  It 
is  shown  that  the  resulting  pattern  may  be  crudely  interpreted  in  terms  of  the  direct  radiation  of  the 
source  dipole,  its  image  in  an  infinite  ground  plane,  and  contributions  from  the  edges  of  the  ground 
screen. 


1.  Introduction 

The  possibility  that  low-angle  radiation  from  vertical  antennas  can  be  improved  by  the  use  of 
extended  ground  systems  has  been  discussed  occasionally  in  the  past.  While  the  improvement  is 
very  modest  for  ground  screens  of  wavelength  dimensions  (Wail  and  Pope.  1954;  Page  and  Mon- 
teath,  1955),  the  increase  in  low-angle  radiation  is  substantia]  when  the  radial  wires  or  mesh  are 
extended  to  many  wavelengths  (Wait.  1963).  The  use  of  sector-shaped  screens  has  also  been  con¬ 
sidered,  both  from  the  theoretical  and  the  experimental  standpoints  (Wail  and  Walters.  1963; 
Gustafson  et  al..  1966;  Bernard  et  a!..  1966).  In  fact,  the  agreement  between  the  observed  radia¬ 
tion  patterns  and  those  based  on  the  surface  impedance  model  is  sufficiently  encouraging  to  pursue 
further  this  approach. 

In  this  paper,  we  wish  to  generalize  the  theory  to  account  for  the  finite  height  of  the  antenna 
located  over  the  ground  system.  In  the  previous  formulation,  the  dipole  was  located  on  and  at  the 
geometrical  center  of  the  sector.  This  extension  of  the  analysis  is  considered  worthwhile  in  view 
of  the  need  to  choose  the  optimum  relation  between  ground-system  size  and  antenna  height.  How¬ 
ever,  here  we  will  not  dwell  on  the  engineering  economics  of  the  situation,  but  will  direct  our 
attention  to  the  method  of  calculation.  At  the  same  lime,  some  aspects  of  the  asymptotic  behavior 
of  very  large  screens  will  be  pointed  out.  The  resulting  formulas  lead  to  some  interesting  limiting 
cases  which  provide  physical  insight. 

In  what  follows,  we  will  deal  only  with  the  far-field  radiation  pattern  which  is  assumed  to  be 
vertically  polarized.  This  is  clearly  a  special  case  of  the  general  mutual  impedance  formulation 
(Wait,  1963).  The  situation  ia  illustrated  in  figure  i. 


2.  Formulation 

With  respect  to  a  cylindrical  coordinate  system  (p,  4>.  z),  the  earth's  surface  is  z  =  0  and  the 
dipole  Q  is  located  at  on  the  axis.  As  indicated  in  figure  1,  the  circular  portion  of  the  ground 
acreen  of  surface  impedance  Z,  is  bounded  byp=  a.  while  the  sector  of  surface  impedance  Z't  is 
bounded  by  p  ■  b  and  6  “  +  At  and  -  At-  In  the  absence  of  any  ground  system,  the  surface  imped¬ 
ance  of  the  earth  is  Z  and  is  assumed  constant.  Apart  from  the  finite  value  of  h,  the  geometry  is 
identical  to  that  used  in  the  quoted  references  (Wait.  1963:  Wait  and  Walters,  1963;  Bernard  et  al.. 
1966;  Gustaf'on  et  al..  1966).  However,  in  the  general  mutual  impedance  formulation,  there  is  one  im¬ 
portant  modification.  This  is  easily  seen  by  noting  that  the  expression  for  the  tangential  magnetic 
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Figure  1 .  Ventral  electric  di/mle  located  aver  a  combination 
circular-sector  screen  which,  itself,  is  lying  on  a  homo 
geneous  ground . 


field  at  T  of  a  source  dipole  at  Q  is  of  the  form 


w*H^(,+iyexp(-‘*r') 


<n 


where  r^=‘(pt  +  h*)in.  A  =  o)/c  =  2w/(  wavelength),  and  where  /«  is  the  current  and  f  is  the  length  of 
the  dipole.  As  usual,  the  time  factor  is  exp  (tail).  The  form  of  (1)  indicates  that,  whenever  the  factor 
{1  exp  (  —  ikp )  appears  in  the  previous  formulations,  we  should  insert,  in  its  place,  the 

factor  (p/r,P[  1  +  )  exp  ( —  iir,). 

Keeping  in  mind  the  necessary  modifications  for  a  finite  value  of  A,  we  find  the  expression  for 
the  radiation  field  to  be 


where 


E,  m  ‘-£*£1%-**.  cos*  *0  IT 

27TAo 

r'=(i+/ir)iCdfi)+nj/2. 

„  sin  0o—  (Z/t>q) 
sin  0o+(2/rjo)’ 

e*i*»  •>•*.+  •*«  *. 

Cdhy - -  . 

n«n.+n.. 


(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

where  i)o*W*ilw,‘  120ir.  The  results  given  by  (2H8)  reduce  to  the  corresponding  forms  given 
previously  (Wait,  1963:  Wait  and  Wallers,  1963)  when  A  is  set  equal  to  aero.  For  11*0,  the  pattern 
function  reduces  to  the  familiar  form 

2W  -(1  +  fir)6dA)«*e“» 

where  R,  is  the  appropriate  Fresnel  coefficient  to  account  for  reflection  from  the  homogeneous  flat 


where 


and 


n.  -  ~~  r  e-^f  ^  (l  +  -M  JAkp  cos  0d  (— -)  dp 

cos  00  Jo-0  r*  \  I*V  V  »)0  / 

ft»  =  -r — ~  f  f  e_<*r*  (l  +  T_)  *** cos  0  — -)  d4>dp, 

2ir  cos  0o  Jo- -a,  rj  \  Mr/  V  t)o  / 
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earth  of  aurface  impedance  Z.  Thus,  the  dimensionless  parameter  fl(  —  fl«  +  fUl  may  be  identified 
as  the  contribution  from  the  combined  ground  system,  just  as  in  the  earlier  work,  the  crux  of  the 
problem  is  the  evaluation  of  the  integral  expressions  for  (1,  and  lit. 


3.  The  Contribution  From  the  Circular  Screen 

First  of  all,  we  shall  consider  the  integral  ft*  which  is  the  contribution  from  the  circular  portion 
of  the  ground  system.  To  simplify  the  discussion,  it  is  assumed  that  the  surface  impedance  Z'a  is 
constant  over  the  area  of  the  screen.  Then,  after  a  trivial  change  of  variable.  (7)  may  be  rewritten 
in  the  form 


where 


G(ka) 


ft"  It  r»a 


Z-Z' 

«.  = - !  e~,wl4C(ka) 

V 


(9) 

(10) 


and  where  H  =  kh.  When  the  radius  of  the  screen  becomes  infinite,  (10)  may  be  evaluated  in  closed 
form  (as  indicated  in  the  appendix)  to  give 


C( *)  =  ew'«(sin 


(11) 


This  means  that,  in  this  limiting  case. 


Z-Z. 

n»  »*"  *e 


(12) 


Then,  at  the  same  time,  if  the  ground  screen  is  sufficiently  well  conducting  such  that  \Z'JZ\<  1, 


n.» 


1-flr 

1  +  fi, 


,-IMdaS. 


(13) 


This  combines  with  (3)  to  give 


*P"|*«..  =  cos  UA  sin  fe) 


(14) 


which  is  the  required  pattern  factor  for  a  vertical  electric  dipole  at  height  A  over  a  perfectly  con¬ 
ducting  plane.  This  merely  demonstrates  that  the  general  surface  impedance  formulation  leads 
to  consistent  results  when  the  extent  of  the  screen  is  unlimited. 

In  order  to  develop  a  suitable  asymptotic  formula  for  large  values  of  ka,  we  combine  (9),  (10). 
and  (11)  to  get 


fl.’ 


tZ-Zls 

V* 


Te~ms 

1 

.X.  _ 

r  **  ( 

[  s 

c 

1  + 


I 


i(x’+  H,),n) 


Ji(xC)  exp  [— i(x*  +  //’),'* 


]*]. 


(15) 


where  S«  sin  and  C  —  cos  if*#.  If  Aa  *>  1 ,  and  since  x>ka  over  the  range  of  integration,  we  may 
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replace  the  Bessel  function  by  the  first  term  of  its  asymptotic  expansion.1  Thus,  (15)  is  expressible 
in  the  form 


ft. 


0*1 4 


exp  [-i(jr*  +  Ht),n  + ixC]x-,n  [1  —  i  exp  (— 2i.rC)]//*j- 


i).  L  5  (2irC*)'« 

For  further  analysis,  (16)  is  written 

K  [  J"  e-t**,-c'F(x)dx-i  I"  e-*"+c'F{x)dx j. 


(16) 


(17) 


where 

and 


Z-Z. 


fts 


Z-Z.  e~u 


V  (2WC*)'"'  "*  S' 

fUl-x-We* p  {-i(jr1  +  //*)'»  +  tx}. 


It  is  clear  that  the  right-hand  side  of  (17)  vanishes  when  the  ground  system  is  of  infinite  extent. 
Thus,  when  ka  is  not  infinite,  the  two  integrals  may  be  interpreted  as  the  influence  of  the  finite 
size  of  the  circular  ground  system. 

Further  insight  into  the  problem  is  achieved  by  integrating  the  right-hand  side  of  (17)  succes¬ 
sively  by  parts.  This  leads  easily  to  an  expansion  of  the  type 


L(i-c)  ~  (l—o- 


,,  .  s  p*{ka) 

*  (1  +  C)"(1  +  C) 


l  <-/>•] +/f*. 


(18) 


where  F*aHka)**dmF(x)ldx9 1,.».  for  n=l.  2.  3.  ...  N  and  F^MAra)  =  F{ka).  For  sufficiently 
large  ka,  the  remainder  R*  can  be  made  arbitrarily  small  if  N  is  chosen  judiciously. 

When  the  leading  two  terms  of  (18)  are  retained  and  the  remainder  Rs  is  neglected  we  easily 
find  that 


n.-n- .£»-  If.-rrr*  (l+J"+JF)  )] 

V  tj.  /  (2«C,)W  U(1  —C)(ka)tn  V  +2ia(l— C)/J 


(19) 


'’-Miw-W-')- 

If  H  is  sufficiently  small,  ♦  and  p  can  be  replaced  by  zero,  and  the  asymptotic  development  in  (19) 
is  equivalent  to  the  previous  formulation  (Wait,  1963;  Wait  and  Walters,  1963)  where  W  =  0  at  the 
outset. 


where 

and 


'  F«r  nm>l»  (iC-WI  »4cr*  n^inrj  wr»,  w  m  nC|-*». 
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Unfortunately,  in  most  cases  of  practical  interest,  the  asymptotic  series  of  the  type  given  by 
(18)  does  not  converge  well.  The  difficulty  is  that  (1  —  QUtt),n  is  not  a  large  parameter  for  near 
grazing  angles  (i.e..  Cal)  even  when  ka  is  large.  This  suggests  that  we  return  to  (16)  and  express 
it  approximately  in  terms  of  Fresnel  integrals  which  are  well  tabulated.  Taking  a  clue  from  the 
nature  of  the  asymptotic  form  given  by  (19),  we  simplify  the  integrand  of  (16)  by  employing  the 
approximation 


exp  [-i(*,+//,)wiuC]  a exp  (— 1'4>)  exp  [— ix(l-t-C)] 
which,  of  course,  is  exact  if  either  x**ka  or  if  H  =  0.  Without  difficulty,  it  is  then  found  that 


n  _{)(«)  m  —  £m)  ghrHg-i • - 1 - { - ? -  f’e~lw 

•  \  Ijs  )e  (2  cos*  *,)'«  lain  (<fe/2)  Jx*w»M 


«»«•*** 

(AJSI 


cos  (ife/2) 


(20) 


where  4>-  [(ka)*  +  ff*]««-*o  a  H*l(2ko)  =  (kh)*l(2ka). 

Equation  (20)  is  in  a  form  suitable  for  numerical  evaluation  since  tables  of  Fresnel  integrals 
are  available  for  all  values  of  the  argument  which,  in  this  case,  is  the  parameter  2 (kalir)m  sin  (<W2) 
or  2(kaln)11*  cos  (dt/2).*  When  the  argument  is  sufficiently  large,  we  may  use  the  asymptotic  ap¬ 
proximation 


['e~*  "dia-i  —  e«"*>" 
J.  nu 

where  neglected  terms  contain  higher  inverse  poweis  of  u. 
Employing  this  form,  (20)  simplifies  considerably  to 


<z-z: 


\  e~M4e-*  1 

/  (2w  cos3  *,)'«  <*«)«* 

.  sin*  (dt/2)  cos*  (ihi/2)  J 

(21) 


where 


*>, 


Z-Z"  e_u'* •*" *• 

t - -  i  ■ 

Vo  »in  «ks 


and  4>  a  (kh)*/(2ka). 


To  give  further  insight  into  this  result,  we  assume  that  \Z’JZ\  <  1,  corresponding  to  a  highly  con¬ 
ducting  screen.  Then  from  (3),  we  find  that  the  corresponding  pattern  function  W  (with  no  sector 
screen  present)  is 

. . (l-*r)  e'1***’  .  .  «V«)  . 

W  a  cos  (kh  sin  «{%) - - 7^  ; - r.-TT,:  sin  4%  ’1  .  ;  , .  —  1 - )• 

4  (2-aka  cos3  ( sin*  (4%/2)  cos’  (4W2)  J 

(22) 

Here,  the  first  term  cos  ( kh  sin  is  the  pattern  for  an  infinite  ground  plane,  while  the  second 
term  is  the  correction  for  the  finite  size  of  the  actual  circular  screen.  The  result  as  given  is  only 
valid  when  ka  sin*  (4%/2)  a  1,  (ka)*  ►  (kh)*,  and,  as  indicated  above,  \Z’JZ\  <  1. 

The  first  term  in  the  curly  bracket  in  (22)  represents  the  contribution  from  the  front  edge  of 
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the  screen  whereas  the  second  term  may  be  identified  with  a  reflection  from  the  hack  edge.  Actu¬ 
ally,  for  angles  near  grazing,  the  latter  is  relatively  insignificant.  Thus,  if  1,  in  addition  to 
ka<l> J  ►  1,  eq  (22)  may  be  further  approximated  by 


I V  ai  cos  (AAifo)  —  ( 1  —  R,-)- 


(23) 


While  this  is  a  greatly  oversimplified  formula.  it  does  indicate  that  the  finite  ground  plane  will 
only  appear  “infinite*'  if  (ka)mibo  is  sufficiently  large.  Any  further  quantitative  discussions  neces¬ 
sitate  the  evaluation  of  the  Fresnel  integral  form  given  by  (20). 

4.  Tho  Contribution  From  tho  Sector 

A  few  remarks  will  now  be  made  about  the  method  of  handling  the  contribution  flt>  of  the 
sector  screen.  The  double  integral  to  contend  with  is  given  by  (8).  The  approximate  method  for 
carrying  out  the  <f>  integration  is  identical  to  that  used  before  (Wait,  1963;  Wait  and  Walters,  1963). 
In  the  case  where  both  ka  and  kb  *>  1  and  when  Z*  is  a  constant,  the  result  may  be  written 


fl»  *  — £±e-**«C*. 

■n* 

(24) 

where 

G »  = -  I  - e-»‘''F.U)rfr. 

(2rr)'«(cos3«|».|'«  J*«  ■*'« 

(25) 

where 

4>U)  =  U*  +  //«)*«-  x  ss  H*H2x), 

and 

i  r  44U/.1 

F.<*)=- — :  exp  [—  i(tr/2)f,)dt. 

1  *—  1  J  —  A»|U/»I  rm  iup* 

(26) 

The  Fresnel  integral  F,(x).  appearing  here,  approaches  one  if  As  and  A(  are  sufficiently  large. 

The  method  for  evaluating  the  integral  in  (25)  is  identical  to  that  used  before  (Wait  and  Walters, 
1963).  The  only  difference  is  the  additional  factor  exp  [-  i<t»(x)  J  in  the  integrand.  In  fact,  if  ka  ►  (Aft)1, 
this  exponential  factor  may  be  replaced  by  one  over  the  range  of  integration  in  (25).  In  this  case, 
the  previous  results  (Wait  and  Waiters,  1963)  for  the  contribution  fl»  and  the  resulting  tabulated 
integrals  may  be  taken  over  without  change.  The  pattern  function  including  the  effect  of  the  circular 
screen  may  then  be  obtained  without  difficulty  from  (3)  and  (6). 

5.  Final  Remarks 

In  this  paper,  we  have  indicated  the  necessary  extensions  of  the  theory  of  the  “finite  ground 
plane  efTect”  to  account  for  a  raised  antenna.  While  we  have  considered  a  vertical  electric  dipole 
with  its  free-space  pattern  described  by  cos  4o.  it  is  clear  that  a  vertical  antenna  of  finite  length 
may,  in  most  cases,  be  treated  by  simply  replacing  cos  fit  by  the  appropriate  free-space  pattern 
function.  Also,  it  should  be  stressed  that  the  discussion  given  above  refers  to  the  far-field  pattern 
of  the  composite  radiating  system.  From  the  receiving  standpoint,  this  means  that  the  patterns  so 
calculated  are  only  valid  for  a  downcoming  plane-wave  incident  at  a  grazing  angle  </it.  Some  of  the 
complications  which  arise  when  the  incident  wave  emanates  from  a  test  transmitter  in  the  "near 
field"  is  discussed  in  the  references  quoted  (Wait,  1963;  Wait  and  Walters,  1963). 
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6.  Appendix.  Evaluation  of  the  Infinite  Integral  G(®) 

The  integral  given  by  (10)  for  |A<i|  =  ®  may  be  written  in  the  equivalent  form 

f«e '**  ,  .  a  r  exp[-t(x*  +  //•)*"]  1  , 


(Al) 


where  « - =  Ar/|/r|.  If  the  air  is  allowed  to  have  a  vanishingly  small  conductivity,  6  is  an  arbitrarily 
small  positive  constant.  Following  an  integration  by  parts,  (Al)  is  transformed  to 


’  C  J,  <**  +  //*)■«  dx  W«(Cx)Jd*. 

where  C“=  cos  ifa.  We  now  observe  that 

which  permits  (A2)  to  be  expressed  by 

CM - c~xCJ. 


C  dC 

e-HH  fl 


C  dC 
=  eW4S  * 1  exp  (—  iHS). 

The  infinite  integral  occurring  in  (A3)  is  well  known.* 


c  Vh ,te  [f ,,_s|]  “p  h  f 11 +si]] 


(A2) 


(A3) 

(A4) 

(A5) 
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The  input  resistance  of  a  Hertzian  electric  dipole  located  over  a  homogeneous  conducting 
half-space  is  considered.  It  is  shown  that  the  functional  dependence  of  the  input  resistance  on 
the  'loss  tangent'  of  the  half-space  is  consistent  with  electrostatic  concepts,  provided  the  fre¬ 
quency  is  sufficiently  low.  On  the  ether  hand,  at  the  higher  frequencies,  the  results  are  com¬ 
patible  with  the  surface  impedance  formulations  based  on  the  compensation  theorem.  The  re¬ 
sults  have  possible  application  to  remote  sensing  of  planetary  surfaces  from  an  elevated  source. 


INTRODUCTION 

When  an  antenna  is  located  near  or  on  the  earth’s 
surface,  a  substantial  fraction  of  the  input  power  is 
■wasted’  in  the  ground.  A  measure  of  the  perform¬ 
ance  is  the  ratio  of  the  radiation  resistance  to  the  loss 
resistance.  The  loss  resistance  is  proportional  to  the 
energy  dissipated  in  the  ground.  To  improve  the  per¬ 
formance,  the  antenna  may  be  raised  to  a  sufficient 
height  above  the  earth  to  ensure  that  the  reaction  of 
the  ground  is  negligible.  For  low-frequency  opera¬ 
tion,  this  is  not  very  practical  because  the  height 
must  be  comparable  or  somewhat  greater  than  the 
operating  wavelength.  Another  approach  is  to  em¬ 
ploy  a  metallic  ground  screen  at  the  base  of  the  an¬ 
tenna  [ Wait  and  Pope,  1955].  For  VLF  transmitting 
antennas,  this  takes  the  form  of  an  extensive  radial 
wire  configuration,  which  may  extend  over  several 
square  kilometers.  Nevertheless,  the  radiation  effi¬ 
ciencies  may  still  be  less  than  50% . 

Another  important  aspect  of  the  situation  is  the 
inverse  problem  where  the  data  on  the  measured  in¬ 
put  impedance  are  used  to  estimate  the  electrical 
characteristics  of  the  ground  [Keller  and  Frisch- 
knecht,  1965].  Such  an  approach  has  promise  in  re¬ 
mote-sensing  applications  for  lunar  exploration. 

In  this  paper,  we  wish  to  review  briefly  the  rele¬ 
vant  electromagnetic  theory  of  the  dipole  impedance 
problem.  Various  approximations  and  interrelations 
in  available  formulations  are  discussed.  We  hope  as 
a  result  to  have  provided  a  clearer  understanding  of 
the  physical  bases  for  remote  sensing  of  the  environ- 
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ment  for  dipole  antennas  located  in  the  vicinity  of 
conducting  surfaces. 

We  consider  an  elementary  Hertzian  electric  di¬ 
pole  located  at  a  height  Zo  over  a  homogeneous  dis¬ 
sipative  half-space  whose  conductivity  is  <r  and  di¬ 
electric  constant  is  c.  If  we  superimpose  the  solutions 
for  vertical  and  horizontal  dipoles  in  an  appropriate 
manner,  the  results  for  an  arbitrary  inclination  of  the 
dipole  are  obtained  without  further  analysis.  There¬ 
fore,  in  what  follows  we  consider  only  the  purely 
vertical  or  purely  horizontal  orientations.  The  for¬ 
mulation  of  the  problem  is  very  similar  to  the  one 
used  previously  [Wait,  1962]  in  a  different  context. 

VERTICAL  DIPOLE  FORMAL  SOLUTION 
With  regard  to  a  cylindrical  coordinate  system 
( p ,  4>,  z),  the  vertical  dipole  of  length  ds,  carrying 
a  current  I,  is  located  at  z  =  z<t  on  the  z  axis  over  a 
dissipative  half-space  which  occupies  the  region 
z  <  0.  The  situation  is  illustrated  in  Figure  1. 
Sommerfeld  [1949]  gave  the  exact  formal  solution 
many  years  ago.  For  this  problem,  the  fields  in  the 
insulating  upper  half-space  can  be  obtained  from  an 
electric  Hertz  vector  which  has  only  a  z  component 
given  by 

tt  /  ds  /exp  (—■>(,/?) 

“  4ti'«ow  l  R 

+  f  R(\)  ~  exp  [-«„(!  +  zo)]  (1) 

Jo  Uo  ) 

where 

*#“(**  +  7«3)1/\  To  =  i(toMo)W,u>  «  ik. 
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Fig.  la.  Vertical  electric  dipole  (VED) 
over  a  homogeneous  conducting  half-space. 
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Fig.  lb.  Horizontal  electric  dipole 
(HED)  over  a  homogeneous  half-space. 


Jf(X)  «  (N’uo  -  u.XN’uo  +  «,) 

«.  -  (X*  +  7i,),/,( 

7i  “  [iMoUfOi  +  ieiM)!''1,  N  “  7i/7o. 

*  -  Ip'  +  ft  -  Zo)1]1"’ 

Here  we  have  designated  the  dielectric  constant  and 
the  magnetic  permeability  of  the  upper  half-space  to 
be  <o  and  i*>,  respectively.  To  satisfy  radiation  condi¬ 
tions  at  infinity,  the  real  parts  of  Uo  and  «i  are  de¬ 
fined  to  be  positive  for  A  ranging  from  0  to  oo  on  the 
real  axis.  The  harmonic  time  dependence,  according 
to  the  factor  exp  (Lot),  is  understood. 

To  perform  a  complete  calculation  of  the  self-im¬ 
pedance  of  the  source  dipole,  the  current  distribution 
on  the  dipole  must  be  determined.  This  aspect  of  the 
problem  may,  however,  be  deferred  if  we  confine  our 
attention  to  the  change  of  the  impedance  resulting 
from  the  presence  of  the  lower  dissipative  half¬ 
space.  Thus  for  electrically  short  antennas  it  is  per¬ 
missible  to  retain  the  dipole  approximation.  By  defi¬ 
nition,  the  change  S Z  is  given  by  SZ  =  Z  —  Z0, 
where  Z  is  the  self-impedance  of  the  dipole 
in  the  presence  of  the  half-space  and  Z0  is  the 
impedance  of  the  same  dipole  located  in  free  space. 
Thus,  Z«  =  lim  (z0  -*  «° )  Z. 

According  to  the  ‘emf  method,  we  can  calculate 
the  impedance  increment  SZ  from  the  formula 

“  -  !i"  [-7^]  ® 

where 

se.  =  (**  +  aVfe’xII  -  II)  (3) 

0 

and 

II  “  lim  (II) 


After  performing  the  derivative  operations  and  pro¬ 
ceeding  to  the  indicated  limits,  we  obtain 


SZ  =  - 


(&)’ 


4r  How  J  o 


/; 


R(K)  —  e~“'  rfX 

Uq 


(4) 


where  a  =  2zo-  It  is  convenient  to  normalize  this  by 
writing  8  =  RoT,  where  Ro  —  20 k2(ds)*,  the  real 
part  of  Z0,  is  the  free-space  radiation  resistance  of 
the  dipole.  (Here  we  assume  that  (/<«/«< i)l/*  = 
120*r. )  Thus  we  may  write 


^0  2/C^Jq  N  Uq  “f-  U\  Uq 


A  simple  yet  revealing  limiting  case  is  to  consider 
the  static  or  dc  limit.  Then  a  -*  0  and,  as  a  conse¬ 
quence,  «„  =  «!  =  a.  Thus 


Fig.  2.  The  input  resistance  of  a  vertical  electric  dipole 
(VED)  in  the  presence  of  a  conducting  half-space. 
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SZ  3  1  N*  -  1 
r0  “  ipjv’+i 

•  f  xVrt  dx 

Jo 


3  AT*  -  1 
(2^0?  A'2  +  1 


(6) 


If  we  write  N2  =  K  —  ip  where  X  =  «i/co  is  the 
relative  dielectric  constant  and  p/K  =  <n/«i  «  is  the 
'loss  tangent’  of  the  lower  half-space,  we  obtain  for 
the  real  part  SR  of  the  impedance  increment 


SR  _ 3 _ 2p 

R.  *  <2Azo)*  (tf  +  l)a  +  p * 

For  a  fixed  value  of  fco  and  K,  it  is  evident  that  SR 
has  a  maximum  value  when  p  =  K  +  1. 

To  illustrate  the  quasi-static  behavior,  the  function 
R/R0,  based  on  (5),  is  shown  plotted  in  Figure  2 
as  a  function  of  p  for  K  =  10.  This  is  mainly  a  meas¬ 
ure  of  the  power  absorbed  in  the  half-space  for  a 
vertical  electric  dipole  (VED)  placed  immediately 
above  the  surface.  As  indicated,  for  small  values  of 
the  dipole  height  (i.e.,  4*z<>/A  «  1),  the  input  resist¬ 
ance  change  SR  (=  R  —  R0)  greatly  exceeds  the 
free-space  radiation  resistance  R0  of  the  dipole.  Also, 
in  accordance  with  the  simple  static  limit,  the  maxi¬ 
mum  value  of  R  occurs,  for  a  value  of  p  =  K  +  1  = 
11,  for  the  example  shown.  However,  as  the  param¬ 
eter  4irZo/A  becomes  comparable  with  unity,  the 
curves  lose  their  characteristic  shape  and  a  clear-cut 
maximum  is  no  longer  evident.  The  behavior  of  the 
impedance  increment  in  this  range  is  discussed  below. 


Fig  3.  The  input  resistance  of  a  horizontal  electric  dipole 
(HED)  in  the  pretenet  of  a  conducting  half-space. 


THE  HORIZONTAL  ELECTRIC  DIPOLE 
The  formulation  for  the  horizontal  electric  dipole 
(HED)  is  very  similar  to  the  case  of  the  VED  dis¬ 
cussed  above.  The  only  slight  additional  complica¬ 
tion  is  that  the  Hertz  vector  for  the  problem  is 
required  to  have  both  a  vertical  and  a  horizontal  com¬ 
ponent.  Then  following  a  straightforward  application 
of  the  emf  method,  we  find  that  the  impedance  incre¬ 
ment  SZ,  resulting  from  the  presence  of  the  conduct¬ 
ing  half-space,  is 


SZ 

R* 


l 


3 

2P 


(k*  —  up*)  Up  —  u, 

2  u„  +  u, 


+ 


A*u„’(h<,  — 

+  «,)J 


exp  (— auB)  —  dX  (8) 

Uo 

In  proceeding  to  the  static  limit  (i.e.,  <»  -»  0),  we 
note  that  (uo  —  Ui)/(«o  +  Ui)  -»  0,  but  (u0  —  Hi )/ 
A2  — »  (N2  —  1  )/(2  A).  Thus,  in  this  limit 


SZ 

Ro 


3  At’  — 


4A  Ar  + 


<fX 


fi 


At’  -  1 


2  (2Az0)  Ar  +  1 


(9) 


which  is  identical  to  (6)  except  for  the  factor  1/2. 

Using  numerical  integration  data  from  Volger  and 
Noble  [1963],  the  function  R/R®,  for  the  HED,  is 
plotted  in  Figure  3  as  a  function  of  p  for  K  =  10  and 
for  various  values  of  the  parameter  ka  or  4»Zo/Ao- 
(The  approach  of  these  authors  is  similar  to  that  of 
Wait  [1962].)  The  similarity  of  these  curves  and 
those  for  the  VED  in  Figure  2  is  striking.  In  both 
cases,  there  is  a  maximum  in  the  energy  absorption 
where  p  =  K  +  1,  as  predicted  by  the  simple  static 
approximation. 

To  illustrate  the  dependence  on  the  relative  dielec¬ 
tric  constant  K,  the  normalized  input  resistance  R/Ro 
is  plotted  in  Figure  4  as  a  function  of  p,  for  a  range 
of  K  v  alues  for  two  fixed  values  of  the  dipole  height. 
Although  the  curves  have  the  same  general  shape, 
the  maxima  in  R  are  shifted  to  the  left  as  K  is  re¬ 
duced.  In  all  cases,  the  general  behavior  is  in  accord¬ 
ance  with  the  static  approximation  given  by  (9). 
A  significant  point  is  that,  for  a  fixed  value  of  Zo/Ao,  a 
single  measured  value  of  R/R0  will,  in  general,  lead 
to  two  possible  sets  of  values  of  K  and  p. 
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Fig.  4.  The  input  resistance  of  HED  showing  the  influence 
of  the  relative  dielectric  constant  (K  =  «/«■)  of  the  half- 
space. 


Having  dispensed  with  the  perfectly  conducting 
case,  we  now  define  the  impedance  increment  AZ 
resulting  from  the  finite  conductivity  of  the  half-space 
as  follows: 


A Z  «=  Z  -  Z'“  «  SZ  -  SZ (II) 
or 


AZ  3  <“  X8  exp  (— quo) 

Ro  P  Jo  A^Uo  +  «>  «o 


(12) 


Now,  for  sufficiently  high  conductivity  and/or  high 
frequency,  Ui  =  (Xs  —  N2k2)1/2  can  be  replaced  by 
iNk  over  the  significant  range  of  the  integrand.  Then, 
(12)  reduces  to 


AZ~  3  f  x* exp  (~au°>  n, 
Ro  ~  N*5  Jo  [u0  +  Kk/N)]uo 


(13) 


Noting  that  N  =  [(m  +  « «i  «)/i  <o  «*]1/2  has  an  argu¬ 
ment  between  0  and  »/4  (for  nonvanishing  o,  and 
ci),  we  can  express  (13)  in  the  form 


ASYMPTOTIC  APPROXIMATIONS 
The  results  we  have  just  discussed  are  dominated 
by  the  electrostatic  coupling  of  the  dipoles  to  the  dis¬ 
sipative  or  lossy  dielectric  half-space.  Certainly,  there 
will  always  be  a  sufficiently  low  frequency  where  the 
change  of  the  input  impedance  due  to  the  half-space 
can  be  computed  on  the  basis  of  a  static  theory.  The 
question  then  arises  as  to  how  this  approach  to  the 
problem  can  be  reconciled  with  the  usual  methods 
that  involve  the  surface  impedance  description  of  the 
half-space.  To  shed  some  light  on  this  question,  we 
return  to  the  integral  formula  given  by  (4)  above. 

First  of  all,  we  consider  the  limit  where  the  half¬ 
space  is  perfectly  conducting.  Thus,  if  N2  -*  «,  we 
have 

SZ  —  SZ exp  { _Q"« )  ^ 

At  Ik  Jo 


AZ 

Ro 


_3_r 1 

Nk*  U? 


(1  +  ika)e~ 


where 


where 


Q 


f*  X  exp  (-ana) 

Jo  uo  u0  +  i(k/N) 

£/[-»(!  +  AT')al 


(14) 


£/[-!*]  =  -  (  e-^dy  (15) 

**  / 

is  the  exponential  integral  as  conventionally  defined. 
Now,  if  |Af|  is  sufficiently  large,  (14)  can  be  further 
approximated  by 


(ds)\ 
2t  ika 


(1  +  Ika)  exp  (—ika) 


(10) 


where 


AZ/Ro  -  (l/N)/(fca) 


(16) 


Normalizing  by  Ro  and  considering  the  real  part  Re 
SZ'*1  or  SR*"’,  we  find  that 

je1*'  3 

— —  “  rr- i  {sin  (ka)  —  (ka)  cos  ka] 

Ro  (ka) 

where,  as  usual «  =  2z<>-  Here  we  confirm  that  SR1"  ' 
-*  1  as  Zo/ko  0  corresponding  to  the  expected 
doubling  of  the  input  resistance  (i.e.,  R  2Ro),  for 
a  vertical  electric  dipole  located  on  a  perfectly  con¬ 
ducting  surface. 


1(x)  -  3[jT’(1  +  ixy-“  -  El(-ix)] 

This  result  shows  that  Re  AZ  or  AR  varies  inversely 
with  N  or  p1/3.  This  is  in  accordance  with  the  curves 
in  Figure  2  if  p  is  sufficiently  large.  On  the  basis  of 
(16),  we  might  be  led  to  the  (erroneous)  conclusion 
that  A R  or  SR  increase  indefinitely  with  decreasing 
loss  tangent  p/K.  As  indicated  by  the  curves  in  Fig¬ 
ure  2,  this  does  not  happen.  It  is  important  that  (16) 
not  be  used  outside  its  range  of  validity;  namely,  |N! 
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should  be  large  compared  with  unity.  This  is  a 
rather  important  point  since  the  compensation  theo¬ 
rem  approach,  if  improperly  applied,  may  also  lead 
to  an  incorrect  conclusion.  For  example,  on  the  basis 
of  the  compensation  theorem,  in  its  general  form,  the 
result  for  die  change  of  the  input  impedance  AZ  of 
the  VED  resulting  from  the  finite  conductivity  of  the 
half-space  is  [Wait  and  Pope,  19SS] 

AZ  -  71  [  E,H.<m,2rp  dp  (17) 

Here,  70*  is  the  current  at  the  terminals  of  the  electric 
dipole,  E,  is  the  resulting  tangential  electric  field  in 
the  radial  direction  p,  whereas  //«<*”  is  the  tangential 
magnetic  field  in  the  azimuthal  direction  4,  for  an 
assumed  perfectly  conducting  half-space.  If  (17) 
were  applied  with  the  proper  value  for  E„  it  would 
lead  to  an  exact  formula  for  A Z.  However,  to  facili¬ 
tate  its  application,  E„  is  usually  first  approximated 
by  assuming  that  E,  is  proportional  to  Ht,  which  in 
turn  is  replaced  by  In  fact,  it  is  an  extremely 

interesting  exercise  to  show  that,  on  using  the  ap¬ 
proximation 

E,  -  ,0(1/A I)n*m}  08) 

(17)  reduces  precisely  to  (16).  Furthermore,  the  de¬ 
tailed  analysis  of  Sommerjeld  and  Renner  [1942] 
gives  an  identical  result  for  Re  AZ  or  Art  if  tLeir 
complicated  ‘second  order’  correction  is  ignored. 

A  similar  argument  applies  to  the  horizontal  elec¬ 
tric  dipole  (HED),  where  the  integral  formula  (8) 
and  the  assumption  |N|  2>  1  reduces  to  the  simple 
result 


This  again  illustrates  the  inverse  dependence  on  ]/V|, 
which  is  in  accord  with  the  curves  in  Figures  3  and 
4,  for  sufficiently  large  values  of  p. 

CONCLUDING  REMARKS 
The  results  given  in  this  paper  should  clarify  the 
various  mechanisms  responsible  for  energy  loss  from 
an  electric  dipole  source  located  above  a  conducting 
ground.  As  indicated,  at  sufficiently  low  frequencies 
the  coupling  between  the  antenna  and  the  environ¬ 
ment  (i.e.,  the  half-space)  is  electrostatic  in  nature. 
This  is  related  to  the  so-called  E-field  loss  discussed 
in  the  context  of  high-power  VLF  transmitting  an¬ 
tennas  [Watt,  1967;  Wait,  1963]  operating  over 
poorly  conducting  soils.  On  the  other  hand,  the 


higher  frequency  approximation  to  the  exact  integral 
formulas  leads  to  results  that  are  normally  associated 
with  the  compensation  theorem  approach.  In  this 
method,  the  Poynting  vector  or  some  variant  of  it  is 
integrated  over  the  whole  ground  plane,  and  in  this 
way  the  ground  reaction  on  the  antenna  is  estimated. 
Actually,  there  is  no  contradiction  between  these 
seemingly  different  approaches  if  we  keep  in  mind 
the  nature  of  the  approximations  and  the  ranges  erf 
their  validity.  Of  course,  in  the  case  of  the  half-space 
problem,  it  is  possible  to  work  with  the  exact  integral 
formula,  and  the  numerical  data  so  obtained  are  valid 
for  the  whole  range  of  the  parameters.  However,  in 
many  cases  of  practical  interest,  the  environmental 
configuration  is  more  complicated  than  a  homoge¬ 
neous  half-space.  Then,  a  quasi-static  assumption  or  a 
surface-impedance  description  is  useful.  We  have  at¬ 
tempted  to  give  some  indication  of  the  meaning  of 
these  limiting  situations  and  to  remove  some  apparent 
contradictions  that  have  been  alluded  to  from  time 
to  time. 

Finally,  we  stress  that  the  dipole  formulations  con¬ 
sidered  here  are  only  valid  for  wire  antennas  that  are 
small  compared  with  both  the  wavelength  and  the 
height  above  the  half-space.  Relaxing  either  or  both 
of  these  restrictions  leads  to  a  different  class  of 
problems. 
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SURFACE-WAVE  EFFECTS  WITH  LARGE 
ANTENNA  EARTH  SCREENS 

It  is  pointed  out  that  ■  perfectly  conducting  earth  screen 
may  not  be  the  optimum  it  low-angle  radiation  n  to  toe  mati- 
rrused  toe  a  given  antenna  current.  This  is  a  consequence  of 
the  surface  wave  ctcncd  for  on  earth  semen  with  tonic  induc¬ 
tive  reactance 

Extended  earth  screens  ere  sometimes  used  for  improving 
low-angle  radiation  from  h.f.  antennas.  They  usually  take  the 
form  of  a  radial  wire  or  a  metallic  mesh  which  is  placed  on 
the  earth's  surface  in  the  immediate  vicinity  of  the  antenna. 1 
In  the  theoretical  treatment  for  these  systems,  it  is  convenient 
to  describe  the  surface  of  the  earth  screen  by  an  effective 
surface  impedance  Z  .  which,  in  general,  is  different  from  the 
surface  impedance  Z  of  the  ground  beyond  the  screen.  At 
first  glance,  one  would  think  that  the  ideal  system  would  be  to 
have  Z'  —  0  corresponding  to  a  screen  of  effectively  perfect 
conductivity.  It  is  the  purpose  of  this  letter  to  show  that  this 
is  not  the  case. 

The  situation  is  illustrated  in  Fig.  I.  A  vertical  electric 
dipole  is  located  on  a  flat  ground.  The  effective  surface  im¬ 
pedance  of  the  ground  system  is  a  constant  Z  out  to  a  radius  to 
from  the  base  of  the  antenna.  The  ground  beyond  radius  to 
is  taken  to  have  a  constant  surface  impedance  Z,  and  we 
assume  that  the  system  is  routionalty  symmetric.  As  indicated, 
p  is  the  radial  distance  to  an  arbitrary  point  on  the  earth's 
surface  from  the  dipole. 


Fie.  1  Chctnc  drpotm  tocotod  on  a  circular  month  screen 

The  radiation  field  £,  for  a  time  factor  capOut).  at  an 
infinite  distance  ff  and  elevation  angle  do.  is  expressible  in 
the  form1 

-T-*  . <•> 

where  «  -  4»  x  10"’.  It  -  2ir/(wavelength)  and  Ids  is  the 
current  moment  of  the  dipole.  Here  H"  is  a  pattern  function 
normalised  so  that  it  is  unity  over  a  perfectly  conducting 
ground  plane  of  infinite  extent  (i.e.  Z'  -  Z  -  0).  Now, 
following  an  early  derivation.1 

w  -  (i  +  ff,xi  +  on  . (2i 

where  ff.  —  lain  da  -  <Z/i|o>l/lsin  do  +  (Z/qe)|.  i*  “  120*. 
and  O  it  a  'modification'  which  vanishes  if  the  earth  screen  is 
absent  (i.e.  Z‘  •*  Z  or  if  b  —  0).  In  the  limiting  case  of  no 
earth  screen, 

IS-'  .  w  -  (I  +  ff.l/2  -  sin  ds/lsin do  +  <*/i|e)|  O) 

Here  2/>)o  is  the  normalised  surface  impedance  of  the  ‘un¬ 
modified'  ground  If  the  latter  is  homogeneous  and  lossless, 
we  have 

*/*>-  (l/*)MI  -  (cos1*,)/*)!  («> 

where  If  is  the  relative  permittivity  of  the  dielectric  ground 
The  corresponding  result  for  W  is  exact 
The  modification  of  the  surface  impedance  in  a  circular 
region  of  radius  b,  from  Z  to  Z',  results  in  improving  the 
‘cut  back'  by  a  factor  I  *  Q,  Abo,  it  can  be  shown1  that 

ES2 


the  ground-wave  field  of  the  dipole  is  also  modified  by  the 
factor  I  +  O,  where  this  is  to  be  evaluated  as  do  —0  In 
fact,  as  we  will  see  below,  |  *  17  is  essentially  independent  of 
do  for  small  angles.  Here  12  is  to  be  obtained  from1 


a  -  -  J.-'-nyfip)  (t  +  JMp  cos  do )dp  (5) 


where 

It  , Up)  -  I  —  >(w|*)*e  ‘  T  erfc  (/)»•  I . (6) 

p  -  -  ^  •  F  —  fZ  -  Z")/i)o.  and  where  J<  is  the 

Bessel  function  of  order  one  while  II  ,  is  an  'attenuation 
function'  which  accounts  for  the  modification  of  the  tangen¬ 
tial  magnetic  field  by  the  finite  surface  impedance  Z‘  of  the 
earth  screen.  In  obtaining  eqn.  S.  we  have  neglected  the  effects 
of  back  reflections  from  the  edge  of  the  earth  system  (i.e. 
at  P  -  b).  Other  investigations  have  shown  this  is  a  well 
justified  assumption.11 

Now  the  modified  surface  impedance  2  will  be  imagined 
to  be  composed  of  the  parallel  combination  of  the  ground 
impedance  Z  (evaluated  at  grazing  incidence)  and  the  effective 
impedance  2,  of  the  wire  grid.1-1  Thus 

Z ■  -  ZZJIZ  +  Z.) . (7) 

where  Z  -  i)off~l(l  -  K'<) I  is  the  surface  impedance  of 
the  ground  for  grazing  incidence.  If  the  wire-grid  spacing  is 
much  less  than  a  wavelength  and  if  ohmic  losses  in  the  wires 
are  negligible,  we  know  that  2,  is  purely  inductive.  Thus  we 
set 

2,  ~n oS, 

where  I,  it  I  dimensionless  reactance  parameter.  A  good 
approximation  is  S,  «  ld;\>)  'n  Id  (2nr))  +  S..  where  d  is  the 
spacing  between  the  wires  in  the  mesh,  -to  is  the  free-space 
wavelength,  r  is  the  wire  radius,  and  S,  is  a  correction  factor 
which  n  negligible  if  d/A «  is  sufficiently  small.1 

As  indicated  by  eqn.  5.  the  integrand,  apart  from  the  factor 
Jt,  IS  proportional  to  the  tangential  magnetic  field  at  a 
distance  p  from  the  dipole.  If  here  II  /top)  is  replaced  by  unity , 
we  have  the  assumption  that  the  tangential  magnetic  field 
is  the  same  as  if  the  surface  were  perfectly  conducting  through¬ 
out.  Clearly,  if  the  reactance  parameter  S,  were  effectively 
zero,  this  would  be  a  good  approximation  even  for  a  screen 


Fig  2  Attonuotion  function  W§  lot  o  pmnitlly  inductive 
ourfoce 

- 
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of  finite  extent.  However,  if  the  reactance  of  the  screen  is  an 
appreciable  fraction  of  the  impedance  of  the  (round,  it  is 
not  justified  to  set  -  I  in  the  integrand  of  eon.  5  This 
fact  is  dearly  illustrated  in  1  where  the  amplitude  and 
phase  of  W,  are  shown  plolteo  as  a  function  kp  for  a  lossless 
homogeneous  earth  with  a  relative  permittivity  K  —  10.  For 


a 


Mg.  t  a«»0dc«t»en  of  Me  aeOttofan  ttoM  due  to  Me  presen ce 

eT  Me  eerM  eceeer) 

He  ma  hr  Me  W,  -  I  mmmpPm  era  eke  earn 


to  the  surface  effect  would  not  be  predicted.  This  fact  could 
be  kept  in  mind  in  the  design  of  practical  earth  screens  for 
h  f.  antennas  over  poorly  conducting  ground 


Fig.  4  Dependence  on  Me  earth-screen  reactance 
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Upvalue  oft.-  I,  it  is  apparent  that  the  inductive  portion 
of  Z'  is  nr** -in'  to  allow  a  partially  trapped  surface  wave  to 
jmgugata  along  tfae  surface.  This  surface-wave  effect  for 
L  an  0-2  ia  only  aotineabia  for  tits  shorter  dtstanesa  Never- 
feta,  era  aae  Mat  W,  is  aubeuotially  different  from  unity 
oear  moat  of  the  reaps  of  kp  Mscnsad.  As  pointed  out  by 
MM.’  •  dnfer  effect  should  be  observed  for  a  lowy 


Meade  of  I  +  Q,  for  t,  »  0- 1  aad  0-2.  is  shown 
■  ad  t,  taapectiveiy,  for  **  -  100  and  *  -  10 
n  caret  shorn  the  corresponding  quantity  with 

^naegy^ka' Fig.  4,  am  indicate  how  |  I  +  0\  varies 
fe screen reearmce parameerr  I, for  IT -  land  10,**  - 
ad  when  the  prmneg  angle  te  seods  to  zero  In  this 
1 1  ♦  Q\  is  a  r— — -  «f  *•»-  ,h*  ”■-* 


with 
100. 

.  w  ~~  ...  Jus  case, 
a  aesaaurs  of  how  affective  the  earth  screen  is 
M  haswao  the  earth- wave  field.  >  The  curves  indicate  that 
-ala  of  t,  cuts,  which  is  of  the  order  of  0  1. 
i  the  IF.  -  I  assumption,  the  aahacatat  due 
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FIELDS  OF  ELECTRIC  DIPOLE 
ON  RADIALLY  INHOMOGENEOUS 
GROUND  SURFACE 

An  mlcf rtl-cquinon  method  it  employed  lo  calculate  the 
Acids  for  lo*-an|lc  radiation  over  a  plane  boundary  with  an 
exponentially  varying  surface  impedance.  It  is  shown  that  the 
effective  dipole  moment  of  the  source  is  increased  by  a 
complex  factor  which  depends  on  tooth  the  taper  and  the  extent 
of  the  tn homogeneous  region. 


There  is  in  intriguing  possibility  that  the  low-angle  radiation 
from  h.f.  antennas  may  be  enhanced  by  modifying  the  fore¬ 
ground.  Physically,  (his  can  be  achieved  by  using  an 
extended  radial-wire  or  a  mesh  ground  system.  In  the  previous 
theoretical  treatments  of  the  subject,  it  has  been  assumed 
usually  that  the  ground  system  is  effectively  a  perfect  con¬ 
ductor  over  its  total  extent  whether  it  is  disc  or  sector  shaped.4 
In  this  letter,  we  wish  to  consider  some  implications  of  taper¬ 
ing  the  ground  system.  In  this  case,  the  effective  surface 
impedance  is  a  smooth  function  of  the  radial  distance  from  the 
base  of  the  antenna.  Analytically,  this  is  a  considerably  more 
involved  problem  than  for  a  constant  or  zero  surface  im¬ 
pedance. 

For  simplicity,  we  assume  azimuthal  symmetry,  and  we 
also  represent  the  source  as  a  ground-based  Hertzian  electric 
dipole.  The  situation  is  illustrated  in  Fig.  Ia,  where  the 


Fig.  t A  Basic  geometry 


Fig.  IB  Assumed  uirftce-impMtiKe  emltlien 


surface  impedance  of  the  ground  beyond  a  specified  radius  n 
is  a  constant  Z.  Within  the  ground  system  (t.e.  0  <  p  ■;  a), 
the  surface  impedance  Z'(p)  <*  taken  to  be  a  function  of  p. 
the  radial  distance  from  the  source  dipole.  As  indicated.  ij>0 
it  the  angle  subtended  by  the  observer’s  direction  and  the 
ground  plane. 

In  the  absence  of  the  ground  system  (i.e.  a  w  o  or 
Z'(p)  -  Z).  the  far-held  radiation  pattern  Pf^glof  the  ground- 
based  dipole  on  the  homogeneous  flat  earth  is 


|1  +  *.|<costW2 

*  _  **"  ~  (£/g»> 

'  sin  +  (Z/ij,) 


(I) 

(21 


and  1)0  —  I20rr.  Here,  of  course,  R,  is  the  appropriate 
Fresnel-reflectton  coefficient  for  a  normalised  surface  mi. 
pedance  Z/i)o-  It  was  shown  before’  that  the  corresponding 
pattern  function  is 

P(*0)-  1(1  +  R,xi  +  n.)|(costM2  (It 


where  fi.  is  the  all  important  correction  factor  which  accounts 
for  the  presence  of  the  ground  system.  The  latter  is 

n.-  -  -£r  frwp)H *p>*-*» 

catT*Jt 

X  ('  <<) 

where  *  -  2w/( wavelength),  J  —  Bessel  function  of  the 
first  kind,  and  FUtp)  -  (Z  -  Z'(p))ht  “  the  surface-im¬ 


pedance  contrast  function,  which.  by  definition,  vanishes  if 
p  >  a.  In  this  integral  representation  for  the  perturbed  radia¬ 
tion  field,  I  Ftp)  is  the  unknown  attenuation  function  for  the 
tangential  magnetic  field  of  the  source  dipole  in  the  region 
0  <  p  <  a  This  function  was  shown  to  satisfy  a  Volterra- 
integral  equation  of  the  form, 


ff  fr)  -  W'f.r)  + 


It  (r  -  y)tt"ly) 
i  it  t 


.  (5) 


where  H'(x)  ■=  I  -><rrp),;Ie  'erfc  Up111)  .  .  .  (Al 


,t  =  Ip.  and  P  - - (/r/2KZ/i)o)’.  Here  If  l.r)  is  the  well 

known  attenuation  function  for  propagation  to  a  ‘numerical 
distance’  p  over  an  homogeneous  flat  surface.  In  eqn.  6,  erfc 
is  the  complement  of  the  error  function.  Methods  of  the 
solution  of  eqn.  5  for  the  attenuation  function  IF'(x)  are 
described  elsewhere  * 

As  mentioned  above,  the  specification  of  the  functional 
form  of  the  surface-impedance  contrast  function  Fix),  where 
x  -=  ftp,  will  determine  the  form  of  the  resulting  attenuation 
function  W‘{x).  For  present  purposes,  we  will  consider 

Z  -  Z  fjr)  -  Ze-** . <7| 


where  Z  corresponds  to  the  appropriate  value  for  a  homo¬ 
geneous  lossless  ground  of  relative  permittivity  c,/«0 
The  situation  is  illustrated  in  Fig.  Is.  In  this  case,  we  choose 

Z/lo  «  («s/r,),,J(l  -  . (8) 

which  is  the  exact  form  for  a  vertically  polarised  plane  wave 
at  grazing  incidence.  The  exponential  variation  indicated  by 
eqn.  7  is  an  idealisation  for  a  ground  screen  which  is  tapered 
smoothly  from  the  base  of  the  antenna.  Here  we  do  not  dwell 
on  the  physical  realisability  of  such  a  ground  system,  although 
we  could  point  out  that  a  radial-wire  system  will  have  a 
smoothly  decreasing  effective  impedance  as  one  recedes  from 
the  base  of  the  antenna  along  the  ground  surface.  For  our 
example,  the  dimensionless  parameter  A  is  a  measure  of  the 
rapidity  of  the  impedance  taper.  For  example,  h  -  0  would 
correspond  lo  a  perfectly  conducting  ground  plane,  while 
h  -  or  corresponds  to  a  homogeneous  earth  of  surface 
impedance  Z  throughout. 

Once  we  have  the  numerical  values  for  the  attenuation 
function  ft  Up),  the  pattern  function  can  be  obtained 
directly  from  eqn.  3.  following  the  numerical  integration  of 
eqn  4.  in  this  case,  the  upper  limit  n  of  the  integration 
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corresponds  physically  lo  the  outer  extremity  of  the  ground 
system 

As  indicated  by  eqns  I  and  3,  the  complex  factor  ( I  -*  12.) 
is  the  ratio  of  the  field  with  and  without  the  tapered 
ground  system.  As  it  turns  oul.  this  factor  is  a  slowly  varying 
function  of  the  angle  i/id.  at  least  for  the  low  angles  of  interest 
to  long-distance  h.f.  propagation  To  illustrate  this  point,  we 
show  the  amplitude  and  phase  of  (I  -  Ii„l  in  Table  I,  for  a 
typical  selection  of  the  relevant  parameters. 

T  he  near  constancy  of  I  12,  as  a  function  of  i /■<,  justifies  the 
use  of  this  factor  as  a  quantitative  measure  of  Ihc  effectiveness 
of  the  ground  system  In  fad.  we  can  assert  that  the  effective 
moment  of  the  source  dipole  is  modified  by  the  factor  I  4  U, 
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FI®.  2  Modification  of  effective  dipolt  moment  re suiting  from 
aasumad  turfaca-impadanca  variation 
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This  useful  concept  was  also  borne  out  in  an  earlier  study  for 
constant-impedance  ground  screens.4 

For  the  tapered  exponential  model  considered  here,  some 
concrete  numerical  values  are  illustrated  in  Figs.  2 a  and  b 
for  relative  permittivities  of  10  and  3.  respectively.  In 
each  case,  the  abscissa  is  the  taper  parameter  b,  while  the 
ordinates  are  the  amplitude  and  the  phase  of  I  +  U„.  In  each 
case,  three  values  of  the  ground-system  radius  a  are  indicated. 
{Here,  ko  —  2rro/(wavelength)J. 

From  the  curves  in  Figs.  2 a  and  b,  it  is  evident  that,  if  the 
taper  parameter  is  sufficiently  small  (i.e.  almost  constant 
surface  impedance),  the  results  are  equivalent  to  a  perfectly 
conducting  circular  screen  of  radius  a  lying  on  a  dielectric 
half-space.  This  fact  is  confirmed  by  comparing  the  results 
here  with  those  obtained  previously4  for  such  a  situation.  As 
the  taper  parameter  b  is  increased,  it  is  evident  that  the  ground 
system  is  less  effective  in  the  sense  that  I  +  12,  is  approaching 
I.  Also,  we  see  that  the  dependence  on  the  finite  value  of  ka 
is  less  as  b  increases.  In  fact,  if  b  >  0-1  the  discontinuity  in 
the  surface  impedance  at  p  =  a  is  not  significant. 

The  method  employed  here  can  be  applied  to  more  realistic 
situations  which  involve  elevated  antennas  of  finite  length 
erected  over  inductive  wire-grid  systems.  The  incorporation 
of  ohmic  losses  in  the  ground  is  also  straightforward.  Work 
on  the  subject  continues. 

j.  a.  wait  23th  August  1969 

K.  T.  SPIES 

ESSA  Research  Laboratories 
Boulder,  Colo.  80302,  USA 
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Transient  Response  of  a  Dipole  over  a  Circular  Ground 
Screen 

Abtlract — The  time-domain  response  of  a  vertical  electric  dipole 
located  over  a  circular  ground  screen  is  considered.  The  relevant 
time-harmonic  solution  is  used  as  a  starting  point.  By  malting  a 
number  of  approximations  a  very  simple  formula  is  obtained  for 
the  transient  response  of  the  far  field  when  the  dipole  current 
moment  is  a  ramp  function  of  time.  It  is  shown  that  for  early  times, 
the  pattern  response  appears  as  if  the  ground  screen  were  of  infinite 
extent,  while  at  very  long  times,  the  response  approaches  that 
expected  for  a  homogeneoua  Bat  ground. 

Introduction 

Low-angle  radiation  from  a  dipole  antenna  over  a  finitely  con¬ 
ducting  ground  may  be  improved  by  the  me  of  a  metallic  ground 
screen.  The  limited  sire  of  any  practical  system  does  not  permit 
one  to  realise  fully  the  ideal  pattern  for  a  perfectly  conducting 
ground  plane.  Quantitative  studies  of  this  important  effect  have 
been  the  subject  of  various  tlieoretical  and  experimental  investiga¬ 
tions  [lJ-[3].  Without  exception  tlie  analyses  have  been  carried 
out  for  time-harmonic  fields.  In  this  communication  we  wish  to 
develop  a  transient  solution.  To  simplify  the  discussion,  a  relatively 
simple  model  is  adopted,  and  the  source  dipole  moment  is  assumed  ' 
to  be  a  step  function  of  time. 

Formulation  or  the  Time-Harmonic  Problem 

With  respect  to  a  cylindrical  coordinate  system  (s,o,r)  the 
earth’s  surface  is  at  s  -  0,  and  the  source  electric  dipole  is  located 
at  r  •  A  on  the  axis.  As  indicated  in  Fig.  I,  the  circular  ground 
screen  is  located  on  the  surface  r  -  0  and  is  bounded  by  #  -  a. 
In  the  absence  of  the  ground  system  the  surface  impedance  tr  Z, 
which  does  not  vary  with  >  On  the  other  hand,  the  surface  im¬ 
pedance  of  the  ground  screen,  in  parallel  with  the  homogeneous 


earth,  is  Z.'.  This,  in  effect,  is  saying  that  the  effective  surface 
impedance  for  the  entire  ground  plane  is  Z.'  for  0  <  »  <  a,  and 
Z  for  a  >  o. 

For  convenience,  we  will  discuss  the  problem  initially  for  a  time 
factor  exp  (i'U).  The  current  moment  of  tlie  dipole  is  designated 
ReM,  and  the  magnetic  field  in  the  lar  rone  has  the  form 

W«(w)  m  exp  (-tn/fi/e)  cosg.ll’fu)  (I) 

ZtCai 

where  ff,  is  tlie  distance  to  the  oliserver,  g»  the  angle  subtended 
by  Re  and  the  earth’s  surface,  and  c  the  velocity  of  light  in  a  vacuum. 
If’  is  a  pattern  function  which  is  normalized  to  be  unity  if  the 
dipole  height  A  were  zero,  and  if  the  entire  ground  plane  weie 
perfectly  conducting. 

An  approximate  formula  for  If’  is  given  as  follows  [4]: 

II”  ar  (I  +  ff.)[C,(A)  +  0]/2  (2) 

where 


sings  -  (Z/n) 
sin  g*  +  {Z/a*) 


(3) 


<?.<*>  - 


exp  [ue(A/c)  sin  g,]  +  R,  exp  [  -intA/cisiii  gt] 

I  +  R. 


(f) 


.y,(^cosg.)(?L-^d, 
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where  si  “  (a#/**)*1’  -  120»  wwl  i,  *■  (a*  +  A*)*'*.  The  mulls 
(hrsn  by  (2)-(5)  reduce  to  the  forms  given  previously  [1 3.  [2], 
where  A  is  eet  equal  to  sera.  While  (2)  is  approximate  it  does  reduce 
to  various  correct  limiting  forms.  For  example,  if  a  ->0,  then  ft 

vanishes,  and 

2W  ~  (1  4  ft.)C,(A) 

-  asp  [tw(A/c)  sin  #,3  +  R.exp  [-iw( A/c)  sin  4,3  (6a) 

when  R,  is  the  appropriate  Fresnel  reflection  coefficient  for  oblique 
reflection  from  a  flat  earth  whose  surface  impedance  is  Z.  Tlie 
other  limiting  ease  is  when  the  ground  screen  radius  becomes 
infinitely  large.  For  example,  if  IZ.'I  «Z,  we  find  that  [43,  m  the 
limit  s-»e, 

O  -  (2/e,)  exp  [-iw(A/c)  sin  4<3/sin  4*  (6b) 

This  combines  with  (2)  and  (3)  to  give 

II"  -  cos  [u (A/c)  sin  4,3  (7) 

which  is  the  expected  pattern  for  a  vertical  electric  dipole  over  a 
flat  perfectly  conducting  ground  plane. 


Transient  Analysis 

In  order  to  approach  the  transient  problem,  it  is  imagined  that 
at  time  /  -  0  the  dipole  is  suddenly  turned  on.  Then  the  current 
moment  is 


P(0 


exp  ( -at)  -  exp  ( -fit) 

- - ; - m(0 


(8a) 


where  a  and  fi  are  constants,  and  where  u(l)  •  I  for  I  >  0  and 
u(()  “  0  for  1  <  0.  As  will  lie  shown,  this  double  ex|»ucutinl 
form  has  certain  matliemntical  advantages.  The  Fourier  transform 
of  the  current  moment  is  given  by 


/>.(«) 


P(0  exp  (-iwt)  dt 


M— 

0  —  a\o  +  lw 


t+i 


(8b) 


By  superposition  tlie  transient  response  A,(()  of  the  radiation 
field  is  then  obtained  by  inverting  the  transform 

Af«(«)  “  j  A,(()  exp  (— iuO  dl  (9) 

or,  more  explicitly,  from 

MO  -  ~J  »♦(-)  «p  <i-0  dw.  (10) 

By  utilising  the  shift  rule,  it  is  easy  to  obtain 

M<)  "  (*  “  T  +  (,,) 

where 

A  (<)  -  £  J  W’{ w)  exp  [— iw(A/e)  sin  4«] 


iw  «sp  (iw() 

(■  +  ••*)  (fl  4  •»)  -’ 


(12) 


The  function  A  (0  is  designated  as  the  pattern  response.  In  order 
to  ese  the  meaning  of  this  quantity,  the  whole  ground  plane  is 


considered  to  be  perfectly  conducting.  Tims  II"  in  the  integrand 
of  (12)  is  to  be  replaced  by  (7),  giving 

-f(()  -  A,U)  -  j  |1  +  exp  [— iw(2A/c)  sin  4,31 


in  exp  (twf) 


(o  +  iw)  ( 0  +  iw) 

Tliis  integration  is  readily  carried  out  with  tlie  following  result 
1 


dw.  (13) 


A,(l)  - 


2(1  -  a) 


|[fl  exp  (-60  -  oexp  (-«f)3u(() 

+  [flexp  [-fit')  -  aexp  (-of‘)3u(0l  (If) 


where  (  ■!  -  (2A/c)sin4,.  The  terms  multiplied  by  n(()  and 
N(f)  are  proportional  to  the  direct  signal  and  the  signal  reflected 
from  the  ground  plane,  reapeetively.  If  fi  and  a  are  allowed  to  ap¬ 
proach  tero,  it  can  be  eeen  that 


I  I  1 

A»(l)  “  —  /  -  |1  4  exp  [-iw(2A/e)  sin  4,31  —  exp  (iwO  dw 

-  *[u(0  +  *(03-  05) 

From  the  nature  of  this  limiting  process  it  b  clear  that  the  contour 
in  (15)  b  to  be  indented  below  any  aingularitiea  which  occur  on 
the  teal  axis.  In  the  following,  it  b  understood  tliat  this  convention 
holds. 

In  the  limiting  caw  of  a  perfectly  conduct ing  ground  plane  the 
radiated  field  b  teen  to  be  two  superimposed  step  functions.  Tlie 
corresponding  source  dipole  moment  b  a  ramp  function,  i.r., 
p(t)  -  lw(l).  This  is  a  convenient  lv|ie  of  source  for  an  initinl 
study  of  tlie  transient  response  of  a  gnmml  screen  excited  In-  a 
dipole. 

Some  SiururiCATinxs 


In  order  to  proceed  with  the  general  ease,  n  nuinlicr  of  simplifii-ii- 
thms  are  now  made.  First,  it  b  assumed  Hint  the  groiiml  screen  is 
perfectly  conducting  (i.e.,  2,’  »  0).  Tims  (2)  is  expressible  in  tl« 
simpler  form. 

II"  *  eos  (wASi’c)  *f  III*  ( lit) 

where 


ah  .  “  r  _2L.  f,  +  — £ — 1 

5  4  AcC/_p,4A>L  iwta*  4  **)•'»] 


•  exp  [  —  iw (p1  4  A*),,,/c3/i(wpC/c)  dp  (17) 


with  A  ■  2/»,,  S  w  sin  d»,  and  C  •  cos  4,.  For  tlie  ramp  sonn-c 
function  p(f)  •  (u((),  tlie  response  pattern  b  tlien 


Ad)  -  .4,(0  4  (?(()  t|R) 

where 

I  /♦-Air 

G(l)  -  —  /  —  exp  (-iwAS/c)  exp  (iwt)  dw.  (19) 

2v  J -m  Iw 

To  facilitate  the  integrations  in  (77),  tlie  following  asymptotic 
forms  for  the  Bowel  function  are  employed : 

.•» 


•  [exp  (iwpC/c)  -  iexp  (-iwpC/c)].  (20) 

The  consequences  of  using  thb  higMreqtienrv  approxiinnlinu  arc 
dbcumed  in  tha  Appendix.  Tims  (17)  reduces  to 

AH’  exp  ( -twAS/c)  _  SA_  I  I  /*  I  p> 

iw  “  “  A  +  A  «2*r),"fi"/>  p"’ p>  +  *■ 

'  [‘  +  iwtp*  4  A*)1'*]  H7)«  '  *XP  "  C)3 

-  iexp[-iw(p,»(l  4  C)3(exp[-iw4(p)3dp  (21) 


(w/c )/  (wp  C/e )  ar 


L  2»epC 
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FI*.  3.  Tlmo-ray  Intcrprvlallon  of  total  transient  Rlaita! 


Fig.  3.  Tranalrnt  roaponao  of  ground-based  rtlpolr  with  circular  atltoi. 


wliere 

...  (f*  +  **)•"  f  .  AS 

♦  (f)  - - +  —  ■ 

c  e  e 

In  view  of  the  approximations  in  the  oriental  derivation  [4 ],  the 
factor  C,n  can  be  replaced  by  unity.  Alto,  since  we  are  dealing  with 
large  screens  where  (wo/c)3>  1,  the  first  square  bracket  term  in 
tlie  integrand  of  (21)  may  be  replaced  by  unity.  On  the  otlier 
hand,  in  the  second  square  bracket,  tlie  term  multiplied  by  —a  can 
be  ignored  since  the  phase  is  varying  rapidly.  As  indicated  before 
[4],  this  neglected  term  is  related  to  the  wave  reflected  from  the 
back  edge  of  the  screen.  With  there  simplifications,  it  is  fuund  tliat 
(21)  reduces  to 


Ilf  exp  (— i^AS/c)  ^  _  5a  I  1 

i*  =!-S  +  A(2ve),'«A  Fm  (•»)'" 

•  exp  [-iw(»/c)(l  -  C)]exp  [-!«♦(»)]*  (22) 

Using  this  form  for  tlie  integrand  in  (19),  the  integral  kill  over  a 
can  now  be  readily  effected.  Thus 


C(f) 


So  1 _  fm  I  u[f-(F/c)(l-C)-^(Fl3 

S+A  (2e) *'•»/,  f,,,[«-(f/c)(I-C)-4(f)J'* 


» In-re  it  U  implicitly  nestimed  that  the  nnrmaliictl  snrfnrc  in>- 
INsInnrc  A  is  independent  of  tlie  frequency.1  It  rim  lie  seen  that  tlie 
integrand  in  (23)  is  xeru  fur  values  uf  f  >  Fa,  wliere 


-  <p.’  +  A’)m  -  —  +  —  -  I  -  0  (24) 

c  c  e 

which  is  equivalent  to 

Pr’ll  -  O  -  2s.(cf  -  hS)C  -  [Id  -  AS)'  -  A'J  -  0.  (2.',) 

Tlie  relevant  root  is 


Fa  -  |  (el  -  AS)C  +  [Irf  -  AS)'  -  A'S'J'«|S-'.  (26) 

An  alternative  form  of  (231  which  is  suitable  fur  niitiicricnl 
work  is 


Cm  -  - 


5a  i  r»  j 

5  +  A  (2c) •'>»/.  J'7' 


'[<  -  (l/c)(F'  + A*)’"  +  fC/c  -  AS/eJ'>d'“('*  a)'  <27) 

Fur  tlie  raised  dipole  (i.e.,  A  >  0),  furtlier  reduction  of  this  integral 
does  not  seem  possible. 

Tlie  time-ray  interpretation  of  the  results  is  indicated  in  Fig.  2. 
Tlie  dipole  at  T  is  excited  all  •  0.  It  tlie  points  ft  and  S  are  on 
the  common  wavefront,  then,  obviously,  tlie  ground  reflected  signal 
at  A'  will  arrive  at  the  observer  at  time  f  seconds  later,  such  that 


A  considerable  analytical  simplification  is  obtained  when  the 
dipole  is  located  on  tlie  screen.  Then  (2?)  reduces  to 


C(l) 


Sa  1  /■«'»-«  j_ 

S  +  A(2c)'«v/,  Fm 


I 


[»  -  (f/c) (1  -  07- 


4  -  \  a  -  c)  j 


(29) 


A  S  1  I  .  r. 

6  + A  [2(1  -C)T»e  (  [ 


2(1  -  C)aj 


(30) 


Tlie  factor  S/[2(!  —  C)J"  in  (30)  may  be  replaced  by  unity 
since  it  is  already  assumed  tliat  1  —  C  «  1.  11*  resultant  pattern 
response  for  this  limiting  situation  is  then  given  by  tlie  following 
remarkably  simple  result: 

M i)  -  u(()  -  [A/(S  +  A)lf(Du(T  -  1)  (31) 

wliere 

fit)  -  {!/*)[  arcsin  (1  -  2/T)  +  »/2]  (32) 


aiul 

T  -  («/«)/(!  -  C)  as  (d/«)/(S»/2)  =r  (d/a)/(*.V2>. 


Thin  it  can  he  seen  at  tlie  initial  instant  t  «  0  tlie  response  is  a 
unit  pusilive  step.  This  is  (ullowed  by  a  linearly  decreasing  signal 
which  begins  at  T  -  l  it  then  flattens  ofl  to  a  constant  value  in 
accordance  with  tlie  limit: 


*(()],„  -  I  -  [A/(S  +  A)J  -  S/tS  +  A) 

which  is  the  expected  value  for  the  pattern  factor  for  a  dipole  on 
the  surface  of  a  flat  impedance  surface  of  infinite  extent.  Tlie  situa¬ 
tion  is  illustrated  in  Fig.  3  wliere  A<«)  is  sketdied  as  a  fund  ion  of 
tlie  lime  parameter. 

Conclusion 

While  the  present  analysis  is  based  on  a  highly  idealized  model, 
tlie  results  do  indicate  that  tlie  finite  extent  of  a  ground  screen  will 
modify  significantly  tlie  pulse  shape  of  tlie  radiated  field.  This  may 
t«  an  important  factor  in  timing  systems  wliere  some  feature  of 
tlie  radiated  pulse  shape  ia  tagged  as  a  point  to  measure  tlie  travel 
time.  Further  work  on  this  subject  sliould  consider  tlie  frequency 
tlependeuce  of  tlie  ground-surface  impedance  and  tlie  equivalent 
iuqiedanre  of  the  wire  mesh  wliich  makes  up  tlie  ground  screen. 
Also,  raised  antennas  of  finite  length  will  lead  to  more  complicated 
integral  evaluation  but,  in  principle,  tlie  present  results  can  be 
adapted  if  superposition  is  used. 

ArrENiux 


ct  -  TN  -  Tft  -  („'  +  A*)1'*  —  f#C  +  AS.  (2S) 

The  sum  total  of  these  rayx,  integrated  from  tlie  edge  of  the  screen 
out  to  infinity,  gives  the  cuntribiilinn  Ctt)  to  the  transient  response 
of  tlie  dipole. 

1  Hero  A  -  2/s#  It  degned  to  he  effectlvelv  a  con-iant  s filch  is  in- 
dependent  or  frequency.  Tuts  la  strictly  valid  only  for  a  loaalcu  dielectric, 
like  ground  |l|. 


In  performing  tlie  integration  over  u>  in  (19),  tlie  Bessel  fundimi 
was  replaced  by  the  first  term  in  its  asymptotic  expansion.  The 
significance  of  this  step  will  be  discussed  briefly. 

He  are  concerned  with  the  evaluation  of  tlie  following  Fun  tier 
integral : 

jl/)-^f  \vi(wFC/e)exp(iul)do  (33> 

2r«/_  Ce  \  14 *p) 
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Noting  thst  uMZ)  • 
be  used  to  show  thst 


/.(iZ),  tlie  Fourier  integral  tables  [5]  can 


(34) 


For  the  times  such  that  [t  —  (p/c)(l  —  C)  I «  (p/e)  Cl- Cl.it 

can  be  seen  that 


n[I  -  (s/rtu  -Cl] 

,i  >=*wC”( 2ep)‘"[t  “  (*/e) ( 1  -  C)  Jn' 


(351 


While  this  is  an  admittedly  crude  approximation,  it  is  qualitatively 
satisfactory,  for  this  reason,  and  because  it  facilitates  the  subsequent 
integration  over  *.  In  fact,  the  result  given  by  (35)  corresponds  to 
the  form  used  in  the  main  text  which  is  based  on  the  limiting  as¬ 
ymptotic  form  for  the  Bessel  function  J,{*pC/c)  in  the  frequency 
plane. 

Jams  R.  Wait 
ESSA  Research  Labs. 
UR.  Dept,  of  Commerce 
Boulder,  Colo.  80302 
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Integral  equation  approach  to  the  radiation  from  a  vertical 
antenna  over  an  inhomogeneous  ground  plane 

James  R.  Wail  and  Kenneth  P.  Spies 
ESSA  Research  Laboratories.  Boulder,  Colorado  80302 

(Received  July  31,  1969.) 

The  fields  of  a  dipole  source  located  over  a  variable  impedance  surface  are  considered.  A 
method  of  obtaining  solutions  of  the  integral  equation  for  the  tangential  field  is  outlined. 
Numerical  results  are  given  for  the  resulting  radiation  patterns  for  an  exponentially  tapered 
variation  of  the  surface  impedance.  It  is  shown  that  tbe  tapering  has  the  advantage  of  reducing 
the  lobe  structure  of  the  low-angle  radiation. 


INTRODUCTION 

The  use  of  extended  ground  screens  to  enhance 
low-angle  radiation  from  HF  antennas  is  now  com¬ 
mon.  To  be  effective  the  ground  screen  should  re¬ 
duce  the  effective  surface  impedance  of  the  fore¬ 
ground  c  ’t  to  distances  comparable  with  a  Fresnel 
zone.  The  utility  of  the  general  analytical  formula¬ 
tion  [Wail,  1963]  has  been  demonstrated  on  a  num¬ 
ber  of  recent  occasions  [Bernard  et  al.,  1966;  Gus¬ 
tafson  el  al.,  1966;  Collin  and  Zucker,  1969]. 

In  this  note,  we  wish  to  discuss  the  evaluation  of 
the  radiated  fields  for  a  situation  where  the  surface 
impedance  of  the  ground  is  tapered  as  a  function  of 
distance  from  the  base  of  the  antenna.  For  simplicity 
here,  we  assume  azimuthal  symmetry,  and  also  we 
represent  the  source  as  a  ground-based  Hertzian 
electric  dipole.  This  situation  is  illustrated  in  Figure 
1,  where  the  surface  impedance  of  the  ground  be¬ 
yond  a  specified  radius  p*  is  a  constant  Z.  Within  the 
ground  system  (i.e.,  0  <  p  <  *,),  the  surface  im¬ 
pedance  Z'(p)  is  taken  to  be  a  function  of  p  that  is 

the  radial  distance  from  the  source  dipole.  As  indi¬ 
cated,  fo  is  the  angle  subtended  by  the  observer’s 
direction  and  the  ground  plane. 

Now,  in  the  absence  of  the  ground  system  (i.e..  p« 

=  0  or  Z'[p)  =  Z),  the  far-field  radiation  pattern 
P(i> o)  of  the  ground-based  dipole  on  the  homogene¬ 
ous  flat  ei  Jth  is  given  by 

«tfc>  -  U  +  *.l  (cos  *,)/2  (I) 

_  _  sin  -  (Z/v») 

’  sin  \l>t  +  (Z/e,)  w 
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and  ip,  =  1  20it.  Here,  of  course,  R,  is  the  appro¬ 
priate  Fresnel  reflection  coefficient  for  a  normalized 
surface  impedance  Z/q,,.  It  was  shown  earlier  that 
tbe  corresponding  pattern  function  is  given  by 

«*•>  -  Id  +  fl.Xl  +  0.)|  (cos  *.)/2  (3) 

where  n.  is  the  all-important  correction  factor  that 
accounts  for  the  presence  of  the  ground  system.  The 
ground  system  factor  is  given  by 

I" 

cos  J0 


J,[kp  cosifo)  dp 


(4) 


where  k  =  2 »/( wavelength),  where  7,  is  the  Bessel 
function  of  the  first  kind,  and  where  F(kp)  —  (Z  - 
Z’[p))/ifo  is  the  surface  impedance  contrast  function 
which  by  definition  vanishes  if  p  >  p,,.  In  this  integral 
representation  for  the  perturbed  radiation  field, 
W'{p)  is  the  unknown  attenuation  function  for  the 
tangential  magnetic  field  of  the  source  dipole  in  the 
region  0  <  p  <  pq.  This  function  was  shown  to  satisfy 


Z 


Fig  1  Vertical  dipole  located  centrally  over  a  radially  varying 
impedance  surface. 


« 
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a  Volterra  integral  equation  of  the  form 

(5) 

where 

Wix)  -  1  -  Hwp)'ne~’  erfc  Up'")  (6) 

and  p  =  —  (ix/2)  (Z/ijo)’.  Here,  M'(x)  is  the  well- 
known  attenuation  function  for  propagation  to  a 
‘numerical  distance’  p  over  an  homogeneous  flat 
surface.  In  (6),  erfc  is  the  complement  of  the  error 
function. 

SOLVING  THE  INTEGRAL  EQUATION 

We  now  outline  a  series  method  of  solving  (5) 
for  W'(x)  for  small  values  of  the  argument  x.  Since 
fV(x)  has  an  expansion  of  the  form 

m 

W(x)  «  £  a-x*'1  (7) 

•-0 

it  seems  plausible  to  assume  that  W'(x)  has  a  similar 
expansion 


#"(x)  -  £  <*:  x*"  (8) 

a*0 

where  the  coefficients  o'«  are  to  be  determined.  In 
addition,  we  assume  the  known  impedance  function 
(Z'(x)  —  Z )  /i)„  can  be  expanded  as 


F(x) 


Z'ix)  -  Z 

Vo 


-  £ 
w-0 


(9) 


Upon  substituting  the  appropriate  expansions  into  the 
integral  equation  we  obtain,  on  interchanging  the 
order  of  summation  and  integration. 


£  a:  x*"  -  iaS” 

••0  «*0 

•  •  • 

g) 

t>0  g«0  l  «o 


(10) 


Noting  the  integral  in  (10)  is  x  */J  times  the  beta 
function  B{(p  +  l)/2,  (n  —  p  +  1)/2J  and  using 
the  standard  relation 


B(u,  o) 

(10)  becomes 


nuirfc) 

Tiu  +  v ) 


(ii) 


a.  x 


where 


Qo  +  S  [°*  ~  (i) 

(12) 


i. 


£  £ 
a«0  y  »o 


Finally,  we  equate  coefficients  of  like  powers  of  x1'* 
on  the  two  sides  of  ( 1 2)  to  get 


Oe  *=  Oo 

and 


o’.  =  o.  -  6 (n  =  I.  2.  3.  ••■)  (14) 

which  is  effectively  a  recurrence  formula  for  the 
evaluation  of  o',  in  terms  of  o'n.  o'),  •••,«»'.). 
When  these  results  are  applied  to  the  case  where 


Z’ix)  -  Z  Z 

-  - - f 

In  Vo 


05) 


(where  b  is  a  nonnegative  constant),  the  series  for 
H"(x)  is  given  by 

W  '(.t)  =  I  -  i  y/x  bix1"  +  ,"« \/»  6  V" 

+  x\b?x>  -  Vi  kV"  -  IbYx- 

+  t4tV*  (  r 5*(  —  566 V)**" 

+  tiib'i V  +  •  •  •  (16) 


where  (  =  (i/2),/*  Z/i*>. 

When  x  is  not  sufficiently  small,  series  15  is  not 
useful  for  evaluating  IV'(x),  and  we  must  resort  to 
numerical  methods  of  solving  integral  equation  5. 
The  technique  outlined  below  is  an  adaptation  of  one 
described  by  Wagner  (1953]  and  yields  W'(x)  for  a 
prescribed  set  of  x  values,  Xi,  x;,  x*.  •  •  •  .  The  first 
step  is  to  compute  R"(X))  and  II" (x:)  using  series 
16;  the  solution  then  proceeds  inductively,  IF'(x.) 
being  computed  when  H  '(x, ).  II"(x2),  •  •  • ,  W'(x»., ) 
are  known.  From  integral  equation  5,  we  write 


H(.r.) 


H  (x.)  + 


A(x„  v)H"0  )  dy  + 


Klx..  >-)lf"0  )  dy 


.v)W"0)  dy 


} 


(17) 
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...  .  F(y)W(x  -  y) 

K(x- y)  “  Vu  -V)\ *'*  (,8) 

Now  assume  that  W'(y)  may  be  approximated  in  the 
interval  (xM,  x,)  (j  =  3,  4,  •  •  • ,  n)  by  a  quadratic 
polynomial  fitted  at  xhi,  xhl,  and  x,;  thus 

rw  -  (y~  Xt)~. 

.  (y  ~  x,.,Xy  ~  x,) 

+  (*,.,  -  Xi-jX-*j-i  -  x,) 


+ ; ■*— »"(*.>  c»> 

which  is  just  the  well-known  Lagrange  interpolation 
polynomial  of  degree  2.  When  the  appropriate  poly¬ 
nomials  are  substituted  into  (17),  one  may  solve  the 
resulting  equation  for  W’(Xn)  and  write 


»"(*.) 


W(x.)  +  (y)  ”  X  /.(jr.) 

■  -  it; 


(21 )— (25 )  were  approximated  by  a  12-point  Gauss¬ 
ian  quadrature  formula.  To  remove  infinite  singulari¬ 
ties  in  the  integrand,  the  integration  variable  was 
first  changed  to  6  by  the  relation  v  =  x,  sin9  0  in 
/i(x„)  and  by  x„  —  y  =  (x„  -  x.. , )  sin9  6  in  /«(x«) 
and  /(x„).  In  /i(x.)  and  /2(x«),  W"(y)  was  eval¬ 
uated  at  the  Gaussian  abscissas  by  means  of  series 
16. 

Computing  time  is  a  rapidly  increasing  function  of 
the  number  of  points  at  which  IF'fx)  is  evaluated 
(about  5  minutes  was  required  for  60  points  on  a 
CDC  3800  computer);  thus  it  is  desirable  to  space 
the  points  Xi,  x2,  x3,  •  •  •  as  widely  as  the  demands  of 
accuracy  will  permit.  One  must,  of  course,  take  X] 
and  x3  to  be  small  enough  so  that  W'(xi)  and  W"(x3) 
may  be  computed  from  ( 16) ;  some  numerical  experi¬ 
ments  then  indicated  that  adequate  accuracy  was  ob¬ 
tained  by  taking  the  interval  x,  —  xf ,  to  be  roughly 
Xj/10.  Further  confidence  in  the  results  was  gained 
by  applying  the  numerical  technique  outlined  above 
to  the  integral  equation  for  IF(x) : 


{x)  =  1 ~  w  „  A  l>(x  -  »r dy 


where 


iax.)  - 

K(x..  y)W'(>)  dy 

(21) 

/,<x.)-  r 
••• 

AT(x„.  y)tT{y)  dy 

(22) 

(,U.)  -  f 

•'••-I 

*(*..  y)M,0>)H"(x,.,) 

1 

+  Bl(y)U',(xt.l)  +  c, 0-)H"(x,)J  dy 

(/-  3.4.  •••  ,n  -  1) 

(23) 

/.(x.)«  j" 
*••-1 

K(x..  y)[A,(y)H''(x..t) 

+  B.{y)W\x..y))  dy 

(24) 

Ax.)  -  r 

K(x„  x)C.O’)  dy 

(25) 

AM  *-*'  -  '■>  , 

(■*,-*  -  x,-,)(x,_,  -  X.) 

(26a) 

D  fu)  (y  ~  ~ 

'  (x,-,  -  X.-jKx,.,  -  X.) 

(266) 

co)»  (y  ~  Xi-,Vy  ~  x’-' ) 

(26c) 

and  K(xm,  y )  is  obtained  from  (18).  The  integrals 


X 


Fig.  2n,  b.  The  attenuation  function  for  an  exponential 
variation  of  the  surface  impedance.  The  abscissa  is  the  normal¬ 
ized  distance  jrf-  2?p/»a\clcnglli)  for  the  dipole. 
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To  start  the  calculation,  fF(0.10)  and  W (0.11)  were  which  is  the  exact  form  for  a  vertically  polarized 
computed  from  (6);  then  a  formula  analogous  to  plane  wave  at  grazing  incidence.  The  exponential 
(20)  was  used  to  evaluate  IV(x)  at  a  sequence  of  variation  indicated  by  (28)  is  an  idealization  for  a 
points  ending  at  x  =  30.  These  results  were  com-  ground  screen  that  is  tapered  smoothly  from  the  base 
pared  with  values  obtained  from  (6) ;  at  no  point  did  of  the  antenna.  Here,  we  do  not  dwell  on  the  physical 
the  magnitude  of  the  relative  error  exceed  3  x  10-®.  realizability  of  such  a  ground  system,  although  we 

could  point  out  that  a  radial  wire  system  will  have  a 
THE  ATTENUATION  FUNCTION  smoothly  decreasing  effective  impedance  as  one  re- 

As  mentioned  above,  the  specification  of  the  func-  cedes  from  the  base  of  the  antenna  along  the  ground 
tional  form  of  the  surface  impedance  contrast  func-  surface.  For  our  example,  the  dimensionless  parame- 
tion  F(x)  will  determine  the  form  of  the  resulting  ter  6  is  a  measure  of  the  rapidity  of  the  impedance 
attenuation  function  W'(x).  Using  the  numerical  taper.  For  example,  6  =  0  would  correspond  to  a 
methods  outlined  above,  some  representative  results  perfectly  conducting  ground  plane,  whereas  6  =  ® 
are  obtained  for  the  case  where  corresponds  to  a  homogeneous  earth  of  surface  im¬ 

pedance  Z  throughout. 

Z  —  Z’(x)  «  Ze~  ’  (28)  Specific  values  of  the  amplitude  and  phase  lag  of 

and  where  Z  corresponds  to  the  appropriate  value  for  M"<*>  are  shown  P,oUcd  “>.FISure  2  for «,/«,  =  10 
a  homogeneous  lossless  ground  of  relative  dielectric  and  f°r  *»/*®  ~  2-  The  abscissa  here  is  the  electrical 
constant  «,/«..  In  this  case,  we  choose  dis,ancc  *  measured  from  the  base  of  the  antenna 

along  the  ground  [i.e.,  x  =  2»p/( wavelength) ].  Vari- 
Z/i)0  =  (<o/«.)'/,(l  —  «o/«.),/*  (29)  °us  values  of  6  are  indicated  on  the  curves.  As  ex- 


0  K)  20  30  o  10  20  30 


to  (Degrees)  to  (Degrees) 

Fig.  3a.  b.  The  far-held  radiation  pattern  of  the  dipole  as  a  function  of  the  elevation  angle  i%  for  an  exponentially  tapered  ground 
system  that  is  truncated  at  jr«  —  100  (i.e.,  2rp,  —  100  wavelengths).  Various  values  of  b  are  shown. 
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pected,  the  magnitude  of  the  attenuation  function 
W'(x)  is  considerably  less  than  unity  for  the  lower 
dielectric  constant  of  the  ground.  We  stress  here  that 
the  curves  shown  in  Figure  2  apply  only  to  a  pure 
dielectric  ground.  This  would  be  a  reasonable  repre¬ 
sentation  for  a  real  physical  situation  of  operation  at 
HF  over  relatively  dry  ground  or  thick  ice  layers*.— 

(w&V 

RADIATION  PATTERNS  ^  IX, 
Once  we  have  the  numerical  values  for  the  atten¬ 
uation  function  W'(kP),  the  pattern  function  P(^o) 
can  be  obtained  directly  from  (3)  following  the 
numerical  integration  of  (4).  In  this  case,  the  upper 
limit  po  of  the  integration  corresponds  physically  to 
the  outer  extremity  of  the  ground  system. 

By  use  of  the  numerical  results  for  W'(x)  shown 
in  Figure  2,  the  pattern  function  P(^0)  is  shown  in 
Figure  3a  and  3b  for  <,/«»  =  10  and  3,  respectively, 
for  xt  =  kpo  =  100.  It  is  not  surprising  that  the  low- 
angle  portion  of  the  pattern  is  greatly  enhanced  when 


b  is  decreased  to  small  values.  In  fact,  for  the  case 
b  =  0.003,  the  ground  system  is  very  similar  in  ef¬ 
fectiveness  to  a  perfectly  conducting  circular  disk  of 
radius  p„.  This  fact  is  confirmed  by  comparing  the 
results  for  b  =  0.003  in  Figures  3a  and  3 b  with  the 
curves  given  previously  for  a  perfectly  conducting 
circular  disk  of  the  same  radius  [  Wait  and  Walters, 
1963]  and  for  the  same  values  of  the  relative  dielec- 
,  trie  constant  of  the  ground. 

For(smaUer)values  of  b,  the  curves  in  Figures  3 a 
and  3  b  are  smooth  and  monotonically  increasing 
functions  of  the  grazing  angle  ^0-  This  can  be  attrib¬ 
uted  to  the  fact  that,  for  the  value  of  x0  (or  kPo) 
chosen,  the  surface  impedance  contrast  function 
Ffx)  becomes  negligible  before  x  reaches  x„.  Thus, 
there  is  no  appreciable  scattering  from  the  edge  of 
the  ground  system  at  p  —  p„.  For  some  practical  ap¬ 
plications,  this  may  be  a  desirable  characteristic  for 
the  radiated  fields. 

The  influence  of  varying  the  extent  of  the  ground 


<bo  (Degrees)  'f'o  (Degrees) 


Fig.  4a,  b.  The  far -field  pattern  for  an  exponentially  tapered  pound  system  showing  the  effect  of  different  truncation  distances 

for  b  -  0.01. 
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Fig.  5a.  b.  The  far-field  pattern  for  an  exponentially  tapered  ground  system  showing  the  effect  of  different  truncation  distances 

for  b  *  O.t. 


system  is  illustrated  in  Figures  4a  and  4 h  for  i.j!  in 
=  10  and  3,  respectively,  for  a  fixed  value  of  b 
(  =  0.01 ).  It  is  not  surprising  that  for  these  cases  the 
low-angle  pattern  is  again  improved  as  x„  is  in¬ 
creased.  Also,  there  is  some  evidence  that  the  scat¬ 
tered  wave  from  the  edge  of  the  ground  system  is 
producing  some  minor  wobbles  in  the  patterns.  Simi¬ 
lar  results  are  shown  in  Figures  5a  and  5b,  where  the 
value  of  b  is  increased  by  a  factor  of  10.  Here,  the 
influence  on  the  finite  value  of  xn  is  much  smaller 
because  the  surface  impedance  contrast  has  de¬ 
creased  to  a  negligible  value  before  the  'edge'  of  the 
ground  system  is  reached. 

In  a  previous  study  [Wait,  1967]  of  tapered  ground 
systems,  the  attenuation  function  W’(kP)  was  ap¬ 
proximated  by  unity  in  the  field  integral  given  by  (4 ) 
in  the  present  paper.  In  effect,  this  is  a  physical  optics 
or  Kirchhoff  type  of  approximation.  It  has  the  merit 
of  leading  to  a  relatively  simple  closed-form  expres¬ 
sion  for  the  resulting  pattern  functions.  Certainly,  for 
a  truncated  ground  system  of  low  surface  impedance, 
the  approximation  is  very  good  (i.e.,  where  b  k 
po  1  in  the  present  context).  Also,  if  the  ground 
system  taper  is  sufficiently  rapid,  the  contribution 
from  the  integral  in  (4),  where  W(P)  differs  appre- 


%  (Degrees) 

Fig  6.  The  far-field  pattern  using  the  integral  solution  for 
H"(x)  compared  with  the  KirchholT-typc  approximation  which 
sets  H"(x)  «.  1  in  the  field  integral. 
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ciably  from  unity,  would  be  expected  to  be  negligible, 
even  when  the  upper  limit  pn  is  effectively  infinite. 
This  fact  is  confirmed  by  comparing  the  computed 
pattern  function  P(^0)  for  the  case  (1)  where  the 
integral  equation  is  used  to  obtain  W'(p)  and  (2) 
where  W'(p)  is  replaced  by  unity.  The  comparative 
results  are  shown  in  Figure  6  for  «»/«,,,  where  the 
value  of  Xq  is  effectively  infinite.  As  we  see  from  the 
plotted  curves,  the  Kirchhoff-type  approximation  is 
overly  optimistic  for  small  values  of  b  when  the 
tapered  ground  system  is  effectively  infinite  in  extent. 

CONCLUDING  REMARKS 

The  results  given  in  this  paper  apply  to  a  rather 
idealized  radiating  system.  For  example,  the  source 
is  a  Hertzian  ground-based  dipole  and  the  ground 
system  is  represented  by  a  surface  impedance  bound¬ 
ary  that  is  allowed  to  taper  smoothly  from  the  source 
to  the  extremity  of  the  system.  To  consider  a  more 
realistic  system,  we  should  take  into  account  the 
ohmic  losses  in  the  ground,  the  inductive  reactance 
of  the  radial  wire  ground  system,  and  the  finite 
height  and  length  of  the  source  antenna.  The  inclu¬ 
sion  of  such  factors  constitutes  a  straightforward  ex¬ 
tension  of  the  present  formulation. 

In  general,  we  feel  that  the  intentional  tapering  of 


the  ground  system  can  lead  to  major  improvements 
in  the  low-angle  radiation  characteristics  of  HF 
antennas. 
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On  the  Radiation  from  a  Vertical  Dipole  with  an  Inductive 
Wire-Grid  Ground  System 

Abstract— Ths  far  Add  of  a  vortical  electric  dipole  on  a  aectionally 
homogeneous  ground  plane  is  considered.  The  specific  model  used 
is  a  dielectric-Uke  gr>.aad  which  is  modified  by  using  an  inductive 
wire  grid  or  mesh  screen  in  a  region  surrounding  the  dipole.  Atten¬ 
tion  is  focused  on  the  modification  of  the  radiation  pattern  resulting 
from  the  presence  of  the  inductive  ground  screen.  It  is  demon¬ 
strated  that  the  low-angle  radiation  may  be  greatly  enhanced  by  a 
ground  screen  which  extends  out  to  IS  or  more  wavelengths. 

limooocnoN 

The  performance  of  HF  antennas  is  adversely  influenced  by  the 
presence  of  a  poorly  conducting  ground.  Unfortunately,  for  one 
reason  or  another,  it  is  sometimes  required  to  operate  a  communica¬ 
tion  system  with  at  least  one  terminal  over  ice,  froxen  ground,  or 
other  dielectric-like  material.  In  such  caeca  the  low-angle  radiation 
is  greatly  reduced.  One  remedy  is  to  raise  the  antenna  to  a  height 
of  several  wavelengths.  While  this  may  suffice  for  certain  applica¬ 
tions,  it  usually  is  accompanied  by  deep  nulls  in  the  vertical  radiation 
pattern,  not  to  mention  the  increased  cost  of  the  support  structure. 
The  other  remedy  is  to  employ  a  wire  grid  or  mesh  ground  mat 
beneath  the  antenna.  Not  only  does  this  stabilise  tbe  impedance 
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of  the  antenna  but,  if  it  ia  sufficiently  extended,  the  vertical  radiation 
pattern  will  approach  the  idea)  expected  for  a  perfectly  conducting 
ground  plane.  There  ia  now  a  substantial  literature  [IJ-C5]  on 
the  subject  of  extended  ground  screens  covering  both  theoretical 
and  experimental  investigations. 

The  general  theory’  of  the  radiation  field  has  been  discussed  rather 
extensively.  The  method  used  is  based  on  tbe  compensation  theorem 
which  is  closely  related  to  the  Lorenti  reciprocity  relations  for 
vector  electromagnetic  fields.  In  the  actual  calculations,  it  is  usually 
assumed  that  the  current  distribution  over  the  ground  screen 
is  identical  to  that  for  the  same  antenna  located  over  a  perfectly 
conducting  ground  screen.  If  the  wire  spacing  in  the  ground  screen 
or  mesh  is  sufficiently  small  this  may  be  an  excellent  approximation. 
However,  in  the  general  ease,  the  currents  excited  on  the  ground 
screen  will  be  attenuated  or  modified  due  to  the  nonzero  value  of 
the  effective  surface  impedance.  In  the  present  communication, 
we  examine  this  question.  To  facilitate  the  discussion,  an  idealised 
model  is  employed. 


Analttical  Model 


The  situation  is  illustrated  in  Fig.  1.  A  vertical  electric  dipole 
is  located  on  flat  ground.  The  effective  surface  impedance  of  the 
ground  system  is  a  constant  2'  out  to  a  radius  b  from  the  base  of 
the  antenna.  The  ground  beyond  radius  b  is  taken  to  have  a  constant 
surface  impedance  2.  In  the  present  formulation,  we  assume  that 
the  system  is  rotatkmally  symmetric.  The  consequences  of  this 
assumption  are  discussed  later  on. 

The  radiation  field  £,  for  a  time  factor  exp  (iuf),  at  a  distance  H 
and  elevation  angle  is  expressible  in  the  form 
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iMv/dl 

2w 


H"(cos^,l 


exp  ( — itff) 

Tt 


(I) 


where  n  —  4w  X.  10*’,  k  m  2v/fwavrlrugth),  anil  /W.«  is  the  current 
moment  of  the  dipole.  Here,  II  '  is  a  pattern  function  normalized 
such  that  it  is  unity  over  a  perfectly  conducting  ground  plane  of 
infinite  extent  (i.«..Z'  -  Z  —  0).  Now.  following  an  early  derival  ion 
[2],  the  first-order  iteration  of  an  integral  equation  yields 


II"  -  (1  +  /?,)(!  +1D/2 


<21 


where  H.  -  [sin  4,  -  (Z/s,)]/[sin  it.  +  fZ/sd],  »»•  -  I20».  nm! 
f)  m  a”  modified  ion”  which  vanishes  if  the  ground  screen  i*  absent 
(».«.,  Z'  »  Z  or  if  6  -*0).  In  the  limiting  case  of  no  ground  screen. 


ir*  -  If  »  (I  4  H9)/2  -  sin*9/[sin*9  +  (2/*)].  <3) 


Here,  Z/*  is  the  normalized  surface  impedance  of  the  “unmodified” 
ground.  If  the  latter  is  homogeneous  and  lossless,  we  have 


PIr.  I.  RstcnUal  geometry  ebowlna  side  view  or  dipole  on  Oat  around 
plane. 


factor  of  1  4  H.  Also,  it  can  be  shown  [2]  that  the  ground  wave 
field  of  the  dipole  is  also  modified  by  the  factor  1  4  n,  where  this 
is  to  be  evaluated  as  -*0.  In  fad,  as  we  will  see  below,  !  4  n 
is  essentially  independent  of  for  small  angles  while,  of  course, 
the  pattern  factor  11“  itself  varies  linearly  with 
The  working  formula  for  o  which  forms  the  basis  of  tbe  present 
paper  is  given  by  [2 J 

kF  /* 

0  Sf  -  — T  /  €*P  <-•**) M'a(M  (I  +  l/ikp)Jt(kp  cos  tf>9)  dp 

(0) 

where 

-  1  —  tfvpj'^exp  ( — p)  erfc  {ip1*)  (7) 

w  here  p  *  —  tikp/2)  (Z7eilf  and  F  «  (Z  —  Z'l/i*.  Here,  J{  is 
Ibe  Bessel  function  of  order  one  while  ll‘#  is  a  “ground  wave  aitemia- 
tion  function’*  which  accounts  for  the  modification  of  the  tangent  ini 
magnetic  field  by  the  finite  surface  impedance  Z  of  the  ground 
screen.  Often.  ll*#  is  replaced  by  unity  which  is  justified,  of  course, 
if  Z'  ■!)  and  if  back  reflections  from  the  edge  of  the  ground  screen 
are  ignored  [5}  One  may  ol^erve  that  \Y 9  is  closely  related  to  the 
plasma  dispersion  function  [Gj. 

Actually,  (G)  was  derived  on  the  basis  that  is  a  small  parameter, 
but  this  assumption  is  not  overly  restrictive  and  in  fad  y9  can  he 
used  up  to  .TO*  or  so  w  ilh  negligible  error.  Abo,  il  slmuM  lie  meul  toned 
that  I  he  attenuation  fund  ion  ll*t  is  usually  derived  on  ihe  basis 
that  \  «  1  but,  in  fart.  this  is  overly  restrictive.  If,  in  fact, 

the  value  of  Z*  is  employed  which  is  appropriate  for  grazing  in> 
cidence.  II  ,  i<  valid  even  when  Z'/»> %  is  not  small  [.1]  In  any  ease, 
for  present  puq loses,  we  will  assume  that  the  formulas  arc  vnli<l. 
Furthermore,  the  modified  surface  impedance  7.'  will  l»e  imagined  to 
be  comjiosed  of  the  parallel  combination  of  the  ground  im|»edniicc 
Z  (evaluated  at  grazing  incidence)  and  the  effective  inqiodnuco 
Z9  of  the  wire  grid.  Thus 


2h*  -  <!/#0»'»[l  *  (cosV^/A'J^  (A) 

where  K  is  the  relative  dielectric  constant  of  the  dielectric  ground 
The  corresponding  result  for  If*  is  exact.  If  now  we  focus  our  attention 
on  low  grazing  angles,  we  see  that 

H'ac*9/(Z/%)  (5) 

where  (Z/m)  ^  C I  /A'),'*Cl  —  (l/A'IJ*,  and  +*  is  Ihe  grazing  angle 
in  radians.  If,  for  example,  A'  •  3,  we  have 

W’  ^  tM3/2w)  -  X2.I2 

while  if  K  »  10, 

H'ac'MJO/3)  «■  U  X  3.16. 

At  a  typical  angle  of  3*  we  have  II*  *0.111  and  0.1  Go,  for  A*  •  3 
and  10,  respectively.  This  “cutback”  effect,  w*here  II*  varies  linearly 
with  +•  at  low  angles,  is  a  consequence  of  locating  the  antenna  over 
a  dieiectric-type  ground. 

The  modification  of  the  surface  impedance  in  a  circular  region 
of  radius  bt  from  Z  to  Z‘,  results  in  improving  the  cutback  by  a 


Z*  -  ZZ9/<Z  4  Zt)  (8) 

where  Z  ■  wK‘,,|(l  —  A’M)m,  i*  the  surface  itnjtedanrc  of  the 
ground  fur  grazing  incidence.  If  the  wire  grid  spacing  is  much  less 
than  a  wavelength  and  if  ohmic  losses  in  the  wires  are  negligible, 
we  know  that  Z9  is  purely  inductive.  Thus  we  set 

Z9  * 

where  A  is  a  dimensionless  reactance  parameter.  A  gootl  approxi¬ 
mation  is  *  *  (d/X*)  log,  [d/t2vr)  }  4  where  d  is  the  spacing 
lief  ween  the  wires  in  the  mesh,  X,  is  the  frec-sjmee  wavelength,  e 
i«  the  wire  radius,  and  5*  is  a  correction  factor  which  is  negligible 
if  d/*4  is  sufficiently  small  [I],  [5J  For  present  pun  Rise*,  we  will 
not  dwell  on  the  geometrical  parameters  of  the  wire  grid,  but  simply 
s|»erify  the  effective  value  of  A. 

We  stress  that,  in  the  present  note,  the  ground  is  assumed  to 
be  a  lossless  dielertric.  While  the  theory  ha«  l»ern  developed  for  n 
general  dissipative  ground,  it  'duiptific*  the  ilixi  ii’^iini  if  the  relative 
dielectric  constant  ts  taken  to  hr  real.  This  neglect  of  conduction 
currents  i«  valid  when  #/At#w  «  I,  where  m  is  the  conductivity  of 
the  ground 
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Fig.  2.  Modification.  In  decibel*,  of  radiation  field  of  dipole  mulling 
from  presence  of  ground  screen  of  radius  b. 


Fig.  3.  Dependence  on  wlrc-mesli  screen  diameter  for  various  rractaocet 
of  wire  mesb  for  K  •  3. 


Discussion  of  Numerical  Results 

A  numerical  evaluation  of  (6)  was  carried  out  for  a  aide  range 
of  the  parameters  4»,  kb,  K.  and  4.  The  range  of  integral  ton  was 
suitably  subdivided,  and  a  Gaussian  quadrature  was  applied  to 
each  subinterval.  The  detailed  tabulation*  of  the  pattern  factor 
W"  and  the  albimportant  parameter  I  4  II  are  available  elsewhere 
[jy  Here,  we  will  present  some  of  the  results  in  graphical  form  and 
discuss  the  physical  significance  of  the  radiation  pattern* 

In  Fig.  2  we  illustrate  the  magnitude  of  I  4-  0  as  a  funnmn  of 
the  grazing  angle  4»  The  ordinate  which  is  20  !<>g,c  |  I  4  li  t  i* 
the  decibel  ratio  of  the  radiation  field  with  and  without  the  ground 
system.  The  radius  6  of  the  ground  screen  is  ( 100/2*  )k«  or  aln>ut 
16  wavelengths  and  the  relative  dielectric  constant  of  the  ( lassie** i 
ground  is  3.  Various  values  of  I,  the  normalized  screen  reactance, 
are  shown.  Note  the  dependence  on  the  grazing  angle  4*  and  the 
normalised  reactance  i  of  the  wire  mesh.  Actually,  4  —  0  corresponds 
to  a  perfectly  conducting  screen  of  radius  6  (i.e.,  the  w  ire  spacing  d 
is  effectively  sero).  The  other  two  curves  (i.e.,  for  I  •  0  1  and  0  2' 
correspond  to  typical  values  of  the  normalized  reactance  All  the 
curves  in  Fig.  2  illustrate  that  I  +  II  is  approaching  a  well-defined 
limit  as  4t  tends  to  zero.  The  magnitude  of  the  ordinate  for  the-e 
small  values  of  ih  is  t  measure  of  tne  ability  of  the  ground  screen 
to  enhance  both  the  low-angle  sky  wave  radiation  and  the  ground 
wave  from  the  dipole,  immediately,  we  see  that  the  best  ground 


screen  is  not  necessarily  the  one  which  is  perfectly  conducting. 
More  will  be  said  about  this  later. 

A  particularly  interesting  feature  of  Fig.  2  is  the  manner  in 
which  |  I  4  O  |  varies  with  tfv  for  the  different  values  of  the  reactance 
parameter  I.  In  general,  we  see  that  as  4*  is  increased  from  zero, 
|  I  4  0  |  decreases  to  a  minimum,  then  rises  again  to  subsidiary 
maximum,  and  then  oscillates  with  a  sinusoidal-like  ripple.  As 
indicated  before  [53.  for  the  case  1*0  the  pattern  can  be  interpreted 
as  an  interference  between  the  direct  radial  ion  of  the  dipole  and 
the  diffraction  from  the  edge  of  the  ground  screen.  The  situation  i* 
similar  for  nonzero  values  of  4,  but  now  the  first  null  in  the  pattern 
occurs  at  lower  angles.  This  is  a  consequence  of  the  reduced  phase 
velocity  of  the  “ground  wave”  excited  by  the  dipole  along  the  grouud 
screen. 

The  def>endence  of  the  ground  screen  modification  factor  |  1  4-  D  | 
on  the  extent  of  the  ground  screen  is  shown  in  Fig.  3  for  K  «  3 
and  for  the  vanishingly  small  graxing  angles.  Various  values  of  the 
reactance  parameter  4  are  ahown.  The  de|»endence  on  kb  for  the 
4-0  ca*e  is  fully  consistent  with  the  expected  proportionality  of 
n  to  (kb)in.  A  similar  trend  is  observed  for  oiher  values  of  I  up 
to  about  0.1.  For  larger  values  of  4,  there  ia  a  marked  degradation, 
particularly  for  tbe  larger  kb  values. 

Other  calculations  [73  show  that  for  I  values  of  order  of  0.1 
the  low -angle  radiation  is  maximized.  This  enhancement  can  be 
attributed  to  the  trapped  surface  wave  character  of  the  ground 
wave  excited  over  an  impedance  ltoundary  that  has  an  appreciable 
inductive  component.  In  fact,  the  magnitude  of  the  ground  wave 
“attenuation  function”  ll’#  may  exceed  unity  if  the  numerical 
distance  parameter  I  p  I  is  in  the  range  from  1  to  10  while  at  the 
<amc  time  arg  p  >  0.  These  condition*  arc  met  over  a  portion  of 
the  distance  range  in  the  present  calculations. 

Conclusions 

The  results  given  in  this  note  illustrate  the  rather  significant 
modification,  for  an  indurl ive-tyjie  ground  screen,  of  ihe  radiation 
from  IIF  antenna*.  It  »*  lielieved  the  present  cnlculnlioti*  arc  tlic 
first  to  show  the  effect  of  a  <pmsi-tr:ip)Mnl  surface  wave  excited  ot» 
the  ground  screen.  While  the  model  consists  of  an  azimuthal  sym¬ 
metric  system,  the  results  can  he  applied  with  some  confidence  to 
«erlor-*hn|>ed  ground  screen*  if  the  sector  is  directed  toward  the 
receiving  point.  Of  course,  the  angular  width  of  the  sector  should 
he  sufficiently  large  to  encompass  at  least  one  Fresnel  zone,  ns 
indicated  in  some  detail  elsewhere  [53- 
The  major  conclusion  from  the  present  work  is  that  a  perfectly 
conducting  ground  screen  may  not  In*  the  host  ground  screen  if 
low -angle  radiation  is  to  !»e  maximized.  We  emphasize,  however, 
that  this  conclusion  must  be  tem)»crci!  by  the  rcnlizHtion  that  the 
vertical  radiation  patterns  are  less  desirable  if  the  low-angle  radiation 
is  maximized. 

J.  R  Wait 

K.  P.  Spies 

ESS  A  Research  Labs. 

Boulder,  Colo.  80302 
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Abstract 

The  far  field  of  a  vertical  electric  dipole  on  a  sectionally  homo¬ 
geneous  ground  plane  is  considered.  The  specific  model  used  is  a 
dielectric -like  ground  which  is  modified  by  using  an  in  active  wire 
grid  or  mesh  screen  in  a  region  surrounding  the  dipole.  Attention  is 
focussed  on  the  modification  of  the  radiation  pattern  resulting  from 
the  presence  of  the  inductive  ground  screen,  it  is  demonstrated  that 
the  low -angle  radiation  may  be  greatly  enhanced  by  a  ground  screen 
which  extends  out  to  IS  or  more  wavelengths.  However,  some  rather 
curious  effects  are  no'ed.  such  as  pronounced  lobes  in  the  vertical 
radiation  pattern  when  the  reactance  of  the  mesh  screen  is  of  the 
order  of  0.1  times  the  characteristic  impedance  of  free  space. 


1-158 


-2- 


INTRODUCTION 

The  performance  of  HF  antenna*  ia  adversely  influenced  by  the 
presence  of  a  poorly  conducting  ground.  Unfortunately,  for  one 
reason  or  another,  it  is  sometimes  required  to  operate  a  communi¬ 
cation  system  with  at  least  one  terminal  over  ice,  frozen  ground,  or 
other  dielectric -like  material.  In  such  cases,  the  low-angle  radiation 
is  greatly  reduced.  One  remedy  is  to  raise  the  antenna  to  a  height 
of  several  wavelengths.  While  this  may  suffice  for  certain  appli¬ 
cations,  it  usually  is  accompanied  by  deep  nulls  in  the  vertical 
radiation  pattern,  not  to  mention  the  increased  cost  of  the  support 
structure.  The  other  remedy  is  to  employ  a  wire  grid  or  mesh 
ground  mat  beneath  the  antenna.  Not  only  does  this  stabilize  the 
impedance  of  the  antenna  but,  if  it  is  sufficiently  extended,  the 
vertical  radiation  pattern  will  approach  the  ideal  expected  for  a  per¬ 
fectly  conducting  ground  plane.  There  is  now  a  substantial  literature 
[1-5]  on  the  subject  of  extended  ground  screens  covering  both  theo¬ 
retical  and  experimental  investigations. 

The  general  theory  of  the  radiation  field  has  been  discussed 
rather  extensively.  The  method  used  is  based  on  the  compensation 
theorem  which  is  closely  related  to  the  Lorentz  reciprocity  relations 
for  vector  electromagnetic  fields.  In  the  actual  calculations,  it  is 
usually  assumed  that  the  current  distribution  over  the  ground  screen 
is  identical  to  that  for  the  same  antenna  located  over  a  perfectly  con¬ 
ducting  ground  screen.  If  the  wire  spacing  in  the  ground  screen  or 
mesh  is  sufficiently  small  this  may  be  an  excellent  approximation. 
However,  in  the  general  case,  the  currents  excited  on  the  ground 
screen  will  be  attenuated  or  modified  due  to  ti»e  non-zero  value  of  the 
effective  surface  impedance.  In  the  present  paper,  we  plan  to  ex¬ 
amine  this  question.  To  facilitate  the  discussion,  an  idealized 
model  is  employed. 
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THE  ANALYTICAL  MODEL 

The  situation  is  illustrated  in  Fig.  1.  A  vertical  electric  dipole 
is  located  on  a  flat  ground.  The  effective  surface  impedance  of  the 
ground  system  is  a  constant  Z1  out  to  a  radius  b  from  the  base  of 
the  antenna.  The  ground  beyond  radius  b  is  taken  to  have  a  constant 
surface  impedance  Z  .  In  the  present  formulation,  we  assume  that 
the  system  is  rotationally  symmetric.  The  consequences  of  this 
assumption  are  discussed  later  on. 

The  radiation  field  E  .  for  a  time  factor  exp  (iu>t).  at  a 
distance  R  and  elevation  angle  ,  is  expressible  in  the  form 

iu  ulds  «ik  R 

E  ■  T» -  <« 

.7 

where  =  4*  *  10  k  a  2 t/|w» velength) .  and  Ids  is  the 

current  moment  of  tne  dipole.  Here.  W'  is  a  pattern  function 
normalized  such  that  it  is  unity  over  a  perfectly  conducting  ground 
plane  of  infinite  extent  (i.  e. .  2'  =  Z  =  0).  Now,  following  an  early 
derivation  [2], 

W«  .  (1  ♦  Rv)  (l  +  n)/2  (2) 

where  R  =  [sin*  -  (Z/q  )]/[ain*  ♦  (Z/r|  )].  q  *  120»  ,  and 

v  OO  O  OO 

fl  ie  a  "modification"  which  vanishes  if  the  ground  screen  is  absent 
(i.  e.  ,  Z*  »  Z  or  if  b  -  0)  .  In  the  limiting  case  of  no  ground  screen, 

W'  =  W  *  (i+Rv)/2  =  ain*/(ain*o  +  (Z/qJ)  .  (3) 

Here,  z/q^  is  the  normalized  surface  impedance  of  the  "unmodified" 
ground.  If  the  latter  is  homogeneou*  and  lossless,  we  have 

Z/qo  *  U/K)*[l  -  (cos1*  )/KJ*  .  {«) 
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where  K  is  the  relative  dielectric  constant  of  the  dielectric  ground. 
The  corresponding  result  for  W  is  exact.  If  no-  we  focus  our 
attention  on  low  grazing  angles,  we  see  that 

W  -  * /(Z/r,  )  (5) 

o  o 

where  (Z/r\  )  (l/K)‘[l  -  (i/K)]^.  and  &  is  the  grazing  angle 

o  o 

in  radians.  11,  for  example,  K  *  3,  we  have 

W  “  *  (3/2*>  =  »  2.  12 

o  o 

while,  if  K  =  10  . 


W  «■  «  (10/3)  =  *  x  3. 16  . 

o  o 


At  a  typical  angle  of  3°  we  have  W  *  0.111  and  0.165  for  K  *  3 
and  10.  respectively.  This  ''cut-back"  effect, where  W  varies  linearly 
with  at  low  angles.it  a  consequence  of  locating  the  antenna  over  a 
dielectric -type  ground. 

The  modification  of  the  surface  impedance  in  a  circular  region 

of  radius  b,  from  Z  to  Z'  ,  results  in  improving  the  "cut-back” 

by  a  factor  of  ltQ.  Also,  it  can  be  shown  [2]  that  the  ground  wave 

field  of  the  dipole  is  also  modified  by  the  factor  1  +  fl .  where  this 

is  to  be  evaluated  as  t  "■  0  .  In  fact,  as  we  will  see  below,  1  4  ft 
o 

is  essentially  independent  of  i t,  for  small  angles  while,  of  course. 

the  pattern  factor  W'  itself  varies  linearly  with  (i  . 

o 

The  working  formula  for  ft  which  forms  the  basis  of  the  present 
paper  is  given  by 


■fr  I  «“kpw(kp)ri  +  (kP  cos  dp 


where 


W  (k  p)  s  1  -  i  (f  p) '  e  P  e  rfc  (i  ) 


(6) 

O) 
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p  =  -  Mp*  and  **  “  (2-Z 1  )/rQ  •  Here.  J,  it  the 

Bessel  function  °  of  order  one  while  W  is  a  "ground  wave  attenu- 

f 

ation  function"  which  accounts  for  the  modification  of  the  tangential 
magnetic  field  by  the  finite  surface  impedance  Z1  of  the  ground 
screen.  Often,  W  is  replaced  by  unity  which  is  justified,  of  course, 
if  Z'  =  0  and  if  back  reflections  from  the  edge  of  the  ground  screen 
are  ignored  [5].  Some  simplifications  and  limiting  cases  of  (6)  are 
discussed  in  the  Appendix. 

Actually.  (6)  was  derived  on  the  basis  that  is  a  small 

o 

parameter,  but  this  assumption  is  not  overly  restrictive  and.  in 
fact,  can  be  used  up  to  30°  or  so  with  negligible  error.  Also, 
it  should  be  mentioned  that  the  attenuation  function  is  usually 
derived  on  the  basis  that  |Z'/t^|  «  1  but,  in  fact,  this  is  overly 
restrictive.  If.  in  fact,  the  value  of  Z'  it  employed  which  is 

appropriate  for  grazing  incidence,  W  is  valid  even  when  Z'/n  is 

•  o 

not  small  f S-7 ] .  In  any  case,  for  present  purposes,  we  will  assume 
that  the  formulas  are  valid.  Furthermore,  the  modified  surface  im¬ 
pedance  Z*  will  be  imagined  to  be  composed  of  the  parallel  combina¬ 
tion  of  the  ground  impedance  Z  (evaluated  at  grazing  incidence)  and 
the  effective  impedance  Z^  of  the  wire  grid.  Thus. 

Z'  <  ZZ/IZ1II  ,  (8) 

8  8 

-*  -1  i 

where  Z  =  K  *  (1  -  K  )  .  is  the  surface  impedance  of  the 
ground  for  grazing  incidence.  If  the  wire  grid  spacing  is  much  less 
than  a  wavelength  and  if  ohmic  losses  in  the  wires  are  negligible,  we 
know  that  Z^  is  purely  inductive.  Thus,  we  set 
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where  I  in  dimeneionleie  reactance  parameter.  A  good  approxi • 

mation  is  6  a  (d/x  )  iog^  {d/(2ff  c)}  +  S_  where  d  is  the  spacing 

between  the  wires  in  the  mesh,  Xq  is  the  free-space  wavelength . 

c  is  the  wire  radius,  and  S  is  a  correction  factor  which  is 
c 

negligible  if  d/X  is  sufficiently  small  [1,  5],  For  present  purposes, 
o 

we  will  not  dwell  on  the  geometrical  parameters  of  thj  wire  grid,  but 

simply  specify  the  effective  value  of  i  . 

We  stress  that,  in  the  present  paper,  the  ground  is  assumed  to 

be  a  lossless  dielectric.  While  the  theory  has  been  developed  for 

a  general  dissipative  ground,  it  simplifies  the  discussion  if  the 

relative  dielectric  constant  is  taken  to  be  real.  This  neglect  of 

conduction  currents  is  valid  when  i/K  e  cu  «  1 ,  where  o  is  the 

o 

conductivity  of  the  ground. 
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DISCUSSION  OF  NUMERICAL  RESULTS 

A  numeric*!  evaluation  of  (6)  was  carried  out  for  a  wide  range 

of  tne  parameters  0  ,  kb,  K.  and  &  .  The  range  of  integration 
o 

suitably  subdivided  and  a  Gaussian  quadtature  was  applied  to  each 

subinterval.  The  detailed  tabulations  of  the  pattern  factor  W’  and 

the  all-important  parameter  1  +  0  are  available  from  the  authors. 

Here,  we  will  present  some  of  the  results  in  graphical  form  and 

discuss  the  physical  significance  of  the  radiation  patterns. 

In  Fig.  2.  we  illuetrate  the  magnitude  of  1  +  ft  at  a  function  of 

the  grazing  angle  .  The  ordinate  which  ii  20  log,.  I  1  +  ft  I  ia 
o  *10  1  1 

the  decibel  ratio  of  the  radiation  field  with  and  without  the  ground 
system.  For  thie  figure,  the  radiua  b  of  the  ground  acreen  ia 
(100/2  V )  X  or  about  16  wavelengtha,  and  the  relative  dielectric 
conatant  of  the  (loaalea*)  ground  ia  3.  Varioua  valuea  of  6  ,  the 
normalized  acreen  reactance,  are  ahown.  Actually.  6*0  correa- 
ponda  to  a  perfectly  conducting  acreen  of  radiua  b  (i.  e.  ,  the  wire 
(pacing  d  ia  effectively  zero).  The  other  two  curvea  (i.  e.  ,  for 
6  =  0.  1  and  0.  2)  correapond  to  typical  valuea  of  the  normalized 
reactance.  All  the  curvea  in  Fig.  2  illuatrate  that  1  +  ft  ia  approach¬ 
ing  a  well-defined  limit  aa  tcnda  to  zero.  The  magnitude  of  the 
ordinate  for  theae  amall  valuea  of  ia  a  meaaure  of  the  ability  of 
the  ground  acreen  to  enhance  both  the  low -angle  aky  wave  radiation 
and  the  ground  wave  from  the  dipole.  Immediately,  we  aee  that  the 
"beat"  ground  acreen  ia  not  neceaaarily  the  one  which  ia  perfectly 
conducting.  More  will  be  aaid  about  thic  below. 

A  particularly  intereating  feature  of  Fig.  2  ia  the  manner  in 

which  j  1  +  ft  |  varies  with  6  for  the  different  values  of  the  reactance 

o 

parameter  6  .  In  general,  we  see  that  as  Ifi  is  increased  from  zero. 

o 

I  )  *  ^  I  decreases  to  a  minimum  then  rises  again  to  subsidiary 
maximum  and  then  oscillates  with  a  sinusoidal-like  ripple.  Aa 
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indicated  before  [5],  for  the  caae  5=0.  the  pattern  can  be  inter¬ 
preted  as  an  interference  between  the  direct  radiation  of  the  dipole  and 
the  diffraction  from  the  edge  of  the  ground  screen.  The  situation  is 
simitar  for  non-tero  values  of  6 ,  but  now  the  first  null  in  the  pattern 
occurs  at  lower  angles.  This  is  a  consequence  of  the  reduced  phase 
velocity  of  the  'ground  wave"  excited  by  the  dipole  along  the  ground 
sc reen. 

The  influence  of  the  extent  of  the  ground  screen  is  illustrated  in 
Fig.  3  for  6=0  and  in  Fig.  4  for  6  =  0. 10  .  As  expected,  at  low 
angles,  the  pattern  modification  factor  |l  +  is  proportional  to 

4 

(kb)  for  o*0.  but  this  is  only  approximately  true  for  6  =  0. 1  . 

Also,  we  see  from  Fig.  3  that,  for  6=0,  the  factor  |l  +  H|  has 
a  relatively  weak  dependence  on  $  ,  at  least  for  low  angles.  Again, 
as  expected, for  6*0  the  first  null  occurs  at  the  lowest  angles  for 
the  largest  value  of  kb  .  A  similar  but  more  marked  trend  is  seen 
in  Fig.  4.  Here,  again  the  relative  slowness  of  the  ground  wave  on 
the  screen  is  producing  a  more  drastic  mutilation  of  the  pattern. 

The  dependence  on  the  relative  dielectric  constant  K  of  the 
ground  is  illustrated  in  Fig.  S  for  kb  =  100  and  6  =  0. 10  .  While 
only  two  values  of  K  are  shown  (i.e.  ,  3  and  10),  the  results  are  sufficient 
to  demonstrate  that  |l  4  ft  |  ,  at  low  angles,  is  greater  for  the  lower 
value  of  K  (i.e.,  ground  screens  are  most  effective  for  the  poorer 
ground  conditions].  Also,  we  note  from  Fig.  5  that  the  general  form 
of  vertical  radiation  pattern  (i.e.  ,  the  variation  with  is  not 
critically  dependent  on  K  . 

The  dependence  of  the  ground  screen  modification  factor  |l  4  ft  | 
on  the  extent  of  the  ground  screen  is  shown  in  Fig.  6  for  K  =  3  and 
for  the  vanishingly  small  grazing  angles.  Various  values  of  the  re* 
actance  parameter  6  are  shown.  The  dependence  on  kb,  for  the 
6=0  case,  is  fully  consistent  with  the  proportionality  of  ft  to  (kb)^,  as 
discussed  in  the  Appendix.  A  similar  trend  is  observed  for  other 
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values  o f  6  up  Co  about  0.1.  For  larger  values  of  6.  there  is  a 
marked  degradation,  particularly  for  the  larger  kb  values.  The 
same  effect  is  observed  in  Fig.  7  when  K  =  10  . 

The  actual  dependence  of  |l  +  fl|  on  6  is  illustrated  in  Fig.  8. 
Here,  we  see  that,  for  6  values  of  the  order  of  0.  1  ,  the  low-angle 
radiation  is  maximized.  This  enhancement  can  be  attributed  to  the 
trapped  surface  wave  character  of  the  ground  wave  excited  over  an 
impedance  boundary  that  has  an  appreciable  inductive  component.  In 
fact,  the  magnitude  of  the  ground  wave  "attenuation  function"  Wg 
may  exceed  unity  if  the  numerical  distance  parameter  |p  [  is  in  the 
range  from  about  1  to  10,  while  at  the  same  time,  arg  p  >  0  . 

These  conditions  are  met  over  a  portion  of  the  dietance  range  in  the 
present  calculations. 

The  departures  of  the  attenuation  function  Wg  from  unity  over 
the  range  of  the  distance  p  are  illustrated  in  Tables  la  and  lb  for  a 
selected  set  of  parameters.  The  values  of  Wg  based  on  (7)  are  shown 
in  the  tables  in  complex  polar  form.  It  is  evident,  for  the  distance 

ranges  involved,  |  M  |  exceeds  unity  by  a  substantial  amount.  How- 

8 

ever,  if  the  reactance  ft  ia  increased  beyond  about  0.1,  it  ia  evident 
that  |Wgl  decreases  significantly  below  unity.  Thus,  the  behavior 
of  Wg  indicated  in  Tables  la  and  lb  is  consistent  with  the  features 
of  the  radiation  patterns  discussed  above. 
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Table  la 

Amplitude  and  Phase  of  W  for  K  =3 


6 

=  0. 02 

0,  1 

0.  2 

kps  10 

1.0S5(-3.  4°) 

1.  224  (-19.  7°) 

1. 241  (-41.  5°) 

20 

1.078<-4.  8°) 

1. 323(-28.  5°) 

1.  306(-60.2°) 

50 

1.  127  ( -7.  7°) 

1.  523  (-47.  1°) 

1. 335 (-99.  3°) 

100 

1.  1  83  { - 1 1 .  1°) 

1.  744  (-69.  8°) 

1.  179(-146.0°) 

200 

1. 268(-15.9°) 

2.  004  (-105.  3°) 

0.  696  ( -146.  8°) 

300 

1. 337  (-19.  8°) 

2.  1 20  (  -135.  2°) 

0.  310  (-99.  8°) 

Table  lb 


Amplitude  and  Phate  of  for  K  *  10 


6 

s  0.02 

0.  1 

0.  2 

:  10 

1 . 0 S3  ( -3.  5°) 

1.169  (-20.  1°) 

1 . 075  (  -38.  1°) 

20 

1 . 076  (  4.9°) 

1 . 237 ( -29.  0°) 

1.069  (-54.  4°) 

50 

l.  123  (-7.  9°) 

1.362  (-47.  4°) 

0.  990  (-86.  9°) 

100 

1.  178 (-11.  3°) 

1. 477(-69.  4°) 

0.  812  (-123.  0°) 

200 

1. 259  (-16.  2°) 

1.  563  (-102.  8°) 

0.  495(-169.  4°) 

300 

L  324  (-20.  2°) 

1.  546  (-130.  1°) 

0.  286  (  -162.  7°) 
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CONCLUDING  REMARKS 

The  results  given  in  this  paper  illustrate  the  rather  significant 
modification,  for  an  inductive -type  ground  screen,  of  the  radiation 
from  HF  antennas.  It  is  believed  the  present  calculations  are  the 
first  to  snow  the  effect  of  a  quasi-trapped  surface  wave  excited  on 
the  ground  screen.  While  the  model  consists  of  an  azimuthal  symmetric 
system,  the  results  can  be  applied  with  some  confidence  to  sector¬ 
shaped  ground  s-.c-ins  if  the  sector  is  directed  toward  the  receiving 
point.  Of  course,  the  angular  width  of  the  sector  should  be  sufficiently 
large  to  encompass  at  least  one  Fresnel  zone,  as  indicated  in  some 
detail  elsewhere  [5], 

The  major  conclusion,  from  the  present  work,  is  that  a  perfectly 
conducting  ground  screen  may  not  be  the  best  ground  screen  if  low  - 
angle  radiation  is  to  be  maximized.  We  emphasize,  however,  that 
this  conclusion  must  be  tempered  by  the  realization  that  the  vertical 
radiation  patterns  are  leas  desirable  if  the  low-angle  radiation  is 
maximized. 
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APPENDIX  ;  Analytical  Simplifications 

While  the  general  equation  (6)  can  be  employed  for  numerical 
work,  it  it  desirable  to  investigate  the  analytical  structure  of  the 
integral  form  and  examine  certain  limiting  cases. 

First  of  all,  we  decompose  (6)  in  the  following  manner: 

a  =  n  +  a 

a  b 

ka 

na  -  -  I  e'ix  +  uD 3'  <xco,*o> dx  <9a> 

o 

o 
b 

nb  *  &**"-**' 

0  *  (9b) 

Now  we  usually  choose  the  parameter  ka  eo  that,  for  0<  x  <  ka  . 
W(x)  can  be  approximated  by  1  in  the  integral  for  while,  at  the 
eame  time,  ka  is  sufficiently  large  that  J,  (kp  cos  )  can  be  ade¬ 
quately  represented  by  its  asymptotic  approximation  in  the  integral 

for  n  . 
b 

With  the  judicious  choice  of  ka  indicated,  we  find  that 

0  -  .e^'^FCIkll  .  (10) 

a 

w  here 

ka 

C (ka)  =  e1’^4  y  J,  (X  cos  ti»o>  dx  (11) 

o 

is  an  integral  which  has  been  tabulated  and  discussed  rather 
thoroughly  [8],  Thus,  we  can  dispense  with  it. 


whe  re 


and 
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In  the  integral  for  12  ,  we  now  utilize  the  fact  that  kp  »  1  . 

D 


Then,  in  the  integrand, 


1  +  — -  1 
i  kp 


-ill/ 4 


(kpco**)«-ikP-  — S -  r  -ikp(l-co.t.0)  _  ie-ikp(l*co.*0)-j 

0  17-1 _ _ -  U,  \  J 


(2tr kp  co ) 
o 


Then.  (9b)  it  approximated  by 


fi  -  -«*  L k r _ L_rC  wjk^^iku-coa^p  dp 

b  Ucoi*  *o)'  (#k)*Li  p* 

.  ijb2^  ,-ikll  +  co.^p  dpj  (u) 


Now,  for  email  anglee  of  gi  ,  we  eee  that  the  firet  integral  in  equare 
bracket*  above  ia  dominant  becauee  of  the  highly  oecillattng  term 
exp  [-i  k  (1  ♦  coe  ]  in  the  second  integral.  In  fact,  this  second 
integral  can  be  interpreted  as  the  contribution  from  the  back  edge  of 
the  ground  screen.  While  this  contribution  could  be  retained  without 
difficulty,  we  will  discard  it  here. 

Using  the  definitions  of  W(kp)  given  by  (7),  we  now  find  that  (6) 


is  given  by 

n  -  r*V,A  r.'k^C  e-ik<*-CB,H>)P 

b  fie-.**  »*LW  J  9 


(2  cos*  )a 
o 


i  J  f  -«P  -ik(l-cos V  )p 


-  ik!«Me 


erfc  [i(sp)*]dpj  , 


where  e  =  -i  k  {Z’/ry^/Z  .  Now,  the  first  integral  in  the  square 
bracket  above  can  be  converted  to  a  Fresnel  integral  and  the  second 
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can  be  evaluated  by  integration  by  part*.  Thu*,  after  some  manipu¬ 
lation.  we  find  that  1 

-  i./4  ,  ikU-co.*,  <^bA,*.in«,/2) 

n&  (ico*1*)*  ,,  +  ik(1-co**0>  J  **P  (  -  1  (»/2>  z  1  dl 

<2c0‘  V  °  0  (4k./e)’.in(tl,o/2) 

*  a  +  ikU-L.x  )^Xp  (*“b  ’  “‘U-eo.^tbl  erfc  [i(«b)*l 
*0 


exp  [•<!  -  i  k(l  -co* tf^)  a]  erfc  [ i (ea)^]^J 


(14) 


If  now  —  0,  we  obtain  the  limiting  form 


°b- 


— — [c ~°  b  erfc  [i(»  b) -  e’°*  erfc  [i(oa)^]  J 

(IS) 


If.  in  addition.  «ince  |«a|  ha*  already  been  aaaumed  »mall. 

°b  *"  ~  ~  ~$ - ClD  [“  ab  er<c  (»  («b>^)  -  lj  . 


(16) 


In  the  extreme  limiting  ca*e  where  )  eb)  «  1,  we  obtain  the  aimplc 
form 

flv  -  F(Ikb/»|^  e'*'/4  .  (17) 

which  ia  well  known  [5j.  It  corresponds  to  the  case  where  the  ground 
wave  attenuation  function  is  effectively  unity  over  the  whole  ex¬ 
tent  of  the  ground  screen.  This  can  be  seen  by  returning  to  (13)  or 
(14)  *nd  setting  e  =0,  whence 


i»/4 


(4kb/Wr  sin<*  /Z) 
o 


a  *.  ■  w  — — - — tt-t  \  exp  [-i (v/2)  zl }  d 

b  (Zeoai*)*  a»n  U>  fl)  J  *:1 

U°  -  °  (4  k  a*)*  .in  (*/2) 

o 


(18) 
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which  is  also  well  known  [5].  Then,  if  now  we  let  £  -  0  . 

o 

-  F(2k/e)*  <b*  -  a*)  e‘B^4 

-  F(2kb/»)*  e1"^4 
which  is  consistent  with  (17)  above. 
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f»g-  1  The  essential  geometry  showing  a  tide  view  of  the  dipole  on 
the  flat  ground  plane. 
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Fig.  I  The  modification,  in  decibels,  of  the  radiation  field  of  the 
dipole  resulting  from  the  pretence  of  the  ground  screen  of 
radiue  b.  Here,  we  show  the  dependence  on  the  grating 
angle  ^  and  the  normalised  reactance  4  of  the  wire  meeh. 
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The  appropriate  form  for  the  surface  impedance  of  a  radial-wire  ground  screen  is  utilized 
to  obtain  quantitative  effects  of  the  important  parameters  (number  of  rsdisls,  length  of 
redials,  wire  radius,  and  ground  constants)  on  the  low-angle  radiation  of  a  vertical  antenna. 
An  approximate  correction  term  is  derived  to  account  for  currents  reflected  from  the  edge 
of  the  screen.  The  effect  is  small  for  large  screens,  but  it  may  be  important  for  smaller  screens. 


INTRODUCTION 

Wire  ground  screens  are  commonly  used  to  en¬ 
hance  low-angle  radiation  from  HF  antennas.  The 
theory  of  impedance  ground  screens  has  been  treated 
quite  generally  [Wait,  1963,  1967 a;  Collin  and 
Zucker,  1969],  and  extensive  numerical  work  has 
been  done  [  Wait  and  Wallers,  1963;  Horn,  1967, 
1968],  The  complication  of  an  exponentially  varying 
impedance  ground  screen  has  also  been  examined 
[Wait,  1967b],  and  an  integral-equation  approach 
has  been  used  to  determine  the  attenuation  of  the 
ground  wave  over  the  screen  [Wait  and  Spies,  1969, 
1970]. 

Here  we  consider  a  radial-wire  ground  screen 
which  has  a  variable  impedance  as  a  result  of  its 
variable  wire  spacing.  Through  the  use  of  such  a 
ground  screen,  the  dependence  of  the  low-angle  radi¬ 
ation  on  the  important  parameters  (number,  length, 
and  radius  of  radials)  can  be  directly  examined. 
Also,  the  importance  of  the  wave  reflected  from  the 
edge  of  the  screen  is  evaluated  by  an  approximate 
method.  Such  an  evaluation  is  important  since  the 
possibility  of  such  waves  is  ignored  when  using  the 
usual  impedance  representation  of  the  ground  screen. 

VARIABLE  IMPEDANCE  FORMULATION 

The  geometry  of  the  transmitting  antenna  and  cir¬ 
cular  screen  is  shown  in  Figure  1.  The  screen  is  of 
radius  a  while  the  source  is  a  Hertzian  dipole  of  cur¬ 
rent  moment  II  located  at  the  origin.  As  indicated, 
the  elevation  angle  ^  equals  0  -  */2.  In  addition,  Z 

(  right  £  I*»7J  Uf  the  AmriiMit  Otwrliyikal  Utmti 


is  the  impedance  of  the  ground,  while  Z'(p )  is  the 
parallel  impedance  combination  of  the  screen  and  the 
ground. 

The  far-zone  radiated  magnetic  field  with  no 
screen  present,  is  given  by  the  geometrical- 

optical  formula 

H.\*)  •  WkH  exp  <-i*r)l/4wrl(l  +  R.)  cos  +  (1) 
where 

R.  «  [sin  *  -  (Z/,.)]/[sin  *  +  (Z/,„)] 

Z/a.  -  «.",’[1  -  (cm*  *)/«.]’'’ 

where  <,  is  the  relative  complex  dielectric  constant  of 
the  ground,  k  is  the  wave  number,  and  t#  is  the  in¬ 
trinsic  impedance  of  free  space.  In  writing  (1),  and 
in  what  follows,  exp(fof)  time  dependence  is  as¬ 
sumed. 

With  the  screen  present,  the  far-zone  magnetic 
field  Holt)  is  given  by 

HM)  -  H.\m  +  Q.  +  a.)  (2) 

where  fl,ha  correction  for  the  wave  reflected  from 
the  edge  of  the  screen  and  where 

0.  -  l-k/eoa  i)  j*  W'(kp)\  \Z  -  Z'(p)J/woI 

•exp  (-ttpXI  +  l/ikp)J\(kp  cos  *)  dp 
where  /,  is  the  first-order  Bessel  function  and  W’(kp) 
is  the  unknown  attenuation  function. 

The  determination  of  W'(kp)  is  a  considerable 
task  in  itself,  and  consequently,  we  choose  to  make 
the  simplifying  assumption  W’(kp)  -  1 .  The  validity 
of  this  assumption  lor  an  exponentially  tapered  ini- 
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Fig.  1.  Vertical  electric  dipole  located  at  the  center  of  a 
radial-wire  ground  screen. 

pedance  has  been  studied  by  Wait  and  Spies  [1970], 
and  they  point  out  that  the  assumption  is  essentially 
a  physical-optics  or  KirchhoR  approximation.  Their 
numerical  results  indicate  that  this  approximation 
yields  a  slightly  larger  value  for  1  +  n.  than  the 
more  rigorous  calculation  in  some  cases,  but  almost 
no  difference  in  others. 

The  parallel  impedance  of  the  screen  and  ground 
for  grazing  incidence  is  given  by  [Wait.  1959]: 

Z'(p)  «  ZZ./(Z  +  Z.)  (3) 

where 


far-zone  pattern.  Since  a  rigorous  computation  of  the 
reflected  current  would  necessitate  the  solution  of  an 
extremely  complicated  boundary-value  problem,  we 
choose  to  make  the  following  simplifying  assump¬ 
tions:  (1)  the  reflected  current  at  the  edge  is  the 
negative  of  the  primary  screen  current  (equivalent 
to  -1  reflection  coefficient),  and  (2)  the  reflected 
current  propagates  inward  with  the  known  propaga¬ 
tion  constant  for  a  wire  located  at  the  interface.  If 
anything,  assumption  ( 1 )  above  will  be  an  overesti¬ 
mate  of  the  magnitude  of  the  reflected  wave. 

Now,  the  primary  surface-current  density  carried 
by  the  screen  at  p  =  a  is  given  by 

J.’io)  =  lE.(a))/[Z.(a))  (5) 

Furthermore,  the  radial  electric  field  can  be  approxi¬ 
mated  by 

£,(«)  =  —Z,'ia)H“  (a)  (6) 

where  is  the  magnetic  held  which  would  exist  if 
the  ground  were  perfectly  conducting. 

Using  (3),  (5),  and  (6),  the  reflected  current, 
7/(a),  at  the  edge  can  be  written 

J.'ia)  S£  IZ/iZ  +  Z.)]H‘(a) 


Z  -  U./(«,'/,)](l  -  at  *  *  0 

Z.  -  (iupop/N)  In  ip/  Nb) 

where  b  is  the  radius  of  the  wire  (assumed  perfectly 
conducting)  and  N  is  the  number  of  radials.  By  sub¬ 
stituting  (3)  into  (2)  and  making  a  change  of  vari¬ 
able,  we  obtain  a  form  suitable  for  computation: 

n  m  ~^z/ />.•). 
cos  + 

f**  [exp  (—  (■»)](!  4-  1/far)./, (*  cos  +) 

J,  1  +  \U/l(Z/n<,)N}\  [In  <*/**.*)]  1  9 

Evaluation  of  (4)  and  numerical  results  are  dis¬ 
cussed  later. 

CORRECTION  FOR  REFLECTED  CURRENTS 

Since  the  edge  of  the  ground  screen  results  in  a 
discontinuity  in  the  surface  impedance,  a  reflected 
wave  is  to  be  expected.  Equivalently,  since  the  cur¬ 
rent  of  the  ends  of  the  radial  wires  must  be  zero  to 
satisfy  the  continuity  equation,  a  reflected  current  is 
necessary  to  produce  zero  wire  current  at  the  end. 
Since  this  current  is  normally  neglected,  it  is  desirable 
to  determine  whether  it  has  a  significant  eflect  on  the 


^  ik/IQ  +  1/iAo)  cxp(  —  ika) _ 

~  2*a\  I  +  ika/lNiZ/io) ]  [In  (*a/N*6))|  '  ' 

Then  the  inward  traveling  current  J„r(P )  is  approxi¬ 
mated  by 

7/(p)S  J,'(a)(a/p)  exp  [-tft.(o  -  p) ]  (8) 

where  *,,=  *[(«,+  1  )/2],/5  is  the  propagation  con¬ 
stant  for  the  wire  in  the  interface  [Wait,  1972].  The 
factor  (a/p)  results,  of  course,  from  the  convergence 
of  the  ingoing  wave. 

Now  that  the  current  density  is  known,  the  far- 
zone  reradiated  magnetic  field  H/(+)  can  be  calcu¬ 
lated  from  a  straightforward  surface  integration. 
Thus 

W/(f)S  I  [—<*(!  —  R.)  sin  f  exp  (—  ttr)J/4ir| 

■  £  pJ,’(p)  [/  cos  *  exp  ( ikp  cos  +  cos  ♦)  dp 

(9) 

where  the  factor  (1  -  R,)  sin  v  can  be  derived  by 
reciprocity.  The  *  integration  can  be  done  exactly  by- 
using  the  integral  representation  of  the  first  order 
Bessel  function.  Also,  wc  note  that 

(I  -  A.)  sin  <=  (I  +  A,MZ/e„)  (10) 
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where  Z  is  the  ^-dependent  form  as  given  by  ( 1 ) . 
Consequently,  W/(^)  is  given  by 

»/(*)  3*  [*U  +  R.XZ/vo)  exp  (~>kr)]/2r 

■£  pj;(p)A(kpcos  +)dp  (II) 

The  change  in  the  far-zone  pattern  due  to  reflected 
current  n,  that  was  introduced  in  (2)  can  now  be  de¬ 
fined  by: 

Q.  SS 

..(H-  l/lka)lZ(*)/nt)  exp  l-l(k  +  A.XaJ 
“  cos  *  1 1  +  ika/mZ/nJ)  In  (ka/Nkb)  | 

f9  J,^X  “*  ^  exp  <**  02) 

where  Z(i/>)  indicates  the  ^-dependent  form  rather 
than  the  grazing  incidence  form  that  appears  in  the 
denominator. 

In  general,  the  integral  appearing  in  (12)  requires 
numerical  evaluation.  However,  for  large  screens 
(i.e.,  ka  »  1)  and  if  *„  has  a  significant  imaginary 
part  (-Im  (*«n)  »  1],  the  main  contribution  to 
the  integral  occurs  for  large  x.  Consequently,  the 
Bessel  function  is  approximated  asymptotically  as 
follows 

•  |ex»,  I*(x  -  3t/4)]  +  exp  [— i(z  -  3v/4)]}  (13) 

Consequently,  n,  can  be  expressed  in  the  form 


/.  ~  (I- i(k/a)'nV(k.  ±  k  cos  ^)| 

•exp  \  i[a(k.  ±  A  cos  *)  T  (3w/4)]|  (16) 

Finally,  on  substituting  (16)  into  (14)  and  replac¬ 
ing  km  by  its  definition  in  (8),  we  obtain 


_ —H ZW/v«)  exp  (-i*o) _ 

‘  ~  (2v*o),/,(cos^)s/J((l  + 1  ika/lN(Z/v,)i\  Urtka/Nkb )])) 

Jexp  [<(Ao  cos  tk  —  3t/4)] 

'l  l(«,  +  1)/211/*  +  cos  * 


,  exp  [— Hka  cos  j/  —  3ir/4)]\ 
[(«,  +  I)/2J'/*  -  cos  *  1 


(17) 


We  note  that  for  large  ka,  n,  becomes  quite  small. 
This  is  to  be  expected,  since  the  individual  wire  cur¬ 
rents  decrease,  and  the  increased  spacing  results  in 
an  effectively  small  surface-current  density.  Equiva¬ 
lently,  this  can  be  thought  of  as  the  result  of  a  large 
surface  impedance  at  the  edge  of  the  screen. 


NUMERICAL  RESULTS 

In  order  to  estimate  the  importance  of  reflected 
currents,  the  quantities  J3  +  n«|  and  |1  +  !*,  +  n,j 
were  evaluated  for  various  screen  sizes,  numbers  of 
radials,  and  complex  dielectric  constants,  n,  was 
evaluated  by  a  numerical  integration  of  (4),  and  n, 
was  evaluated  from  the  asymptotic  form  in  (17).  A 
comparison  of  the  two  quantities  is  given  in  Figure  2 
for  a  moderate-size  screen  (ka  =  30).  The  value  for 


0. 


IZW/vol  e*P  [—  l(k  +  kw)a]  . 

(2»),/5(cos  *)v,((l  +  |  ika/l H(Z/*n\ (In  (*«/  A**)J»  1  *  *  ‘ 


(14) 


where 

/.  -  exp  (=F  I3t/4) 

f  W*exp  ±  e0*  +)*]\/x>,,))dx 

By  a  change  of  variable,  we  find  that 
L  -  |[exp(=FI3x/4)]/K*./A  ±  cos  *)"’j| 

(lall  (M  *>• 

I  [exp  (h)]/zw,\  dz  (15) 

The  leading  term  in  the  asymptotic  -^presentation  of 
/.  can  be  obtained  either  from  the  asymptotic  expan¬ 
sion  of  the  Fresnel  integral  for  complex  argument  or 
from  an  integration  by  parts.  Thus,  in  either  case. 


kb  corresponds  to  #14  wire  at  a  frequency  of  30 
MHz.  The  effect  of  reflected  currents  is  less  than  .1 
db  for  all  angles,  and,  for  larger  screens,  the  effect  is 
even  smaller.  For  small  screens  in  which  the  effect 
may  be  of  some  importance,  the  asymptotic  form 
in  (17)  will  probably  not  be  valid,  and  a  numerical 
integration  of  (12)  is  required.  However,  this  should 
pose  no  problem  since  the  integration  interval  (0  — * 
ka)  will  not  be  large. 

The  effect  of  the  number  of  radials  for  a  larger 
ground  screen  (i.e.,  ka  =  60)  is  shown  in  Figures 
3  and  4  for  two  representative  values  of  <r.  It  is  seen 
that  significant  improvement  is  obtained  by  increas¬ 
ing  the  number  of  radials.  For  both  cases,  the  effect 
of  (Ir  is  insignificant. 
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Fir  2.  The  effect  of  edge-reflected  currents:  ka  =  30; 
kb  s  0.312  x  UT'.  «.  =  3  -  I  J.  and  N  =  150. 


The  effect  of  screen  size  is  shown  in  Figures  5  and 
6.  It  is  Ken  that  little  is  to  be  gained  by  increasing 
ka  and  that  the  pattern  becomes  more  oscillatory  at 
larger  angles  for  increased  ka.  Again,  the  effect  of 
O.  is  insignificant 


Fig.  4.  The  effect  of  the  number  of  redials  for  a  larger 
dielectric  constant:  «,  =  10  —  i  2.  ka  s=  60,  and  kb  = 
0.512  X  10-*. 


CONCLUDING  REMARKS 

It  was  found  that  the  effect  of  currents  reflected 
from  the  edge  of  the  screen  is  quite  small  when  the 
screen  is  reasonably  large  (i.e.,  ka  >  30).  However, 
the  situation  is  not  quite  so  clear-cut  for  smaller 
screens,  and  a  numerical  integration  is  required  to 
yield  quantitative  results. 

For  radial-wire  screens,  greater  improvement  can 
be  obtained  by  increasing  the  number  of  radials 
than  by  increasing  the  lengths  of  radials. 

Since  these  calculations  are  based  on  a  simplified 
model  in  which  the  unknown  attenuation  function  of 
the  ground  wave  is  Kt  equal  to  one,  a  worthwhile  ex¬ 
tension  would  be  to  solve  the  integral  equal  for  the 


^  (degress) 


Fig.  3.  The  effect  of  the  number  of  radial i  for  a  small 
dielectric  constant:  «,  =  3  —  I  3,  ka  =  60,  and  kb  = 
0.512  X  10-*. 
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Fig.  5.  The  effect  of  screen  size  for  a  smell  dielectric  con¬ 
stant:  a,  =  3  —  f  .3.  N  =  100.  and  kb  =  0.512  X  10-*. 
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Fig.  6.  The  effect  of  ecrceo  size  for  a  larger  dielectric  con¬ 
stant:  =  10  —  I  2,  N  =  100,  kb  =  0.512  X  10-*. 

attenuation  function.  Such  a  procedure  would  im¬ 
prove  the  accuracy  of  both  n.  and  O..  However,  we 
do  not  feel  that  the  conclusions  would  be  appreci¬ 
ably  modified. 
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Editor's  Note.  Readers  are  reminded  that  in  shilting- 


fraction  notation,  a/bc  is  to  be  interpreted  to  mean 

a/ibc). 
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Fit  I.  Vertical  electric  dipole  at  center  of  circular  ground  acrean. 


Effect  of  Edge  Reflections  on  the  Perforauusce  of 
Antenna  Ground  Screens 

DAVID  A.  BILL  and  JAMES  R.  WAIT 

Abstract — A  method  (or  computing  tho  offset  of  the  wore  reflected 
inward  Iran  the  edge  of  circular  ground  screens  is  developed, 
numerical  results  show  that  the  reflected  wave  is  unimportant  to 
the  performance  of  very  large  screens  and  only  of  small  importance 
for  moderate  also  screens.  However,  as  the  screen  site  is  further 
doersaaed,  the  relative  importance  of  the  reflected  wave  increases. 


I.  Introduction 

Wire  ground  screens  are  commonly  used  to  improve  the  per¬ 
formance  of  HF  antennas  operating  in  the  presence  of  a  poorly 
conducting  ground.  The  improvement  in  the  radiation  field  has 
been  discussed  extensively  [l}-[4],  and  the  method  of  analysis 
was  based  on  the  compensation  theorem  In  such  treatments,  the 
effect  of  a  wave  reflected  inward  from  the  edge  of  the  screen  has 
been  considered  negligible.  In  this  communication  we  develop  a 
method  for  evaluating  the  importance  of  the  inward  reflected  wave 
for  circular  ground  screens  of  constant  surface  impedance. 


II.  Formulation 


The  geometry  is  illustrated  in  Fig.  1.  A  vertical  Hertzian  dipole 
of  current  moment  II  is  located  at  the  center  of  a  circular  ground 
screen  of  radius  a.  The  effective  surface  impedance  of  the  ground 
system  is  a  constant  Z',  and  the  ground  beyond  radius  a  has  a 
constant  surface  impedance  Z. 

The  far-aone  magnetic  field  H,iM  can  be  written  in  the  following 
form  [1]: 


JfaWa)  -  „  +n) 

4vr 


<1> 


where  R ,  -  [sin  *»  —  fZ/s«) ]/[»in  4,  +  (Z/s«)],  k  b  the  wave- 
number,  <w  is  the  impedance  of  free  space,  and  an  esp  (iwf)  de¬ 
pendence  is  amumed.  If  the  ground  is  homogeneous,  the  normalised 
surface  impedance  Z/st  is  given  by  [4] 


where  !U  is  the  usual  form  which  neglects  reflections  from  the  edge 
of  the  screen  and  fl,  is  a  correction  term  which  accounts  for  the 
reflection.  First  of  all  we  know  from  previous  work  [1]  that  lb 
is  given  by 

0.  -  — —  /  exp  (  — i*»)ir,(M  (l  +  — Ji(i»cns  4,)krfp  (4) 

eosPt  Jt  \  ik,/ 

where  F  -  (Z  —  Z')/at.  J t  is  the  first-order  Bessel  function  and 
H'tfke)  «  I  —  i(vp)”* exp  (— p)  erfr  ftp1'*),  where  p  •  —  (itp/2)  • 
(Z7v t)’.  In  the  preceding,  1C,  is  a  ground  wave  attenuation  function 
which  accounts  for  the  modification  of  the  magnetic  field  hy  the 
finite  surfare  impedance  ?'.  In  general,  a  numerical  evaluation  of 
(4)  is  required,  and  the  substitution  x  -  k,  is  useful. 

The  modified  surfare  impedance  Z'  is  assumed  to  be  the  parallel 
combination  of  the  ground  impedance  7.  (al4(  -  0)  and  the  effective 
impedance  Z,  of  the  wire  grid  [4].  Thus 


Z'a 


ZZ, 

(Z  -r  Z,1  ■ 


(8) 


If  the  wire  grid  sparing  is  much  less  than  a  wavelength  anil  tlie 
wires  arc  highly  conducting,  then  Z,  i«  purely  inductive  [3],  [4] 
and  we  may  set  Z,  -  u*!,  where  4  is  dimensionless  and  independent 
of 

An  estimate  of  ft  ran  be  derived  by  modifying  the  magnetic 
field  over  the  screen  to  include  n  reflected  wave.  Mathematically, 
this  i«  equivalent  to  rewriting  (4)  with  the  following  transformation: 

exp  (-itp>ll',(tp)  ^1  + 


where 


-•exp  ( -iko/ll.fka) 


(0) 


Rip) 


F  exp  (  —  fv/4)  exp  [  — iHn  -  pi] 
KlrV'CH.-rir 


"  .[*<«  -  p)J 


The  factor  Rip)  is  a  reflection  function  which  was  derived  from  an 
earlier  analysis  involving  reflection  of  a  ground  wave  from  a  land-sea 
boundary  [5},  and  we  assume  here  that  R (pi  is  nut  affected  by  the 
curvature  of  the  boundary.  The  singular  nature  of  Rip)  at  p  -  a 
suggests  that  the  integral  be  split  into  an  integrable  term  involving 
the  singularity  and  a  remainder.  Thus 


-fTexp  [-tfkq  -f-  s/4)] 
2<2vcoa*.)»« 


«,(ko) 


(7) 


where 


s-ert-^r 

where  «,  is  the  relative  complex  dielectric  constant.  The  term  fl 
accounts  for  the  presence  of  the  screen  and  vanishes  if  the  screen 
ia  absent 

As  indicated  by  (1)  the  far-ione  pattern  is  modified  hy  a  factor 
1  -4-  fl.  It  can  also  lie  shown  that  t lie  ground  wave  is  modified  by 
1  +  tl,  where  n  is  evaluated  as  4.  approaelies  aero  [1 J 
For  convenience,  il  is  now  split  into  two  parts: 

O  -fl.  Mb  (3) 
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/,  -  2(fca),nJt(ka coeds)  +  /  (*o  -  x)-,"|-Jl(*»eostfe) 

+H  ,(*o  -  x)  exp[-»(*a  -  x) ] J, (x cos *,)  |  dx. 

The  integrand  now  is  well  behoved,  and  (7)  is  a  suitable  form  for 
numerical  evaluation. 

III.  Numerical  Hespi.ts 

A  numerical  evaluation  of  (4)  and  (7)  was  carried  nut  for  ranger 
of  interest  of  4e.  *o,  a,,  and  I.  It  was  found  that,  for  large  screens 
(to  >  100),  ft  had  an  insignificant  effect  (  <0.1  dll)  am  the  quantily 
1  +  fl.  In  Fig.  2  wc  illustrate  result*,  at  grasing  iuriilenre  (sir  a 
poorly  conducting  ground,  lor  two  somewhat  smaller  screens. 
Even  here,  the  maximum  difference  in  the  curves  with  tnd  without 
the  reflected  wave  is  only  about  0.2  dB  arid  the  value  of  I  which 
yields  the  maximum  value  of  I  I  4-  0  I  st  4s  •  0  is  essentially 
unchanged.  As  to  decreases,  the  ratio  1 0,1/1 0.1  increase!.  How- 


1-184 


ou  nuuenoHi  on  a NTS n has  and  propagation,  tol  ac-21.  no.  2,  harcii  1073 


fk. 


Fit.  4. 


231 


m,  small  screens  are  usually  of  minor  interest  here  because  they 
do  not  enhance  the  radiation  field  sufficiently.  Henults  for  larger 
acreens  are  shown  in  Figs.  3  and  with  U,  being  insignificant  in 
graphical  accuracy  in  each  cane.  The  optimum  value  of  I  decreases 
slightly  with  increasing  ko  and  with  increasing  | «,  | . 

Tire  optimum  value  of  I  for  fi*0  yields  a  less  desirable  pattern 
for  higher  angles  [4],  This  is  shown  well  in  Fig.  5  where  the  pattern 
for  the  optimum  value  of  I  for  ™  0  (as  determined  from  Fig.  3) 
is  compared  to  the  pattern  of  the  perfectly  conducting  disk.  For 
increasing  I,  the  nulls  are  seen  to  occur  for  smaller  values  of  de- 

IV.  Cf>KCM’St»KA 

The  results  confirm  the  validity  of  earlier  eelriilations  for  large 
ground  screens  where  waves  reflected  from  tlie  edge  of  the  screen 
have  been  neglected  In  fact,  even  for  moderate  sixes  (*e~25), 
the  reflections  are  relatively  unimportant  and  do  not  ehangr  the 
general  trends.  However  as  ko  decreases,  I  he  relative  importance 
of  the  reflected  field  increases 
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Low-angle  radiation  of  an  antenna  over 
an  irregular  ground  plane 

JAMES  R.  WAIT  l*) 

Consultant  Institute  for  Telecommunication  Sciences.  V.  S.  Department  of  Commerce, 
Boulder.  Colorado  60)02. 

RiASSUNTO.  •  Usondo  il  teorem a  della  Compensazsone,  st  ottentono  le  espresstont 
al  pnmo  ordme  det  cam  pi  Jt  radtaztone  Ji  un  antenna  a  monopolo  post  a  sapra  una 
superfine  irretolare  con  tan  Jut  ti  vita  fimta.  Si  constdera  tl  caso  a  ummetna  Jt  rota- 
Ztune.  e  st  up  pi tuna  i  n  sultan  al  caso  in  cm  l' antenna  e  post  a  sopra  una  ptattafarmj 
ctrcolare  con  parcti  inclinate.  Si  mostra  che  il  zuadatno  d'antenna  e  I'ecalaztone  Jetle 
ondc  di  terra  sono  mat^tun  che  nel  caso  Ji  una  superfine  uniiormementc  piatta 

SUMMARY.  .  Uftflf  the  Compensation  Theorem,  first-order  expressions  are  obtained 
for  the  radutwn  fields  of  a  monopole  antenna  located  over  an  irregular  ground  sur¬ 
face  tilth  finite  conductivity  The  azimuthallv  symmetric  case  is  considered  and  the 
results  are  applied  to  the  situation  where  the  mono  pole  is  located  on  an  delated 
circular  plateau  with  slopint  sides  tl  is  indicated  that  the  antenna  tain  and  the 
ground  wave  excitation  are  enhanced  over  that  tor  a  uniformly  flat  surface 


Introduction. 

There  are  a  number  of  important  applications  where  the  irregular 
ground  surface  influences  the  desired  performance  of  antennas.  For  exam¬ 
ple  in  many  H.  F.  communication  systems,  the  total  transmission  loss  is 
critically  dependent  on  the  nature  of  the  radiation  at  low  angles  from  the 
transmitting  antenna. 

In  this  note,  we  present  a  general  first-order  theorv  for  calculating 
the  rjdiation  field  of  a  monopolc  antenna  located  on  or  over  an  irregular 
boundary.  The  development  is  based  on  the  electromagnetic  Compensa¬ 
tion  Theorem  tn  the  form  developed  by  Monteath  11)  over  twenty  years 
ago.  The  full  scope  of  the  Compensation  Theorem  has  not  always  been 

<*'  Dept  of  Electrical  Encineering,  Bldg  20,  L'niversitv  of  Arizona.  Tucson. 
AZ  85721. 
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appreciated,  since  Monceath  only  illustrated  its  application  to  relatively 
simple  problems.  Also,  it  has  only  been  realised  quite  recently  that  the 
formulation  is  sufficiently  general  to  facilitate  integral  equation  solution 
of  rather  complicated  problems  (2)  For  the  present,  however,  we  shall 
invoke  physical  approximations  with  a  view  to  obtaining  relatively  con¬ 
cise  first-order  expressions  for  the  radiation  pattern  of  a  vertical  monopole. 


Formulation. 

As  illustrated  in  Fig.  1,  we  located  a  vertical  electric  dipole  of  effec¬ 
tive  length  l.  at  point  A  over  a  deterministic  surface  z  =  /  lx,  y),  where 
z  =  0  is  the  reference  surface.  At  some  point  B  located  in  the  (x,  z)  plane, 
we  have  a  similar  electric  dipole  of  effective  length  /».  The  distance  or 
range  between  A  and  B  is  R.  and  this  straight  line  subtends  an  angle  0 
with  the  positive  caxis.  The  general  problem  is  to  calculate  the  mutual 
impedance  between  the  two  dipoles  for  a  prescribed  surface  profile  /(*.» 
and  its  electrical  properties. 

First  of  all.  we  assume  that  the  mutual  impedance  Z,«  between  the 
dipoles  is  known  for  the  simpler  auxiliary  problem  of  having  /(x,yt  =  0 
everywhere,  and  uking  the  region  ;  <  0  to  lie  a  homogeneous  half-space. 
The  corresponding  mutual  impedance  tor  the  actual  profile  fix.  vl  is  deno¬ 
ted  as  Z'aa.  where  the  prime  signifies  the  unknown  or  sought  quantity. 
Monicath's  formulation  ( 1 )  of  the  Compensation  Theorem  tells  us  imme¬ 
diately  that: 

1 1 1  Z'a,  -  Z„  -  -i-  f  I  U.  -.  H  .  -  t\  v  ih)  ,*JS 

In  U  J  . 

> 

In  [13.  the  terminal  currents  in  dipoles  A  and  B  arc  /«  and  /*,  respecti¬ 
vely,  and  Ek  and  H*  are  the  known  fields  of  dipole  D  for  the  auxiliary 
situation,  whereas  £'■  and  // are  the  unknown  fields  for  the  actual  pro¬ 
file  where  z  —  / (.x.v).  Here,  the  intcpration  of  these  quantities  is  over 
the  surface  that  coincides  with  mx.  yl  and  is  closed  by  any  surface 
at  some  large  negative  value  of  z.  We  assume  here  that  it  is  always  pos¬ 
sible  to  select  this  lower  surtacc  so  that  its  contribution  to  the  surUcc 
integral  in  [  1  ]  is  negligible  The  unit  vector  «  is  thus  the  outward  norma) 
to  surface  z  =  /  (x.  >* ».  as  indicated  m  Fig,  1.  For  relatively  gentle  slopes, 
we  can  see  that  the  Cartesian  components  ot  «  are  given  by: 

*  =  < —  0 '  0*  —  0/  0>.  l) 

The  electrical  characteristics  ot  the  actual  surface  are  to  be  descri¬ 
bed  by  the  Leomovich  or  surtacc  impedance  boundary  condition.  This 
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surface  impedance  q'(x,  y)  may  be  a  slowly  varying  function  of  the  hori¬ 
zontal  coordinates  x  and  y.  Strictly  speaking,  it  should  not  vary  signifi¬ 
cantly  in  a  distance  equal  to  y'1 1,  where  y  is  the  propagation  constant 
of  the  medium  for  z  <  fix,  y).  Then,  for  convenience,  we  characterize 
the  homogeneous  half-space  in  the  auxiliary  problem  by  a  constant  surface 
impedance  q. 


Fic  I 


An  approximate  solution. 

Adopting  the  various  simplifications  and  physical  approximations  de¬ 
scribed  above,  we  now  can  write  down  the  required  field  expressions  that 
are  to  be  inserted  in  [1],  Here,  we  assume  that  the  dipole  B  is  effectively 
located  at  an  infinite  distance  from  the  surface.  Thus,  the  relevant  unpri¬ 
med  field  components  over  5  are. 

—  tin, taU  r  — fiv  rose  sinO  ,  iS/coiO  — r*/  coj6 
£•.  =  - - sin  H  >  *  (c  -c «  ) . 

1  in*  1*1*  r,  —  ilR  cosp  stn0 ,  tkf  co*0  — iif  cosO , 

£•»  “  — -  cos  0  <  1  (<  —  r  )  , 

—  1  H*, 


U1 

HI 
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and: 


— i  Hi  U  — liR  lio  cci»iin(l ,  li/cotO  — li/cosO 
HI  H„ « — — >  <  l*  +«  1 


These  formulas  correspond  to  the  radiation  field  of  a  Hertzian  dipole  orien¬ 
ted  at  right  angles  to  the  radius  vector  R  and  carrying  a  current  equal  to 
the  real  part  of  /» explitutl,  where  ui  is  the  angular  frequency.  Here, 
k  =  u/r  is  the  free-space  wavenumber,  and  T)u  ^  1 20“  ohms.  Also,  as 
indicated  in  Fig.  1,  <p  is  the  azimuthal  angle  with  reference  to  a  cylin¬ 
drical  coordinate  system  (p,  g>,;).  In  addition,  we  should  observe  that  in 
writing  [2],  [}],  and  [4],  we  are,  in  eifcct.  assuming  that  the  reference 
surface  at  ;  =  0  is  a  relatively  good  conductor. 


Now  the  primed  or  unknown  licit)  components  over  S  are  |xistulatcd 
to  have  the  form: 


()[  It'mg— -r  line  9)0  (z..  .  :) 

|6|  H  „  =  -—r«  +  <*e)  ~  co»*  .  F(«  ,?)C  (;„.r) 

[71  £•„  = 

and: 

(#]  £  «*  2  *1  H  ii  —  ^  £  •« 

where  F(p,  <?)  is  an  «  attenuation  function*  that  to  a  first  approximation 
is  replaced  by  unitv.  In  writing  [5],  [6],  [7],  and  [8].  we  assume  that 
the  field  components  .ire  the  same  as  those  of  a  vertical  Hertzian  dipole 
located  at  c  =  0,  but  modified  by  a  suitable  height-gain  function  G  (c„,z) 
that  depends  only  on  the  heights  of  the  dipole  A  and  the  observer  over 
the  surface  r  =  0.  It  is  important  to  note  that  these  primed  expressions 
include  near  field  effects. 
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To  proceed  further,  we  observe  that 

I9l 

a/ 


(A.  -  H'<  -  E.  '«»)■»=  £"  W'**  £“H  "  D) 


+  £  *•  H“  ”•  —  £  *'  H*» 


Here  we  note  that  the  sum  of  the  latter  two  terms  can  be  replaced  by 

5  .. «  «  —  *- 


1 101 


z'..  -  z.,„ 

z. 


«  f’j,  /*  Jv.  CO,,>  ',n°  [.  co.n  „„  (*/ CO*0>  co»» 


where: 


lul 


JL^JLco.,~^L„n9. 

0'.'  u-v  0) 


am): 


(121 


iln  . /.>/»  *“ 


2  a  K 


Wo  note  here  that  Z„  is  the  mutual  impedance  of  die  ^  J  J 

were  located  on  a  flat  prr.cctlv  conducting  plane  and  separated  *  a  d, 
stance  R.  Also,  in  writing  [  10).  we  have  assumed  that  OU.I- 


Anm  ithally  symmetric  ate- 

An  immediate  simplification  of  I  101  occurs  when  t)\  /  and  3//3P  .ue 
independent  of  the  azimuth  angle  o.  Then,  we  can  use  the  following 
known  formulas  trom  Bessel  function  theorv 


liM 


a9  =  J.U) 


and 


H9l 


iZ  cosP 


co*9  49  =  J\  (Z) 
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Then,  [10]  becomes: 

( 15 1  ^  —  —  l/{[,eo,0,,n(i/co,9)-  — — -  coi  (i/co*I>)j  7,(io»in0) 

0 

4-  i  imO  co.  ».n0)|  ( l  4- 

where  F(p)  is  azimuthallv  symmetric  attenuation  function. 

In  the  case  of  a  uniformly  flat  surface  /  =  3//3p  =  0  everywhere; 
thus  [15]  reduces  to: 

0 

This  expression  or  closely  related  forms  have  been  used  to  predict  the 
form  of  the  radiation  pattern  and  the  enhancement  of  the  surface  wave 
field  of  antennas  with  large  ground  metallic  ground  screens  [31,  [  4  ] . 
In  such  cases,  t)'  is  reduced  to  be  much  less  than  t)  and/or  the  impedance 
t|'  is  made  to  be  effectively  inductive  so  that  F  (pi  may  be  enhanced  over 
the  ground  system. 

Another  special  case  is  to  allow  the  surface  to  be  everywhere  per¬ 
fectly  conducting.  Then,  tl*  =  t]  =  <i  for  all  values  of  p.  Consequently, 
[15)  reduces  to: 

1 17|  ^  li  j  j„nU  COlitf  (otO)  J.Uv  nnO)  .  ~~ 

0 

4-  co«0  nn  ( kfco%0)Jt  (n*  »»n0)|  ^  i  4-  -~-j  t  ^  F(v)  A* 

On  setting  F(p)  =  1,  which  is  a  reasonable  approximation,  this  result 
reduces  to  an  equivalent  form  derived  by  Page  and  Monteath  (5) 


An  application. 

One  rather  revealing  example  is  to  let  r)  =  0.  corresponding  to  an 
assumed  perfectly  conducting  sea  that  occupies  the  region  p  >  b.  Within 
this  circular  island,  we  have  a  circular  plateau  of  radius  a  with  a  flat  top. 
At  the  same  time,  we  allow  0— ►90°,  corresponding  to  grazing  incidence. 
For  this  case,  we  can  write: 

Its)  Z <i  a  Z# 1 1  Ilf  t  11*1 
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where: 

ft 

H9|  a,-*  f  -^7 ( 1  -t- -^r) ■/•(*»> '’(e)* 

and: 

Hot  a.—*/ 

0 

Thus  fl<  is  the  modification  of  the  field  resulting  from  the  electrical  pro¬ 
perty  contrast  of  the  «  island  »,  while  fb  is  the  corresponding  modifi¬ 
cation  due  to  the  non-llatness.  As  mentioned  above,  fl,  has  been  discus¬ 
sed  on  numerous  earlier  occasions.  The  topographical  effect  represented 
by  lb  is  usually  ignored,  although,  in  many  applications,  the  transmitting 
monopole  is  located  on  a  bluff  or  some  other  elevated  terrain  feature.  To 
illustrate  its  effect,  we  assume  that  the  beach  of  the  island  has  a  uniform 
downward  slope,  so  that  —  3f/9p  is  a  positive  constant  that  we  designate 
by  K.  Also,  to  simplify  the  discussion,  we  assume  that  the  radius  of  the 
plateau  is  much  greater  than  a  wavelength.  Thus,  ka  and  kb>>  1,  and, 
consequently,  J„(fipi,  can  be  replaced  by  the  first  term  of  its  asymptotic 
expansion  over  the  integration  range  in  [201.  Thus,  we  find  that: 


U»l 


'  4  r 


<*v)* 


<14-..  2 FW)  A' 


With  suitable  assumptions  about  the  form  of  Flp).  this  integral  can  be 
evaluated  in  terms  of  error  integrals  of  complex  argument  14).  The  essen¬ 
tial  nature  of  the  problem,  however,  appears  if  we  recognize  that  the 
contribution  from  the  rapidly  varying  term  iexpl—  2ikp)  can  be  neglec¬ 
ted.  Also,  over  the  region  a  <  p  <  b.  the  slowly  varying  function  Flp) 
can  be  replaced  by  Fla).  Thus,  [21]  reduces  to  the  remarkably  simple 
form: 


(221  a  =  (2  '••’)*  K  S'4  |(U)i  -  (*.)f  1  Ha)  -  IK  .”'4  |(*  ».)f  -  <«  ).)*)  Ha) 

where  X  is  the  free-space  wavelength.  For  example,  if  b/X  =  100, 
a/\  =  64,  K  sb  0.1,  and  assuming  F(d)  =  1,  we  see  that: 

O.  =  0.4,.*'4 


This  corresponds  approximately  to  a  4  dB  gain.  For  this  case,  the  heigth 
of  the  plateau  above  the  sea  is  3.6).,  and  the  sloping  beach  extends  over 
a  radial  distance  equal  to  approximately  )6a. 

Actually,  the  improvement  of  locating  the  monopole  on  an  elevated 
plateau  applies  also  to  the  effective  ground  wave  radiated  for  a  given 
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current  moment  (3).  Thus,  the  main  conclusion  from  this  analysis  is  that 
the  elevation  of  the  ground  plane  should  be  considered  in  any  design  of 
surface  wave  launchers  for  high-frequency  radio  waves  over  the  sea. 
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Following  the  publication  of  the  Monograph  by  Wait  and 
Walters( 1963) ,  a  series  of  unclassified  reports  were  issued  by 
investigators  at  the  U.S.  Navy  Electronics  Laboratory  (now  known 
as  the  Naval  Ocean  System  center)  in  San  Diego.  We  will  identify 
these  as  NEL  1346,  1359,  1567  and  1430  in  the  order  we  discuss 
them  below. 

w.E.  Gustafson,  W.M.  Chase,  and  N.H.  Balli,  Ground  system  effect 
on  high  frequency  antenna  propagation,  NEL  Report  1346,  29pgs., 

4  Jan  1966 

G.D.  Bernard,  W.E.  Gustafson,  and  W.M.  Chase,  HF  extended  ground 
systems  :  results  of  a  numerical  analysis,  NEL  Report,  52  pgs., 

24  Feb  1966  ,  NEL  report  1359 

J.M.  Horn,  HF  vertical-plane  patterns  of  monopoles  and  elevated 
vertical  dipoles  with  and  without  extended  ground  systems,142  pgs., 

25  Jun  1968  ,  NEL  Report  1567 

J.M.  Horn,  A  numerical  analysis  of  H.F.  extended-sector  ground 
systems,  52  pgs.,  14  Jan  1967,  NEL  Report  1430 


These  four  NEL  reports  were  distributed  widely  including 
libraries  and  they  were  released  to  the  Federal  Clearinghouse  now 
known  as  NTIS  (National  Technical  Information  Service)  .  Now  such 
results  are  in  the  public  domain.  Thus  we  need  not  describe  their 
content  in  great  detail.  But  it  does  seem  appropriate  to  identify 
some  of  the  significant  results  and  conclusions  reached  by  the 
authors.  In  some  cases  ,  an  alternative  interpretation  of  the  data 
is  offered  without  meaning  to  detract  from  the  noble  efforts  of  the 
NEL  investigators  . 

In  NEL  1346  it  is  pointed  out  that  the  ground  based  monopole 
with  extended  ground  screens  may  have  a  major  advantage  over  elev¬ 
ated  vertical  antennas  (with  or  without  ground  screens)  if  pattern 
lobing  is  to  be  minimized.  With  this  motivation,  the  authors  under¬ 
took  physical,  model  runs  for  circular  ground  sreens  employing  both 
square  meshes  of  various  sizes(  $  to  4  inches)  and  radial  wires 
with  various  angular  separations  (  1i  ,  2i  and  5  degrees).  This  exp¬ 
erimental  program  became  manageable  by  using  frequencies  in  the 
VHF  range  (130,  250  and  360  MHz  )  which  were  appropriate  to  model 
frequencies  lower  by  a  factor  of  12  when  a  relatively  well  conduct- 


2-2 


ing  ground  site  was  selected  (  e.g.  0.1  mhos/m).  Some  useful  and 
meaningful  pattern  plots  were  illustrated  by  the  authors  to  confirm 
the  expectation  of  enhanced  radiated  fields  at  low  take-off  angles. 

Dr.  Gary  Bernard,  who  was  a  consultant  to  NEL  .presented  a  con¬ 
cise  tabulation  of  the  experimental  data  along  with  results  gener¬ 
ated  by  computer  calculations  using  the  formulation  in  Wait(1963) 
and  Wait  and  Walters( 1963) .  This  comparison  of  experiment  and  theory 
is  reproduced  here  from  NEL  Report  1346.  The  calculated  quantity 
tabulated  is  equivalent  to  20  In  |  1  |  in  dB  .  The  source  adopted 

is  a  vertical  (ground  based)  electric  dipole  at  the  center  of  the 
circular  screen.  Actually  the  experimental  data  were  obtained  using 
a  quarter  wave  monopole  with  a  small  radius  (impedance  stabilizing) 
ground  plane  .  The  general  agreement  between  experiment  and  theory 
is  reasonably  good.  It  is  also  worth  noting  that, for  low  take-off 
angles, the  angular  dependence  of  the  field  is  small.  This  is  part¬ 
icularly  the  case  for  130  MHz  (i.e  ka  =  16  )  which  is  the  lowest 
test  frequency. 

Further  radiation  pattern  calculations  are  reported  in  NEL 
1359  which  again  are  based  on  Wait  and  Walters( 1963) .  The  frequen¬ 
cies  chosen  were  4,  8,  16  and  32  MHz.  The  full  circular  ground 
screen  radius  varied  in  octave  steps  from  2  to  128  wavelengths  and 
the  grid  spacings  were  6,  12,  24  and  48  inches,  The  ground  conduct¬ 
ivities  chosen  were  3,10,  30  and  100  milli-mhos/m  with  correspond¬ 
ing  dielectric  constants  of  4,  10,  20  and  30  ,  respectively.  In  each 
case,  computations  were  carried  out  for  vertical  (take-off)  angles 
of  2,  5,  10,  15,  20  and  25  degrees.  For  all  computations,  the  ground 
system  was  circular  (i.e.  full  azimuthal  symmetry).  The  copper  wire 
size  was  No. 10  (American  Wire  Guage)  .  The  source  in  all  cases  was 
assumed  to  be  a  short  vertical  current  element  or  (infinitesimal) 
electric  dipole. 

Some  examples  of  the  extensive  calculations,  from  NEL  1359 

A 

are  shown  in  Table  2  where  the  quantity  G  in  dB  is  again  the  quant¬ 
ity  20  In  j  1  |  .  Here  G  represents  the  improvement  for  the 

antenna  with  extended  ground  screen  compared  with  the  same  element 
over  the  imperfect  ground  when  the  dipole  moment  is  fixed  .In  this 
example,the  ground  conductivity  is  30  milli-mhos/m  and  the  dielec¬ 
tric  constant  is  10  .  In  the  case,  where  the  radius  is  a  =  16  wave¬ 
lengths  or  ka  =  100,  the  results. fflr  32  MHz,  for  the  smallest  mesh- 
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spacing,  are  compatible  with  Fig. 2a,  in  Wait  and  Walters( 1963)  car¬ 
ried  out  for  a  dielectric  constant  of  9,  zero  ground  conductivity, 
and  an  assumed  perfectly  conducting  ground  screen. 

In  NEL  1567,  many  additional  calculations  are  reported  again 
for  the  fully  circular  ground  screen..  For  the  most  part,  the  res¬ 
ults  are  based  on  Wait(  1967)'s  paper  for  vertical  electric  dipole  of 
finite  length  erected  over  the  center  of  the  ground  screen.  Many 
graphical  plots  are  presented  in  a  format  which  allows  the  reader 
to  see  the  relative  enhancement  of  the  low  angle  radiation  when  an 
extended  ground  screen  is  employed  .  As  J.M.  Horn,  the  diligent 
author .points  out  the  advantages  of  such  a  ground  screen  are  re¬ 
duced  somewhat  for  elevated  antennas.  Also,  as  indicated  before, 
the  economic  benefit, of  large  ground  screens  over  well  conducting 
ground,  is  small. 

In  1430,  Horn  deals  with  the  sector  ground  screen  geometry, 
using  essentially  the  formulation  of  Wait(l963)  and  following  the 
methods  outlined  in  Wait  and  Walters( 1963) .  He  adopts  the  ground 
based  quarter-wave  monopole  which  would  not  be  very  different  than 
for  the  infinitesimal  dipole  model  unless  the  ground  screen  was 
less  than  several  wavelengths  in  size.  Horn  includes  a  listing  of 
two  computer  programs.  One  is  based  on  the  mesh  ground  screen 
where  the  effective  surface  impedance  Z*  is  essentially  a  constant 
and  the  other  is  for  various  radial  wire  configurations  where  Z' 
varies  with  radius. 

In  the  four  above  mentioned  NEL  reports,  it  is  stated  that 
the  ground  wave  is  neglected.lndeed.it  is  true  that  the  results 
are  presented  in  the  context  of  the  modification  of  the  radiation 
fields  -  due  to  the  presence  of  the  ground  screen.  But  the  quantity 
|  1  ♦  Jl  |  tabulated  ,  for  low  angles  (e.g.  t(l  =  2°  ),  is  applic- 
able  to  the  modification  of  the  ground  wave  field  as  compared  to 
the  case  of  no  (or  small)  ground  screen  for  a  fixed  current  at 
the  terminals  of  the  transmitting  dipole.  It  is  a  pity  that  the 
NEL  investigators  did  not  carry  out  their  calculations  for  the 
grazing  condition  where  lj>0  -»  0°  as  done  in  Wait  and  Walters 
(  1963) . 

While  there  is  no  reason  to  doubt  the  accuracy  of  the  cal¬ 
culations  in  the  four  NEL  reports,  one  might  question  the  validity 
of  the  results  in  cases  of  very  low  cfround  conductivity  where  sparse 
ground  screens  are  employed.  In  such  cases  some  of  the  initial  as¬ 
sumptions  appear  to  be  violated. 
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TABLE  1.  GAIN,  IN  DB,  OF  EXTENDED  GROUND  SYSTEM  (20- FOOT  - 

1  RADIUS)  OVER  IMPEDANCE  GROUND  (2-FOOT-RADIUS) 

(reproduced  from  NEL  Report  1346) 

(20  FEET  =  2.  5  WAVELENGTHS  AT  130.  5  MC/S. ) 


Elev.  Angle 
(degrees) 

Square  Mesh  Size 
(inches) 

Radial  Wire  Separation 
(degrees) 

1/2 

1 

2 

4 

1.25 

2.5 

5 

130.5  Mc/s 


5 

4.9 

m 

5. 1 

5. 1 

4.7 

4.3 

3.8 

10 

5.2 

5.2 

5.5 

5.4 

4.9 

4.4 

3.9 

15 

4.9 

5. 1 

4.9 

4.9 

4.3 

3.6 

20 

5.0 

EH 

5.2 

4.8 

4.8 

4.1 

3.4 

25 

4.8 

4.8 

IB 

4.5 

3.9 

2.8 

250  Mc/s 

5 

4.6 

m 

KH 

3.6 

4.9 

3.7 

2.3 

10 

5.0 

5.0 

03 

3.2 

4.9 

3.4 

2.0 

15 

4.8 

4.9 

wm 

2.2 

4.2 

2.6 

1.6 

20 

4.6 

EH 

3.9 

0.5 

3.8 

1.9 

1.1 

25 

2.8 

2.3 

1.4 

-2.8 

1.4 

mm 

BIB 

360  Mc/s 

5 

6.7 

6.8 

EB 

3.5 

6.4 

4.5 

2.5 

10 

6.9 

6.9 

m 

CO 

• 

o 

6.1 

3.9 

2.0 

15 

6.9 

6.9 

1.3 

5.5 

3.2 

CO 

• 

H 

20 

5.6 

ED 

3.3 

-1.2 

3.4 

1.7 

1.0 

25 

2.4 

1.6 

-1.1 

-1.5 

1.3 

1.1 

0.6 

18 
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TABLE  2.  GAIN,  IN  DB,  OF  EXTENDED  GROUND  SYSTEM 
(20- FOOT- RADIUS)  OVER  NO  GROUND  SYSTEM  FOR  QUARTER- 
WAVELENGTH  ANTENNA,  EXPERIMENTAL  RESULTS,  AND 
SHORT  DIPOLE,  COMPUTED  RESULTS. 

(20  FEET  =  2.5  WAVELENGTHS  AT  130.5  MC/S. ) 


(reproduced  from  NEL  Report  1346) 
Quarter  Wavelength  | 


Measured  and  Modified* 


Short  Dipole  —  Computed 


Elev.  Angle 
(degrees) 


Square  Mesh  Size 
(inches) 


1/2 

i 

2 

1/4 

1/2 

1 

2 

4 

130.5  Mc/s 

5 

am 

4.9 

5. 1 

4.2 

4.2 

KB 

4.2  I 

3.9 

10 

mu 

5.1 

5. 1 

4.4 

eh 

EH 

in 

4.  1 

15 

5.5 

5.4 

5.4 

4.9 

4.9 

4.9 

4.8 

4.4 

20 

mm 

5.  1 

5.  1 

5.3 

5.3 

5.3 

5.2 

4.8 

25 

5.0 

5.0 

5.7 

fi 

5.6 

5.5 

5.0 

250  Mc/s 


5 

mm 

6.8 

6.6 

5.7 

WSM 

warn 

5.5 

4.6 

10 

6.2 

6.4 

6.3 

6.2 

i 

6.1 

6. 1 

5.8 

4.9 

15 

6.9 

Cl 

6.6 

6.6 

6.5 

6. 1 

5.  1 

20 

6.2 

6.3 

6.7 

6.6 

6. 1 

5.0 

25 

5.2 

4.9 

4.  1 

6.2 

6.2 

HI 

5.5 

4.3 

360  Mc/s 

5 

EB 

7.  1 

6.7 

BQ| 

6.6  | 

6.  1 

4.8 

10 

7. 1 

6.5 

6.7 

7.2 

7.2 

IB 

6.4 

5.0 

15 

mm 

7.6 

6.3 

7.  5 

7.5 

■SB 

6.6 

5.0 

20 

6.2 

6.  1 

4.3 

7.  1 

7.1 

6.8 

6.0 

2.9 

25 

3.6 

3.2 

1.  1 

5.3 

5.3 

5.0  i 

4.2 

2.8 

♦Extrapolated  from  results  with  2-foot-radius  impedance  ground. 


20 


2-6 


Table  2 


Gain  G  in  dB  for  large  screen  relative  to  small  or  no 
screen  for  ground  conductivity  of  10  milli-mhos/m  and 
relative  dielectric  constant  of  10  (reproduced  from 
NEL  Report  13S9  by  Gary  Bernard  et  al.) 

A.  4  Mc/s 


o  -  2  A  =  491  8  It 


EUv 

i  Mash  Spacing  (inches) 

AngU  (d«g  ) 

6 

12 

24 

48 

2 

13 

13 

1  4 

13 

5 

13 

1.4 

1.4 

1.4 

10 

15 

1.5 

1  5 

15 

15 

1  7 

1.7 

17 

1  4 

20 

2  0 

2.0 

2.0 

1  8 

25 

2.3 

2  3 

2  2 

2  0 

o  -  4  A  -  983.5  ft 


EUv 

AngU  (dag.) 

Mash  Spacing  (inchat) 

4 

12 _ 

24 

2 

1.9 

1.9 

2.0 

5 

2.0 

2  0 

2.0 

10 

2  3 

2.3 

2.3 

15 

2.7 

2.7 

2.7 

20 

3.1 

3.1 

3.0 

25 

3.3 

3.3 

3  1 

a  =  32  A  x  7848  ft 


2 

4.2 

4.1 

5  9 

5.3 

5 

4  8 

4.7 

4.4 

5.8 

10 

4  2 

4  0 

5.7 

5  0 

15 

3  3 

3.2 

3.1 

2  7 

20 

2.4 

2  4 

2.5 

2.1 

25 

2  4 

2  4 

2.2 

19 

a  -  128  A.  31.472  ft 


Ele». 

Angle  (deg.) 

Math  Spacing  (inchat) 

4 

12 

24 

48 

2 

11.2 

110 

10  5 

9  5 

5 

9  4 

9.5 

9.0 

8.0 

10 

4.3 

4  2 

4  0 

3  5 

IS 

4  0 

3  9 

3  7 

3  3 

20 

3.1 

3  0 

2  8 

2.4 

25 

7  4 

7  5 

2  4 

2.1 

2-; 


Table  2  cant 


8  8  Me.  • 


o>n>  24$. 9  ft 


o  «  4  A=  491.8  It 


El#v. 

Angle  (deg.) 

|  Mesh  Spacing  (inches) 

6 

12 

24 

48 

2 

2  2 

2.2 

2  2 

2  0 

5 

2  2 

2.2 

2  2 

2  0 

10 

2  4 

2  4 

2.4 

2  1 

15 

2  6 

2  6 

2  6 

2.2 

20 

3  0 

2.9 

2  8 

2  4 

25 

3.3 

3.3 

3.1 

2.6 

E  lev. 

Angle  (deg. ) 

6 

2 

3  1 

5 

3.0 

10 

3.5 

15 

4.0 

20 

4  3 

25 

4.4 

Mesh  Spacing  (inches) 


12 

24 

3.1 

3  1 

3.2 

3  2 

3  5 

3  4 

3  9 

3  7 

4.2 

4  0 

4.3 

4.0 

48 


2  7 
2  8 

3  0 
3  2 
3.3 
3.2 


a  .  8  A  -  983.5  It 


2 

4.5 

4.4 

4.3 

3  8 

s 

4.7 

4.6 

4  4 

3  9 

10 

5.2 

5. 1 

4  9 

4  2 

15 

5.5 

5.4 

5.1 

4  2 

20 

5.0 

4  9 

4.5 

3  6 

25 

3.5 

3.3 

3.0 

2.3 

a  -  32  A 

-  3934.1  ft 

2 

8  4 

8.3 

7.9 

6  8 

5 

8.8 

8.7 

8.2 

7.1 

10 

7.7 

7.5 

7.0 

5  8 

15 

4.4 

4.3 

4.0 

3.4 

20 

3.5 

3.4 

3.2 

2  6 

25 

3.3 

3.2 

2.9 

2.3 

o.  It  A.  1967  0  It 


2 

6.3 

6  2 

5  9 

5.1 

5 

66 

6.5 

6  2 

5  3 

10 

7.0 

6  9 

6.5 

5  5 

15 

5.8 

5.6 

5  2 

4  2 

20 

3  3 

3  2 

3  0 

2  4 

25 

4.1 

4.0 

3  6 

2.9 

o  »  64  A 

-  7868  It 

2 

11.0 

10.7 

10.2 

8  8 

5 

11.0 

10  8 

10  2 

8  8 

10 

53 

5.2 

4  9 

4  0 

15 

4.9 

4  8 

44 

3  7 

20 

3  8 

3.6 

3  3 

2  7 

25 

3  4 

3  3 

3  0 

2  4 

a  -  128  A  *  15.736  It 


Elev. 

Angle  (deg.)  6 


Mesh  Spacing  (inches) 


12 


24 


48 


I 


Tob/e  2  conf. 


C.  14  Me/* 


o>2A<  122-9  It 


EUv. 

Angle  (deg.) 

|  Math  Spacing  (inches) 

6 

12 

24 

_ 48 

2 

3.2 

3.2 

3.1 

2.4 

5 

3.3 

3.3 

3.1 

2.4 

10 

3.4 

3.4 

3.2 

2.5 

15 

3  7 

3.7 

3.4 

2.4 

20 

4  0 

3.9 

3.4 

2.7 

25 

4.3 

4.2 

3.8 

1.5 

o-  8  A  -  491.4  ft 


2 

6.1 

4.0 

5.4 

4.4 

5 

4.2 

4.1 

5.7 

4.5 

10 

4.4 

4.5 

5.9 

4.4 

15 

4.8 

4.4 

5.9 

4.4 

20 

4.0 

5.7 

5.0 

3.5 

25 

4.1 

3.9 

3.2 

2.1 

a.  32  A 

-  1944.4  It 

2 

|  10.4 

10.1 

9.4 

7.5 

5 

10.4 

10.4 

9.5 

7.7 

10 

9.0 

8.7 

7.7 

5.7 

15 

5.5 

5.3 

4.7 

3.5 

20 

4.4 

4.2 

3.4 

2.5 

25 

4.0 

3.8 

3.3 

2.3 

o  -  4  A-  24S.8  It 


EUv. 

Angle  (deg.) 

|  Mesh  Spacing  (inches) 

4 

12 

24 

48 

2 

4.4 

4.4 

4.2 

3.3 

5 

4.5 

4.5 

4.2 

3.3 

10 

4.8 

4.8 

4.4 

3.4 

IS 

5.2 

5.1 

4.4 

3.6 

20 

5.4 

5.3 

4.7 

3.5 

25 

5.4 

5.1 

4.5 

3.2 

a  •  14  A-  983.2  11 


2 

8.1 

7.9 

7.3 

5.9 

5 

8.3 

8.1 

7.5 

6.0 

10 

8.5 

8.3 

7.5 

5.8 

15 

6.9 

6.5 

5.7 

4.0 

20 

4.1 

4.0 

3.5 

2.4 

25 

5.0 

4.7 

4.0 

2.7 

a- 44  A.  3932.8  ft 


2 

SrijjFfl 

12.6 

11.7 

9.6 

5 

12.4 

11.4 

9.2 

10 

m 

6.3 

5.6 

4.2 

15 

6.0 

5.8 

51 

3.8 

20 

4.6 

4.4 

3.8 

2.6 

25 

4.1 

4.0 

3.4 

2.3 

am  128  A- 7145.4  It 


|  Math  Spacing  (inches) 

6 

r^i 

24 

48 

2 

15.6 

m 

14.1 

11.8 

5 

13.2 

KSfl 

11.6 

10 

6.8 

■si 

IS 

6.3 

6.1 

20 

4.9 

4.7 

25 

4.2 

4.0 

Tabl e  2  com 


D.  3?  Me/. 


o  -  2  A  =  41.5  (i 


o»4A-  122.9  (t 


EUv. 

Angle  (deg  ) 

j  Mash  Spacing  (inches) 

6 

12 

24 

48 

2 

4.0 

3  9 

3.3 

2.1 

5 

4.0 

4.0 

3  3 

2  1 

10 

4.2 

4.1 

3.4 

2.1 

IS 

4.4 

4.3 

3.5 

2.1 

20 

4.7 

4.4 

3  6 

2.1 

25 

4.9 

4.6 

3.6 

2.1 

o  -  8  A  -  245.9  ft 


2 

7.1 

6  9 

5  8 

3  2 

5 

7.2 

7.0 

5.9 

3  9 

10 

7.5 

7.2 

6  0 

3.9 

15 

7.5 

7.0 

5.6 

3  8 

20 

6.5 

5  9 

4.3 

3  4 

25 

4.4 

3.8 

2.5 

2.2 

a*  32  A 

=  983.5  ft 

2 

11.5 

11  0 

9.5 

6  7 

5 

116 

11.1 

9.5 

6  5 

10 

9  6 

8  9 

7.1 

4.1 

15 

6  1 

5.7 

4  4 

2  5 

20 

4  8 

4.3 

3.2 

1  6 

25 

4  4 

4.0 

2.9 

1.4 

EUv. 

Angla  (dag.) 

|  Mash  Spacing  (inches) 

6 

12 

24 

48 

2 

5  4 

5.2 

4  4 

2  9 

5 

5.5 

5.3 

4.4 

2  9 

10 

5  7 

5  5 

4.6 

2.9 

15 

6.0 

5.7 

4.6 

2.8 

20 

6.1 

5.7 

4.5 

2.6 

25 

5.9 

5.4 

4.0 

2.1 

0  «  16  A 

«  491.8  ft 

2 

9.1 

8.8 

7.5 

5.1 

5 

9.3 

8  9 

7.6 

5.1 

10 

9.3 

8.8 

7.2 

4  6 

15 

7.3 

6.7 

5.0 

2.5 

20 

4.6 

4.2 

3.1 

1.6 

25 

5  3 

4.8 

3.4 

1.6 

goUAo  1967.0  ft 


2 

14  0 

- 1 

117 

8  4 

5 

13  7 

11.1 

7  7 

10 

7.1 

HI 

5  2 

3  0 

15 

6  6 

6  1 

4  8 

2  7 

20 

5  0 

4.5 

3.2 

1  6 

25 

4.5 

4.1 

3.0 

1.5 

9 

I 


c 


i 


o  =  1 28  A  =  3934  1  ft 


E  lav. 

Angle  (dag.) 

Mesh  Spacing  (inches) 

6 

12 

24 

48 

2 

16  6 

16  0 

14  0 

10  4 

5 

13.9 

13  2 

11.0 

7  2 

10 

7.4 

6  9 

5  4 

3  1 

15 

6  9 

6  3 

4  9 

2  7 

20 

5  3 

48 

3  4 

1  7 

25 

4  6 

4  2 

3  0 

IS 

22 
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SECTION  3 


ANNOTATED^  LISTING  OF  SELECTED  DELATED  PUBLICATIONS  (1967-1989) 


by  \ 

J.  R.  wi 
&  March  UBO 
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3.1  Krause,  L.  CL,  November  1967,  "Enhancing  H.  F.  received  fields  with  large  planar  and 
cylindrical  ground  screens,"  IEEE  Trans,  on  Antennas  and  Propagation,  No.  6,  pp.  785-795 

The  author  presents  a  series  of  interesting  pattern  calculations  (using  image  theory) 
for  tilted  ground  screens  located  over  a  conducting  hatf-space.  For  such  geometries,  the  low 
angle  radiation  may  be  enhanced.  Cylindrical  shaped  screens  are  also  considered.  The 
author  cautions  on  the  use  of  the  method  for  angles  at  grazing  angles  below  3°. 

3.2  Collin,  R.  E.  and  F.  J.  Zucker,  1969,  Antenna  Theory,  Pt.  II,  McGraw  Hill,  N.Y. 

In  Chap.  23  authored  by  J.  R.  Wait,  eq..  123  has  a  misprint;  eix  should  be  e'ix.  Eqs.. 
23.122  is  OK.  Also  the  Fressel  function  J1  here  was  approximated  by  the  first  term  of  its 
asymptotic  expansion  which  can  lead  to  1  dB  discrepancies  in  computed  patterns  but  general 
features  are  correct.  This  point  was  confirmed  by  Lt.  Joe  Fortney,  of  RADC,  Hanscom  AFB, 
Bedford,  Mass..,  who  recomputed  the  integral  given  by  23.123  (private  communication  Jan 
1990). 

3.3  Waldman,  A.,  January  1970,  "Elevation  steering  of  the  pattern  of  vertically  polarized  elements 
over  a  ground  screen,"  IEEE  Trans,  on  Antennas  and  Propagation,  Vol.  AP-18, 

pp.  105-107 

Author  presents  calculation  based  on  reprint  1.13  (Wait,  1967)  for  an  elevated  vertical 
antenna  over  the  sector  ground  screen  system.  An  approximation  pattern  multiplication 
scheme  is  adopted.  The  objective  is  to  develop  a  method  to  steer  the  principal  maximum  in 
the  low  angle  elevation  pattern. 

3.4  Balanis,  C.  A.,  July  1970,  "Pattern  distortion  due  to  edge  diffractions,"  IEEE  Trans,  on  Antennas 
and  Propagation,  Vol.  AP-18,  pp.  561-563 

This  is  a  systematic  treatment  for  an  arbitrary  aperture  source  in  a  finite  size  ground  plane 
of  perfect  conductivity.  The  ambient  medium  is  free  space.  Excellent  correlation  with 
experiment  is  shown. 

3.5  Yu,  J.  S.,  K.  J.  Scott,  and  A.  R.  Spatuzzi,  November  1970,  "A  modified  elevation  angle  of 
radiation  from  a  monopole  on  ground  screens,"  IEEE  Trans,  on  Antennas  and  Propagation,  Vol. 
AP-18,  pp.  795-799 

The  authors  employ  an  approximate  diffraction  technique  to  estimate  the  pattern  of  a 
vertical  monopole  on  a  square  wire  mesh  screen  of  finite  extent.  The  experimental  data 
appears  to  justify  the  procedure  for  the  pattern  calculation  for  the  pattern  calculation  for  the 
particular  examples  given. 

3.6  Rafuse  R.  P.,  and  J.  Ruze,  December  1975,  "Low  angle  radiation  from  vertically  polarized 
antennas  over  radially  heterogeneous  fiat  ground,"  Radio  Science,  Vol.  1 0, 

pp.  1011-1018 

The  authors  construct  an  admittedly  approximate  analytical  solution  based  on  an  assumed 
current  distribution  on  both  the  ground  screen  and  the  external  ground  surface.  The  results 
seem  to  be  compatible  with  the  more  rigorous  formulations  based  on  the  compensation 
theorem.  The  latter  can  be  used  to  form  an  integral  equation  to  deduce  the  surface  current 
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distribution  over  the  ground  screen  rather  than  assuming  it  [e.g.  see  reprint  1 .18  (Wait  and 
Spies,  1970)  and  Hill  and  Wait,  1973)].  Raiuse  and  Ruze  introduce  an  "empirical 
normalization"  of  the  near  field  surface  impedance  to  bring  their  results  into  conformity  with 
physical  expectations.  The  comment  in  the  paper  that  the  surface  current  at  the  edge  of  the 
ground  screen  is  discontinuous  is  a  bit  surprising.  Of  course,  the  radial  electric  field,  indeed, 
is  discontinuous.  In  an  important  observation,  the  authors  confirm  that  the  classical  Fresnel 
zone  description  of  the  "active"  area  in  front  of  the  antenna  does  not  hold.  Indeed,  it  is  much 
smaller  as  has  been  shown  by  J.  Bach  Anderson  (1963). 

3.7  Teng,  C.  J.,  and  R.  J.  P.  King,  January-March  1981,  "Surface  Reids  and  Radiation  Patterns  of 
a  Vertical  Electric  Dipole  Over  a  Radial-Wire  Ground  System,"  Electromagnetics,  Vol.  2, 

pp.  129-146 

The  authors  use  the  compensation  theorem  to  deal  with  a  vertical  electric  dipole  located 
over  a  radial  wire  ground  system  at  the  interface  of  the  flat  earth  and  air.  The  radiation  patterns 
were  found  to  be  independent  of  the  length  of  the  radials  beyond  the  point  where  the 
effective  impedance  of  the  composite  impedance  was  within  90  percent  of  the  underlying 
ground. 

3.8  Park,  K.  S.,  R.  J.  P.  King,  and  C.  J.  Teng,  April-June  1982,  "Radiation  Patterns  of  an  HF 
Vertical  Dipole  Near  a  Sloping  Beach,"  Electromagentics,  Vol.  2,  pp.  129-146 

The  effective  surface  impedance  of  the  beach  is  calculated  from  a  two-layer  stratified  earth 
model  so  the  formulation  proceeds  as  if  the  equivalent  ground  plane  has  a  constant  elevation. 
It  is  found  that  the  low  angle  radiation  is  reduced  somewhat  from  that  of  no  beach.  The  usual 
lobing  occurs  in  the  elevation  pattern  when  the  dipole  is  raised  above  0.3  wavelengths. 

3.9  Burke,  G.  J.,  R.  J.  P.  King,  and  E.  K.  Miller,,  September  1984,  Surface  Wave  Excitation  Study, 
Lawrence  Livermore  National  Laboratory,  Report  20214 

In  this  report,  results  are  shown  for  the  terminal  impedance  of  a  vertical  antenna  with  a 
radial  wire  ground  system  for  up  to  sixteen  radials.  The  "Numerical  Electromagnetics  Code", 
known  as  NEC,  is  employed.  An  interesting  comparison  is  made  with  corresponding  results 
based  on  the  approximated  compensation  theorem  approach.  The  agreement  is  good  when 
the  restrictions  in  the  latter  method  are  adhered  to.  But,  for  a  dielectric-like  earth,  agreement 
is  poor  because  of  reflections  from  the  end  of  the  radials.  As  Burke  et  al  point  out,  resonance 
effects  are  most  noticeable  when  the  earth  system  is  elevated  and  not  grounded  at  the  end 
points  by  stakes. 

3.10  Weiner,  M.  M.,  S.  P.  Cruze,  C.  C.  Li,  and  W.  J.  Wilson,  1987,  Monopole  Elements  on  Circular 
Ground  Planes,  Artech  House,  Norwood,  MA. 

The  analyses  deal  with  the  case  where  the  monopole  element  and  circular  disk  are 
located  in  free  space.  The  models  which  are  used  and  compared  are  the  induced 
electromotive  force  (EMF)  method,  integral  equation,  method  of  moments,  oblate  spheroidal 
wave  functions,  scalar  diffraction  theory,  geometric  theory  of  diffraction,  method  of  moments 
combined  with  the  geometric  theory  of  diffraction,  and  the  method  of  images. 
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3.11  Burke,  G.  J.,  January  1988,  A  Model  for  Insulated  Wires  in  the  Method  of  Moments  Code  (NEC), 
Lawrence  Livermore  National  Laboratory,  Report  21301 

Among  other  things,  Burke  shows  how  the  propagation  constant  of  a  buried  insulated 
wire  depends  on  the  depth  of  burial.  Excellent  agreement  is  obtained  with  Wait's  paper 
(Canadian  Journal  of  Physics,  Vol.  50,  pp.  2402-2409, 1972)  who  employed  an  analytical 
method.  The  results  are  relevant  to  the  radial  wire  ground  system. 

3.12  Nagy,  L.,  1 989,  Input  Impedance  and  Radiation  Pattern  of  a  Top-Loaded  Monopole  Having  a  Radial 
Wire  Ground  System,  (Summary  only),  Proceedings  of  the  International  Radio  Scientific  Union 
(URSI)  Symposium  on  Electromagnetic  Theory,  The  Royal  Institute  of  Technology, 

Stockholm 

The  author  deals  mainly  with  the  input  impedance  calculation  using  the  compensation 
theorem  along  with  first  order  perturbation.  The  radiation  patterns,  as  presented,  ignore  the 
presence  of  the  ground  system  which  is  partly  justified  because  of  the  short  length  of  the 
radials. 

3.13  James,  G.  L.  and  G.  T.  Poulton,  August  14-17,  1989,  Effects  of  Ground  Screen  on  HF  Antennas 
(Summary  only),  Proceedings  of  the  URSI  Symposium  on  Electromagnetic  Theory,  The  Royal 
Institute  of  Technology,  Stockholm 

Authors  employ  a  GTD  (geometrical  theory  of  diffraction)  technique  to  reduce  radiation 
patterns  for  a  vertical  antenna  over  a  circular  ground  screen  for  both  radial  wire  and  square 
mesh  (bonded  and  unbonded)  geometries.  Approximate  boundary  conditions  due  to 
Kontorovich  et  al  are  exploited. 
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